The exponents in the prime decomposition
of factorials
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Abstract. Let v,(n) be the exponent of p in the prime decomposition of
n. We show that for different primes p, g satisfying some mild constraints
the integers vp(n!) and v4(n!) cannot both be of a rather special form.
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1. Introduction and results

For an integer n and a prime number p let v,(n) be the exponent of p in
the prime decomposition of n, i.e. v,(n) is the largest k with p*|n. The dis-
tribution of the sequences v,(n!) has received some attention, a large part
of which has been stimulated by the question whether for each finite set of
primes 7 there exist infinitely many n such that v,(n!) is even for all p € 7,
which was posed by Erdés and Graham([3, p. 77]. This question was answered
in the affirmative by Berend[2]. Shevelev[5] showed that for all primes p < ¢
such that p = 2 or Z%i is not a power of 2 there are only finitely many n
such that v,(n!) and v,(n!) are simultaneously powers of 2. In this note we
generalize this statement. We prove the following.

Theorem 1.1. Let p,q be distinct primes, d,«, 8 be integers with d > 3. Sup-

pose that EZ:B% is not a perfect d-th power. Then the system of equations

vp(n!) = ax?, v,(n!) = By? has only finitely many solutions.

Note that this statement is in fact a generalization of Shevelev’s result.
To see this assume that f% is not a power of 2. Then there is some d, such

that ((2 :Bg is not a d-th power whenever «, 8 are powers of 2. We then apply
Theorem 1.1 to all pairs (o, 3) = (2%,2°), where 1 < a,b < d. Since every
power of 2 can be written as 2“xd, where 1 < a < d, we deduce Shevelev’s

result.
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This result is not effective, since it is based on the Thue-Siegel-Roth-
theorem. Using Baker’s method, we can prove the following.

Theorem 1.2. Let p, q be distinct primes, 71,79 be finite sets of primes. Write
pf_i = ¢ with a,b coprime. Assume that one of the following holds true.
q

1. a has a prime divisor which is not in wo, or b has a prime divisor which

s not in m;

2. 1 Nwe C{p}, orm Ny C {q}.
Then there is an effectively computable integer ng, such that all integers n for
which all prime divisors of v,(n!) are in w1, and all prime divisors of vy(n!)
are in mo, satisfy n < ng.

The constant ng is too large to check all possible n, however, if 7 Uy
consist of only two primes pi, ps, then we can discard all n which are not
close to a power of p; and po immediately, and search the remaining space
using continued fractions. As an example, we prove the following.

Proposition 1.3. Let n be an integer, such that vo(n!) is a power of 2, and
v3(n!) contains only the prime divisors 2 and 3. Thenn € {1,2,3,6,7,10, 11,
18,19}.

The conditions of Theorem 1.2 are probably not optimal. In fact, if
neither of the two conditions of Theorem 1.2 is satisfied, we still obtain
sp(n) = sq(n) (see Lemma 2.6 below), and solutions of this equation are
probably quite rare. Together with the fact that n must be close to an inte-
ger, which has prime factors in a fixed finite set, we are led to believe that
Theorem 1.2 holds true under much weaker conditions, it may well be possible
that (1) and (2) can simply be deleted from the theorem.

2. Proof of Theorem 1.1 and 1.2

We begin by collecting some known results. For a prime p denote by s,(n)
the sum of digits of n written to base p. Our first two results are well known
and proved by simple counting arguments.

n—sp(n)

Lemma 2.1. We have v,(n!) = =)

Lemma 2.2. We have sp(n) < (p—1) + %.

The following is the Thue-Siegel-Roth-theorem.

Theorem 2.3. Let o be an irrational algebraic number. Then for any € > 0
there are only finitely many rational numbers % satisfying |a — §| < q21+5.

We use this theorem to prove Theorem 1.1.

Proof of Theorem 1.1. Suppose that v,(n!) = ax?, v,(n!) = By?. Then from
Lemma 2.1 we obtain

(g — 1az? _ n — sp(n) _ 1+O(logn

(p—1)By?  n—s4(n) n

);
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f_ d (q_l)a
Yy (rp—1)B

Now Theorem 2.3 implies that either there are only finitely many choices for
a/ (g1

(r—1)B
is excluded by the assumptions of the theorem, and our claim follows. O

and therefore

logn lo 1
« B0 BV o
n Y y=

y and therefore for n, or is rational. However, the latter condition

The following is a version of Baker’s estimate for linear forms in loga-
rithms, confer[1] for the size of the constants.

Theorem 2.4. Let o, ..., ax be algebraic numbers generating a number field
of degree < d, such that o is of height A;, n1,...,ny be integers in [—B, B,
and assume that

A=niloga; + - +nilogay # 0.

Then
|A| > exp (—(16nd2)2(”+2) log Aqlog A .. . log Ay log B)

One consequence of Baker’s theorem is the following.

Lemma 2.5. Let p,q be distinct primes, m an integer. Then there exists a
constant ¢ = ¢(p,q) such that there are at most finitely many n such that

sp(n) and sq(n) are both < %.

Proof. Suppose that s,(n),s,(n) < m. Write n = Y. p% = 3" ¢/ with e; >
ey > ...ex, f1 > fo > ... fe. Suppose there exists an integer x, such that
x> n?/3 and [£179, 2] contains none of the powers p, ¢fi, where § > 0.

Let i9 be the largest index with p®o > x, jo the largest index with
qu(] > . Put a = p® €0 4. . .4 pfio—1"Ci0 41 b= qfl*fio 4. .+qfi0—1*fi0 +1.
Then we have

|ap®io — bqu0| < m(p%ott + quo“) < 2ma' 0. (2.1)

If ap®o — bgfio = 0, then a is divisible by ¢fio, since p and ¢ are distinct.
But a < p*t/x < z'/2, and ¢fio > z, and we obtain a contradiction. Hence,
A =e;,logp — fj, log g+ loga/b does not vanish. From Baker’s theorem we
obtain

1
[A|] > exp <(48)1010gp10gq10g ogn

log 2
> exp (—C(p,q)logn/zloglogn).

Without loss we may assume that ap®o — bgfio is positive. Using (2.1) we
obtain

max(log a, log b))

ap®io — bglio Omagl—?

n
A< b S Yoy §2mexp(—1og5—6logx),

and we obtain a contradiction provided that dlogx > C'log % loglogn.
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If we define the sequence x; by

x1 =n/p, log = Clog g loglogn
3

Ti+1
we conclude that as long as z; > n2/3 we have that the interval [€i—1, ;]
contains at least one of the powers p®,¢fi. Hence, after at most 2m steps
this sequence drops below n2/3. If we put y; = n/x;, the recursion becomes

1 log1 . i

Yir1 = y; "8I98 and we obtain y; = p(1tClaloan)’ Hence y; < n'/3 for

1< ldog&, and our claim follows. O
ogloglogn

For the proof of Theorem 1.2 we use Baker’s theorem also to prove the
following.

Lemma 2.6. Let p,q be distinct primes, 71,7 be finite sets of primes. Then
there exists an effectively computable ng, such that for n > ng we have that
if all prime divisors of v,(n!) are in w1, and all prime divisors of vg(n!) are
in mo, then

p—1 pp(n!)

q—1 vu(n!)

and sp(n) = sq(n). (2.2)

Proof. Suppose that v,(n!) and v,(n!) have prime divisors in 7 and o,
respectively. Then we obtain for certain non—negative integers e;, f;

p—1 — sp(n) logn
H I et = =140 ). (2.3)
n — sq(n) n
Pq €my PiET2
Assume first that the left hand side is not equal to 1. Define A to be the
logarithm of the left hand side. Then A is a non-vanishing linear combination
of logarithms of algebraic numbers, hence we can apply Theorem 2.4. Note
that pi* and p;* are bounded above by n, hence all coefficients are < llzi 5.
Putting m = m; U w2 and assuming p < ¢ we now obtain

lo
A > exp ( (16]m| + 16)7* TT log ps log 105 %™ log(q - 1))

piEm
> (log n)—C(p,an)

On the other hand we have A < 10%. Comparing these estimates we obtain
an effective upper bound for n.

Now assume that the left hand side equals 1. Then both fractions in
(2.3) equal 1, and we see that the conditions (2.2) hold. O

We now deduce Theorem 1.2. In each case it suffices to consider the case
that (2.2) holds. Obviously

a vp(nl) _p—1 pp(n!) _1

b vg(n!) g—1 ve(n!)
implies that every prime divisor of a also divides v,(n!), and therefore all
prime divisors of a are in m. Similarly we find that all prime divisors of b are
in 71. Hence the first condition of Theorem 1.2 suffices to imply our claim.
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In the second case we may assume that m N7 = {p}, since we can
add p to both m; and g, if necessary. Write v,(n!) = zp*, v,(n!) = yp*,
where p { zy. Then we have axp* = byp". Since z and y are coprime, and not
divisible by p, we deduce x|b, y|a. Hence, there are only finitely many choices
for z and y, and it suffices that for fixed values xg, yg there are only finitely
many n.

We estimate s, (n). We have v,(n!) = zop", thus n = (p—1)zep"+s,(n).
Since the sum of digits is subadditive, we conclude s,(n) < s,((p — 1)xo) +
sp(sp(n)). Lemma 2.2 now implies that s,(n) is bounded by some constant.
On the other hand from (2.2) we deduce that s,(n) = s4(n), thus s4(n) is
bounded as well. But then Lemma 2.5 implies that n is bounded, and the
second case of Theorem 1.2 is proven as well.

3. Explicit computations

We now prove the Proposition. By direct inspection we check that our claim
holds true for n < 1000.
We first have to make the Landau symbol in (2.3) explicit. We have

logn

n— sa(n) < N = Tog2 — 1 o log 2n

n—sg(n) — n nlog2’
and

n — sa(n) < l?gn 1Jr1910gn

n — s3(n) n—2log3 -2

provided that n > 1000. Looking at the proof of Lemma 2.6 we here have
that all prime factors of p — 1 and ¢ — 1 are already contained in 7 U 7o,
that is, the linear form A actually has the form A = alog2 + blog3. For
linear forms in two logarithm we have far better bounds then for the general
case. We use the following, which is a special case of a result due to Laurent,
Mignotte and Nesterenko[4].

Theorem 3.1. Let ay,as be multiplicatively independent positive integers,
b1,bo € Z with by, by # 0, and put A = by log oy + by logas. Then

log |A| > —24.34 max(log b’ + 0.14,21)% log a1 log az,
+

where b =

log [ log ag ”

In the notation of the proof of Lemma 2.6 we have A = (e; — f1 —
1)log2 + folog3, and 2 < n, 2n+13f2 <, thus b < 2980~ < 2.63log n.
We conclude that either A = 0, that is, (2.2) holds true, or

log n

exp (—18.54 max(loglogn + 1.11, 21)2) <19

which implies n < €887, that is, fo < 7452. We could cover this range by
an exhaustive search, however, in the case that |m U ma| = 2 it is better

to use continued fractions. If A is very small, then erf# is a very good
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log 3

approximation to . Since the continued fraction algorithm yields the best

approximations we easﬂy check that |l°g3 - B> %—24 holds true for all
q < 20000. More precisely we have that A < 1.91"% implies

1 er—fi—1 log3 < logn 302

< 9—>— <1.51-27 1372,
2512 f2 log2| — nf210g2 n

We first neglect the factor 27/t on the right and find that this inequality
implies fo < 7. In this range we can replace 0.04 by 0.32 and obtain n <
471. We conclude that if n is an integer satisfying the assumptions of the
Proposition, then either n is contained in the list given in that proposition,
or n satisfies (2.2). If v5(n!) is a power of 2, and n > 3, then n is of the form
2% +2,2F + 3, thus sa(n) = 2,3.

Hence we have to consider the solutions of the equations 2¥+2 = 3% +3Y
and 2% 43 = 37 4+ 3¥ 4+ 3%. In the second case the left hand side is not divisible
by 3, hence z = 0, and we are led to case 1. Suppose that x > y. Then the

right hand side is divisible by 3Y, which implies that 3¥~!|k — 1. Hence for

. k _ log3 k=2
a solution we have ‘x log2| = za2ks

inequality has no solutions with « > 5. We conclude that (2.2) does not lead
to further solutions < 1000, and our proof is complete.

and we have seen before that this

If one would try to obtain similar results for larger sets 1, 72 one would
have to use numerically weaker bounds for linear forms in more than two
logarithms. This would greatly increase the initial range for n. For example,
if we would add the prime number 5 to the set 71 in the example, the upper
bound for n would increase to 66'54'1019, thus e; < 9.44 - 1019, ey < 4.07 -
10'9. This range could still efficiently be searched using continued fractions,
however, since we are now looking for linear combination of more than 2
real numbers, we would have to use algorithms based on the LLL-algorithm,
which are much more complicated.
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