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Abstract. We give a new proof of a theorem of P. Mihǎilescu which states that the

equation xp − yq = 1 is unsolvable with x, y integral and p, q odd primes, unless the

congruences pq ≡ p (mod q2) and qp ≡ q (mod p2). hold.
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Improving criterions for Catalan’s equation by Inkeri[3], Mignotte[5], Schwarz[9] and

Steiner[10], Mihailescu[8] proved the following theorem.

Theorem 1. Let p, q be odd prime numbers. Assume that pq 6≡ p (mod q2) or qp 6≡ q

(mod p2). Then the equation xp − yq = 1 has no nontrivial integer solutions.

Here we will give a different proof of this theorem. More precisely, we will show the

following statement.

Theorem 2. Let p, q be odd prime numbers, and assume that the equation xp − yq = 1

has some nontrivial solution. Then we have either q2|pq − p or the q-rank of the relative

class group of the p-th cyclotomic field is at least (p− 5)/2.

Note that different from Mihailescu’s proof of Theorem 1, we have to make use of

estimates for the relative size of p and q obtained using bounds for linear forms in

logarithms, thus the passage from Theorem 2 to Theorem 1 is by no means elementary.

However, the proof of Theorem 2 makes much less use of special properties of cyclotomic

fields than Mihailescu’s proof of Theorem 1, thus it might be easier to adapt to different

situations.

To deduce Theorem 1 from Theorem 3, it suffices to show that the second alternative

is impossible. Assume that xp−yq = 1, and that the q-rank of the relative class group of

the p-th cyclotomic field is at least (p − 5)/2. This implies q(p−5)/2 ≤ h−(p). The class

number h−(p) was estimated by Masley and Montgomery[4], they showed that for p > 200
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we have h−(p) < (2π)−p/2p(p+31)/4. Thus we get q <
√
p. On the other hand, Mignotte

and Roy[6] proved, that for q ≥ 3000 we have p ≤ 2.77q log q(log p − log log q + 2.33)2,

combining these inequalities and observing that Mignotte and Roy[7] have shown that

q > 105, thus log log q > 2.33, we get p ≤ 1.92 log6 p, which implies p < 6.6 · 107, thus

q <
√
p < 8200 contradicting the lower bound q > 105 mentioned above.

To prove theorem 3, we follow the lines of [9], incorporating an idea of Eichler[2]. K

be the p-th cyclotomic field, ζ a p-th root of unity, IK the group of fractional ideals in

K, i : K∗ → IK the canonical map x 7→ (x), K+ = Q(ζ + ζ−1) be the maximal real

subfield of K, OK be the ring of integers of K. Denote with r the q-rank of the relative

class group of K. We begin with a Lemma. Q be the set of prime ideals dividing q in

K. Choose a primitive root g of p and define σ ∈ Gal(K|Q) by the relation ζσ = ζg.

Lemma 3. There is a subgroup I0 of IK with the following properties:

(1) The prime ideals in Q do not appear in the factorization of any ideal in I0

(2) IK/(i(K
∗)I0) has q-rank r

(3) If ε ∈ K∗ with (ε) ∈ I0, then ε/ε is a root of unity.

Proof: This is Lemma 1 in [9].

Now assume that x and y are nonzero integers with xp − yq = 1. We have [3](
x− ζ
1− ζ

)
= jq

for some integral ideal j. The ideal classes with jq = (1) generate an r-dimensional vector

space over Fq in IK/(i(K
∗)I0), hence there are integers a0, . . . , ar, not all divisible by q,

such that ja0+a1σ+...+arσ
r

lies in i(K∗)I0. Thus we get(
x− ζ
1− ζ

)a0+a1σ+...+arσr

= εαq

with (ε) ∈ I0 and α is q-integral for all prime ideals q dividing q, since the left hand side

is q-integral, and (ε) is not divisible by q by condition 1 of Lemma 4. We multiply this

equation with (−ζ−1(1− ζ))a0+a1σ+...+arσ
r

to get

(1)
(
1− xζ−1

)a0+a1σ+...+arσr

= ε′λαq

where λ divides some power of p, and ε′ differs from ε by some power of ζ, especially

(ε) = (ε′).
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By [1], we have q|x, thus the left hand side of (1) can be simplified (mod q2). We get

(2) 1− x
(
a0ζ
−1 + a1ζ

−σ + . . .+ arζ
−σr

)
≡ ε′λαq (mod q2)

The complex conjugate of the right hand side can be written as ζkε′λαq, since every p-th

root of unity is the q-th power of some root of unity, this equals ε′λβq for some β ∈ K∗.

Thus if we substract the complex conjugate of (2), we get

(3) x
(
a0ζ
−1 + . . .+ arζ

−σr

− a0ζ− . . .− arζσ
r
)
≡ ε′λ(αq − βq) (mod q2)

The left hand side of (3) is divisible by q, since x is divisible by q, and the bracket is

integral. However, (ε′) ∈ I0, and by construction we have (ε′, q) = (1), and λ divides some

power of p, thus we have (λ, q) = (1), too. Hence q|αq − βq, and since q is unramified,

this implies q2|αq−βq. Hence q2 divides the left hand side of (3). But x is rational, thus

either q2|x, or q divides the bracket. By [1], we have x ≡ −(pq−1 − 1) (mod q2), hence

the first possibility implies q2|pq − p. Thus to prove our theorem, it suffices to show that

the second choice is impossible.

Assume that

a0ζ
−1 + a1ζ

−σ + . . .+ arζ
−σr

− a0ζ − a1ζσ − . . .− arζσ
r

= qα

This can be written as

a0X
−1 + a1X

−g + . . .+ arX
−gr − a0X − a1Xg − . . .− arXgr = qF (X) +G(X)Φ(x)

where F and G are polynomials with rational integer coefficients, Φ is the p-th cyclotomic

polynomial, and a denotes the least nonnegative residue (mod p) of a. The left hand

side is of degree ≤ p − 1, and since we may assume that the leading coefficient of G is

prime to q, this implies that G is constant. Further on the left hand side there are at most

2r + 2 ≤ p − 3 nonvanishing coefficients, thus G = 0. This implies that all coefficients

on the left hand side vanish (mod q). But all the monomials on the left hand side have

different exponents, since otherwise we would have gs1 ≡ ±gs2 (mod p), which would

imply that the order of g is ≤ 2r ≤ p− 5, but g was chosen to be primitive. Hence all ai

vanish (mod q), but this contradicts the choice of the ai at the very beginning.
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[8] P. Mihǎilescu, A class number free criterion for Catalan’s conjecture, manuscript, Zürich (1999)
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