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1 Introduction

It was shown by Linnik [10] that there is an absolute constant K such that every
sufficiently large even integer can be written as a sum of two primes and at most
K powers of two. This is a remarkably strong approximation to the Goldbach
Conjecture. It gives us a very explicit set K(z) of integers n < x of cardinality
only O((logz)¥), such that every sufficiently large even integer N < z can be
written as N = p+p’+n, with p, p’ prime and n € K(z). In contrast, if one tries
to arrange such a representation using an interval in place of the set IC(z), all
known results would require K(x) to have cardinality at least a positive power
of .

Linnik did not establish an explicit value for the number K of powers of 2
that would be necessary in his result. However, such a value has been computed
by Liu, Liu and Wang [12], who found that K = 54000 is acceptable. This result
was subsequently improved, firstly by Li [8] who obtained K = 25000, then by
Wang [18], who found that K = 2250 is acceptable, and finally by Li [9] who
gave the value K = 1906. One can do better if one assumes the Generalized
Riemann Hypothesis, and Liu, Liu and Wang [13] showed that K = 200 is then
admissible.

The object of this paper is to give a rather different approach to this problem,
which leads to dramatically improved bounds on the number of powers of 2 that
are required for Linnik’s theorem.

Theorem 1 FEvery sufficiently large even integer is a sum of two primes and
exactly 24 powers of 2.

Theorem 2 Assuming the Generalized Riemann Hypothesis, every sufficiently
large even integer is a sum of two primes and exactly 9 powers of 2.

In fact we shall sketch an argument, in the final section, which improves
Theorem 1 so as to allow 21 powers of 2. Indeed it seems likely that further
improvements are possible.

Previous workers have based their line of attack on a proof of Linnik’s the-
orem due to Gallagher [3]. Let w be a small positive constant. Set

S(@)= > elap), (1)

wN<p<N



where e(x) := exp(2miz), and

log N/2K
log 2

T(e)= > e(a2), L= ].

1<v<L
Earlier proofs of Linnik’s Theorem have used estimates for meas(Ay), where
Ay ={a€[0,1]:|T(a)] > AL}.

In contrast we shall investigate a high power moment

I(q) = / () [*do

We write r(n, g, N) for the number of representations of an integer n as a sum
of ¢ terms 2 < N/2K. Thus

T(a)? = r(n,q,N)e(an),

and

We set
r(g) = max r(n,q, N)

n,

and note that
> r(n,q,N) =T(0)" = L,

whence

I(q) < r(q)L" (2)
In §§7 and 8 we shall bound r(¢q) by a combinatorial argument, and prove the
following estimate.
Lemma 1 We have

r(q) < (1.753)q!

for all ¢ € N.
We shall use the resulting inequality for I(q) directly, without passing via an es-

timate for meas(Ay). However it may be of interest to see what bound Lemma 1
implies. We have

< (AL)™*I(q)

< (AL)"?9(1.753)1L%q!
1.753q .,

< eL\? J'Va

We minimize this by taking ¢ = [LA?/1.753], whence

meas(Ay)

meas(Ay) < exp(—LA2/1.753)VL
< N—Az/(1.753log2)\/z

< N—0.822,\2 /;logN.



It is easy to see that one cannot have a bound of the form O(N*C/\Q) with ¢ > 1,
so it is natural to ask whether

meas(Ay) <. N—X+e

for every fixed € > 0. We expect that the constant 1.753 in Lemma 1 is essen-
tially optimal. However there is a potential loss, in our application, in deriving
(2). This arises because we take ¢ to be a constant multiple of log N in §6,
whereas r(¢) might be determined by values of N larger than this implies.
The best bound for meas(.Ay) in the literature is due to Liu, Liu and Wang
[11; Lemma 3], and states that meas(A;_,) < N~%(log N)*/2 for n < (7e)~*,

with \[ \[
2+2 2+ /2
1 n) — F(1— 1 n)

and F(z) = z(log z)/(log 2). This is distinctly less elegant than our bound and
holds for a shorter range. None the less, for small values of 7 it is stronger than
is achieved by our method. It should be stressed however, that in the present
paper the critical size for |S(a)| corresponds to a value of n considerably larger
than (7n)~1.

The estimate provided by Lemma 1 will be injected into the circle method,
where it will be crucial in bounding the minor arc contribution. On the major
arcs we shall improve on Gallagher’s analysis so as to show that hypothetical
zeros close to ¢ = 1 play no role. Thus, in contrast to previous workers, we will
have no need for explicit numerical zero-free regions for L-functions. Naturally
this produces a considerable simplification in the computational aspects of our
work. Thus it is almost entirely the value of the constant 1.753 in Lemma 1
which determines the number of powers of 2 appearing in Theorems 1 and 2.

The paper naturally divides into two parts, one of which is analytic, in-
volving the circle method and zeros of L-functions, and the other of which is
combinatorial, devoted to the proof of Lemma 1. We begin with the former.

One remark about notation is in order. At various stages in the proof,
numerical upper bounds on w will be required. Since we shall always take w to
be sufficiently small, we shall assume that any such bound is satisfied. Moreover,
since w is to be thought of as fixed, we will allow the implied constants in the
O(...) and < notations to depend on w.

6=1-F(

2 The Major Arcs

We shall follow the method of Gallagher [3; §1] closely. We choose a parameter
P in the range 1 < P < N2/ and define the major arcs 90 as the set of o € [0,1]
for which there exist a € Z and g € N such that ¢ < P and

o=t 2
q ~ gN

If x is a character to modulus ¢, we write

q

en(X) = Zx<a>e<%>

a=1



and

Moreover we put

A8 = Y. x(p)e(Bp)

wN<p<N

and

P/sN
Lon(t ) = / ACw DA, B)e(—Bn)dp.

—P/sN

If x is a character to a modulus r|g we also write x, for the induced character
modulo ¢, and if y, ¥’ are characters to moduli r and r’ respectively, we set

Z ¢> en(XaXe)T(X)T () Ina (X; X').-

[W ]Iq
Then, by a trivial variant of the argument leading to Gallagher [3; (3)], we find
that

| st@ret-anda = 30 1,0 x) + O(P2) (3)

e

for any integer n, the sum being over primitive characters x, x’ to moduli r,r’
for which [r,r'] < P. In what follows we shall take 1 <n < N.
To estimate the contribution from a particular pair of characters y, x’ we

put
P/qN
=t/ ORI

P/qN

and

Z d) e )T T(Xa)T ()

[M’]\q

Note that what Gallagher calls ||A(x)|| is our A1(x). We have A,(x) < A (X)
whenever m < ¢. Then, as in Gallagher [3; (4)] we find

IJn (X» XI)| < Cn (Xa X/)A[r,'r’] (X)A[T,r/] (X/)' (4)

It is in bounding C,(x,x’) that there is a loss in Gallagher’s argument. Let
" be the conductor of xx’, and write m = [r,r’]. moreover, for any positive
integers a and n we wite

Then Gallagher shows that

Cul,X') < (rr'e") 27 (d(@)d(an))

q<P,m|q



where ¢/m is square-free and coprime to m. Moreover we have r”|m,,. It follows

that
) /2

rr'r!
Culex) < D) 3 el
m)=
The sum on the right is

1 1 p
ITo+o = Il 0= 11 =5

pln,pf m pln,pf m

and

m P n my,
—_ | I < .
B(m) (p—1) = ¢(n) ¢p(my)
pln,pfm
We therefore deduce that

(rr'rY2 my, n

m ¢*(mn) ¢(n)’

Cn(x, X') <

Now if p¢||r and pf||r’, then ple=/!|r"  since 7 is the conductor of xx’. (Here
the notation p°||r means, as usual, that p°|r and p¢*1 ) r.) We therefore set

h=(r,7) and r=hs, ' = hs, (5)

so that ss'|r” and m = hss’. Since

Mn

¢*(my)

-1

<«Lmy

we therefore have

(T,T/r//)l/Q M

m ¢? (mp)

Now, using the bounds " < m,, and ss’ < r”, we find that

')_1/2r”1/2mw_1
S

< (ss

(rr'r" Y2 m, (33’)71/21"”1/27’/'@71

m 52 (mn) <

_ (88/)_1/27"NW_1/2

< (s
Alternatively, using only the fact that m,, > ", we have
(TT/T'/)1/2 on

m @? (mn)

< (55) 1/2m/mw 1
< mZzY2

These estimates produce

Co(x, X') < min{(ss") =1, m&—1/23

¢(n)’

On combining this with the bounds (3) and (4) we deduce the following result.



Lemma 2 Suppose that P < N2/5~% . Then

/ S(0)2e(—am)da = Jo(1,1) + O(—=8,) + O(N'==),
m

n
¢(n)
where

Sn = Z A[?'#’](X)A[r,w] (x) min{(ss’)wfl 7 m;l/:&},
XX
the sum being over primitive characters, not both principal, of moduli r,r’, with

[r,r'] < P.

We have next to consider A,,(x). According to the argument of Montgomery
and Vaughan [15; §7] we have

z+h

A N1/2 N/P)~?
m(x) < _max | max (h+mN/P) sz:x(p)

Note that we have firstly taken account of the restriction in (1) to primes
p > wN, and secondly replaced (h + N/P)~! as it occurs in Montgomery
and Vaughan, by the smaller quantity (h+mN/P)~!. The argument of [15; §7]
clearly allows this.

By partial summation we have

xz+h x+j
1
Z x(p) < (log )~ max, ; x(p)logp.

Moreover, a standard application of the ‘explicit formula’ for ¥ (x, x) produces
the estimate
4]
> x(p)logp < N2+ (log N)* + > |
x p

M_i|

p P

where the sum over p is for zeros of L(s, x) in the region

1
5254—3@, |v] < N.

When yx is the trivial character we shall include the pole p = 1 amongst the
‘zeros’. Since j < h and
z+j)P  xf PP _
(ChaFd — — < min{jN’~1 NP7},
P P
we find that

P Nl 2
A (x) < =N+

s N{OE}L%XN(“””LN/P Py NP mindh, Ny~
P

However we have
h A A
1
i hym) Sl )

whenever h, H, A > 0. Applying this with H = mN/P and A = N|y|7!, we
deduce that

P 4w B—1 -1 1
An(x) < —N logNZN min{1, Pm~|y|'}. (6)

min{ ——



3 The Sum S,

In order to investigate the sum S,, we decompose the available ranges for r,r’
and the corresponding zeros p, p’ into (overlapping) ranges

R<r<RN<, R <1 < RN®, o
T—-1<|y|<TN®, T —1<|y|<T'N®.

Clearly O(1) such ranges suffice to cover all possibilities, so it is enough to
consider the contribution from a fixed range of the above type. Throughout
this section we shall follow the convention that p = 1 is to included amongst
the ‘zeros’ corresponding to the trivial character.

Let N (o, x,T) denote as usual, the number of zeros p of L(s, x), in the region
B>o0,|v| <T, and let N(o,r,T) be the sum of N(o,x,T) for all characters y
of conductor r. Since

B
NP1 = N3=1/2 +/ N~ (log N)do
1/243w
for § > 1/2 + 3w, we find that
> NPT« NO=TV2RT 4+ I(r)log N, (8)
P
where the sum is over zeros of L(s,x) for all x of conductor r, subject to
T-1<]|y| <TN%, and were
1
I(r) = / N 'N(o,r,TN¥)do.
1/24+3w

We now insert (8) into (6) so that, for given r,7’, the range (7) contributes

to
> Anx)
x (mod )
a total
< ¢(r)£N4w + N2 m(R, T)NS®=Y2RT + NY2m(R, T)I(r)
m log N ’ ’
< PNS% 4+ NY2m(R,T)I(r). (9)

Similarly, for the double sum
> > An(0)AnKX)
x (mod ) x’ (mod r’)
the contribution is

< P2N1?® 4 pPNYZH6=m(R, T)I(r)

+ PNV (LTI + N(R, Tym(R T 10y, 10

We then sum over 7,7’ using the following lemma.



Lemma 3 Let

_ A N ’
Iglga‘})%{N(O'araT)_Nl(R)? %agN(UvrvT)_Nl(R)a

and

ZN(JaTaT):NQ(R)a Z N(O-I7TI7T/):N2(R/)'

r<R r' <R’

In the notation of (5) we have

> > N(o,r, T)N(o/ ', T')(s8')" ! (11)

r<Rr'<R'

< {Ni(R)N2(R)N1(R')No(R)} /22,

for1/2<o,0' <1.
Moreover, if
P < N45/154—4w

then
> m(R, T)m(R',T")N(o,r, TN®)N (o', v, T'NZ)(ss')" ", (12)
< N(l—w)(l—a)—i—(l—w)(l—a') (13)
for 1/2 + 3w < 0,0’ < 1, where the summation is for R < r < RN% and
R <y < R'N%.

We shall prove this at the end of this section. Henceforth we shall assume
that P < N45/154—4m.
For suitable values of n in the range

0<n<loglog N (14)

we shall define B(n) to be the set of characters x of conductor r < P, for which
the function L(s, x) has at least one zero in the region

n

According to our earlier convention the trivial character is always in B(n). Now,
if we restrict attention to pairs x, x’ for which x & B(n) we have

> > Nm(R,T)m(R, T)I(r)I(r')(ss')= "

R<r<RN= R'<r'<R'N%=
1-n/log N p1 ,
< / / lew(lfa')fw(lfa )do,/do_
1/2+3w 1/24+3w

< lewn/ logN(log N)72
= e @IN(logN)~2.

Terms for which x € B(n) but x’ € B(n) may be handled similarly. This
concludes our discussion of the final term in (10) for the time being.



To handle the third term in (10) we use the zero density estimate

3" N(o,r,T) < (R*T)")1-2), (15)
r<R
where 5 ) 5
s—+tw, 0<%
_ 2—0 ’ 2 — — 4

This follows from results of Huxley [5], Jutila [7; Theorem 1] and Montgomery
[14; Theorem 12.2]. For each fixed value of v’ we have

Z(ssl)w—l < Z(T’//h)w_l Z sw—l

T h|r! s<P/h
< Y (/M= NP/
h‘,r/
< N©=.

The contribution of the third term in (10) to S,, is therefore

< PN'V2P=m(R,T') Y " I(r).

However the bound (15) shows that

P
m(R,T') > N(o.,TN¥) < max{1, n HRPN2=T N=)ro)(1=0)
Since

0<k(o)1—-0)<1

in the range 1/2 + @w < o < 1, this is
< (P2N3w)li(0‘)(170')'
Moreover, if P < N45/154—4@ thep
(P2N3w)m(a)(1—U)Na—1 < Nf(a)

with

(525(0) ~ (1~ 0)

45 12
kel i —1)(1 =
(77 5+w} )(1—o0)
31

2 1—
(77+W)( o)

31 1

(W+w)§
o3l

= I T

It follows that the contribution of the third term in (10) to S, is

flo) =

IN

IN

IN

< PN1/2+6w.N31/154+w < Nl—w.



The second term may of course be handled similarly.
Finally we deal with the first term of (10) which produces a contribution to
S, which is

< P2N12w Z(SS/)W71

ror!

< P2N12w Z (SS/)w—l

ss’h<P

< P2N12w Z P(Ssl)w72
ss'<P

< P3N

< lew’

for P < N45/154—4w
We summarize our conclusions thus far as follows.

Lemma 4 [f P < N*/154-4@ pep

Sn< D An()Am(X )My ? 4+ 0(e"F N (log N)~2).
XX’ €B(n)

To handle the characters in B(rn) we use the zero-density estimate
N(o,r,T) < (rT)")0=), (17)

with (o) given by (16). This also follows from work of Huxley [5], Jutila [7;
Theorem 1] and Montgomery [14; Theorem 12.1]. Thus

P
m(R,T)N(o,r,TN¥) < max{l,ﬁ}(rTNW)n(a)(lfa)

< PNQW)H(U)(l—O’)

(
< (PNQW)(12/5+W)(1—O')
< NI-=)(1-0)

for P < N45/154-4w \We deduce that

m(R,T)I(r) < (log N)~*.
It follows from (9) that

An(x) < Nl/z(log N)~L.
We also note that

#B(n) < Z N(1— ﬁ,r, N) < (P2N)3n/log N« on,

by (15), since x(0) < 3 for all 0. We therefore have the following facts.

Lemma 5 If x € B(n), we have A,,(x) < N*/2(log N)~!. Moreover, we have
#B(n) < €.

10



We end this section by establishing Lemma 3. We shall suppose, as we may
by the symmetry, that

Na(R)N1(R') < No(R')N1(R). (18)

Let U > 1 be a parameter whose value will be assigned in due course, see (19).
For those terms of the sum (11) in which ss’ > U we plainly have a total

<> Y N(o.n, T)N(o',7', TU™ ™" < Na(R)Ny(R)UZ .
r<Rr'<R’

On the other hand, when ss’ < U we observe that, for fixed s, s’ we have

> N(o,hs, T)N(o",hs',T") < Y N(o,hs, T)Ni(R)
h h

< Z N(o,7,T)N1(R")

< Ny(R)N{(R).

On summing over s and s’ we therefore obtain a total

< Np(R)N1(R') D (s8))771 < No(R)Ny (R U=,
ss'<U

It follows that the sum (11) is
< Nap(R){N2(RU= ™1 + N1 (R')U7}.

We therefore choose
U = No(R")/N1(R), (19)

whence the sum (11) is

< No(R)N,(RHU*Z
< Np(R)N1(R){Ni(R)N2(R)N1(R')No(R')}*®
< {N2(R)N1(R')No(R')N1(R)}'/?{N1(R)N2(R)N1(R')No(R')}*®

in view of (18). This produces the required bound.
To establish (13) we shall bound N;(R) and Ny(R’') using (17). Moreover
to handle Na(R) and N2(R’) we shall use the estimate

(R?T)s0)0=0) L m<o< 2
’Z;%N(0-7T7T) << { (R2T6/5)>\(1—ﬂ'), 2 % < o S 1738
where
A 20 +
= — 4+ w.
9

This follows from (15) along with Heath-Brown [4; Theorem 2] and Jutila [7;
Theorem 1].

11



We now see that the sum (12) may be estimated as

< m(R,T)R'T*m(R, T")R"T'*.N*, (20)
say, where
. { 3/{(0)(1—0)(% —|—12w), %+233w§a§ %
{k(o) +2X}(1 = 0)(5 + 2w), 52 <0<,
and 1 1 23
o { 2/{(0)(1—0)(5—1—2113), itgwgagﬁ
{k(0) +6X/5}(1 —0)(5 + 2w), s <o<l,

and similarly for b and d. Moreover we may take
e=6w(l—0)+6w(l—0).

It therefore follows that 0 < ¢,d < 1, whence (20) is maximal for T = P/R
and 7" = P/R’. Similarly we have a > ¢ and b > d. Thus, after substituting
T = P/R and T' = P/R’ in (20), the resulting expression is increasing with
respect to R and R’, and hence is maximal when R = R’ = P. We therefore see
that (20) is

< Pa+bNe.
Finally one can check that
45
Y < (1 — _
(154 dw)a < (1 —Tw)(1l — o),

and similarly for b. This suffices to establish the bound (13) for P < N45/154—4=

4 Summation Over Powers of 2

In this section we consider the major arc integral

/ S(a)?T(a)ke(—aN)da,
m
where we now assume N to be even. According to Lemmas 2 and 4 we have
/ S(a)?’T(a)fe(—aN)da = %o+ O(e ®"N(log N)~2%)
m
+O(N(log N)™2%,), (21)

where

20 = Zjn(:l?l)a
0= 5

Yo = Z Zﬁm;l/?’.

X,x'€B(n) n

and

12



In each case the sum over n is for values
K
n=N-=) 2% (22)
j=1

We begin by considering the main term 3. We put

T(8) = Z e(Bm)

wN<mIN 1Ogm
and
R(B) = S(B) —=T(B)
We also set
P/N y
R|| = R
1Rl= [, RGP
and

J(n) = Z (logmy) " *(logms) ™t

w<my,ma <N

mi+mo=n
Then, as in Gallagher [3; (11)], we have
n log P

Ja(1,1) = J(n)S(n)+0(N(1ogN)—2md(n) =)
+O<ﬁw“2<mg N)TUIRI IR, (23)
where ) 1
S(n) = g(p_l)};[n(l - m)'

In analogy to (6) we have
4 N'/? B—1 1
IR« PN+ o SN it PRI,

where the sum over p is for zeros of {(s) in the region
1
B> §+3w, [v] < N.

We split the range for || into O(1) overlapping intervals
T-1<|y|<TN®=,

and find, as in (8) that each range contributes

P 1
< PN*® 4+ N2 min{1, T}{Nﬁw_l/zT + / N7"'N(0,1,TN®)do}
1/243w

to [|R]||. Using the case R = 1 of (15), together with Vinogradov’s zero-free
region
€0

>1-
7= (log T)3/4(log log T')3/4

13



(see Titchmarsh [16; (6.15.1)]), we find that this gives
[[R]| < N'/?(log N) ™7,

say, for P < N4%/154=4%  The error terms in (21) are therefore O(N (log N)~9).
We also note that

J(n) = (log N)"2#{mi,my : wN < mi,my < N, m; +mg =n}
+O(N(log N)™#)
= (logN)"2R(n) + O(N(log N)~?),
where
2N —n, (I1+w)N <n<2N,
R(n) =< n—2wN, 2wN <n<(14+w)N,
0, otherwise.

In particular, we have R(N —m) = (1 — 2w)N(log N) =2 + O(m(log N)~2) for
1 <m < N. Since n
S(n) €« —— <K loglog N,
< 5
we find, on taking n of the form (22), that

Z J(n)S(n) = (1 — 2w)N(log N)~*? Zs(n) + O(N(log N)K~=5/2)

for K > 2, whence

So = (1—2@)N(log N)™>> " S(n) + O(N(log N)¥~°/2).

Since the numbers n are all even, we have

Sy =20, [[ 2=t =200 Y k(d),

—2
pln,p#2 4 d|n
where 1
Co = H(l - m) (24)
p#2

and k(d) is the multiplicative function defined by taking

0, p=2o0re>2,

k(p©) = { (p—2)~1, otherwise. (25)

For any odd integer d we shall define £(d) to be the order of 2 in the multiplicative
group modulo d, and we shall set

H(d; N, K) = #{(v1,...,vK) : 1 < vy <e(d), dIN =Y 2%},

14



Then for any fixed D we have

> S8(n) = 2Co ) k(d)#{n:dn}
n d

> 200 Y k(d)#{n : dln}

d<D
> 2Co Y k(d)H(d; N, K)[L/e(d)]*
d<D
> {14 0((log N)"")}2CoL" >~ k(d)H (d; N, K)e(d) ™

d<D

We shall take D = 5. We trivially have e(1) = 1 and H(1; N,K) =1 for all N
and K. When d = 3 or d = 5 the powers of 2 run over all non-zero residues
modulo d, and it is an easy exercise to check that

. _ dd=-DK (DX}, dfN
H(d»N7K>{ H@- 1)K+ (-)K@-1)}, dN.

Thus if K > 9 we have

H(3;N,K)e(3)" 8 > -(1-279)

Wl =

and

H(5; N, K)e(5) 5 > Z(1-479),

O‘!M—‘

whence
2> k(d)H(d; N, K)e(d)™ > 2.7973
d<D
for any choice of N. We therefore conclude that
S0 > 2.7973(1 — 2w)CoN (log N) 2LE + O(N(log N)X=5/2),  (26)

providing that K > 9.
To bound X7 we note that

<<H Z”

p|n, p#2 qn,2fq

We deduce that
mie Y LDy gy,
qg<N,2/fq
However, if ¢ is odd, then
L
#y:0<v<L2"=m (modq)}<<1+ﬁ.
q
It follows that
#{n: gn} < L5~ + LK /e(q),

whence

21 < (log N)X + (log N)¥ S H9)
q<N2}(q =)

To bound the final sum we call on the following simple result of Gallagher [3;
Lemma 4]
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Lemma 6 We have

1% (q)
?*(q)

q < logx.
e(q)<w

From this we deduce that

2
1
Z 1 (q) < logz

WA L) .

(27)

We take x to run over powers of 2 and sum the resulting bounds to deduce that

and hence that

Zﬂq

g<N, 2J’q q

¥ < (log N)&

(28)

Turning now to X, we fix a particular pair of characters x,x’ € B(n), and

investigate

say. Let m =

that

and consider

As before we have

Terms ¢ with ¢ > d(n) can contribute at most 1 in total, so that in fact

Thus, if

we deduce as before that

Z¢ <

gln

<

Here we note that

q<D

> gtyma = B00X)

n

ngfn:f/gv

n 12 (q)
< X

q|n, 2/ q,q<d(n)

D = max d(n),
1<n<N

> 0% gl

q<D,2/q

3 13 (q) ((log N)E—1 + (1ogN)K}.

<ore 4 £(lg,4))

log N

—1
E logD €« —2——.
¢ <lgl< loglog N

16

[r,7'] as usual, and write m = 2*f, with f odd. Put g = (f,n) so

(29)



To deal with the remaining terms let £ be a positive parameter. Then

1 (q) 1*(q)
2 = %E qe(q)

e (g d)
log &
< =
by (27). If e(¢q) < £ we note that
q<2°@ 1 for ¢>1, (30)
so that ¢ < 2¢. Thus
pa) > )
coze o d) T Soae(g)
&
e(g)’

On choosing £ = y/e(g) we therefore conclude that

p(q) _ loge(g)
2w lod) < Vo)

and hence that
n

Z W < (IOgN)K{(loglogN)—l + E(g)_1/3}.
gln

It follows from (30) that (g) > log g, and we now conclude that

Z % < (logN)K{(loglogN)*l i (logg)*l/ff}_
gln

We now observe from (29) that

Sa) £ 3 s (),

Let 7 > 1 be a parameter to be fixed in due course. Then terms in which
(f,n) < f/7 contribute
< 13N 3%« 1+ V3 (log K,
Sy (log )

by (28). The remaining terms contribute

< ¥ (f/gr“?’Zﬁ
gln

glf,9>f/7

< > (fl9) 7P og N)K{(loglog N) ™' + (log g)~'/%}
glf,g>f/7

< Z (log N)%¥{(loglog N)~! + (log f)~'/3}
glf,g=f/7

< > (logN)¥{(loglog N)~" + (log f) "/}
Jlf, i<

< 7(log N)¥{(loglog N)~* + (log f)_1/3}_

17



We deduce that
Yo(x, x') < 73 (log N)YE + 7(log N)X{(loglog N)~* + (log f)~/3}.
We therefore choose
7 ={(loglog N) ™" + (log f)~"/*} /1,
whence
Sa(x, X') < (log N)E{(loglog N) ™4 + (log f)~/12}. (31)
In order to bound f from below we note that, since x, X’ are not both trivial,
we may suppose that y, say, is non-trivial. We then use a result of Iwaniec
[6; Theorem 2]. This shows that if L(5 + i, x) = 0, with |y| < N, and x of
conductor < N, then either x is real, or
1— 8> {logd + (log N loglog N')3/4} =1,
where d is the product of the distinct prime factors of r. In our application we
clearly have f > d/2, so that if x, say, is in B(n) we must have
n

log N
if x is not real. Thus, if we insist that 7 < (log N)'/? it follows that either

> {log f + (log N loglog N')*/4} 1

log f > n"tlog N > (logN)4/5,

or y is real. Of course if x is real we will have 16| r, whence f > r. Moreover
we will also have

(log N)*® > ﬁ >1—8>r7" 12

so that f > 7> (log N)?/2. Thus in either case we find that log f >> loglog N,
so that (31) yields

S5 (x: x') < (log N)* (loglog N)~/*2.
In view of the bound for #B(n) given in Lemma 5, we conclude that
¥y < e'?(log N) X (loglog N)~1/12, (32)
We may now insert the bounds (26), (28) and (32) into (21) to deduce that

/S(a)2T(a)Ke(—aN)da > 2.7973(1 — 2w)CyN(log N)2LK
m

+O(N(log N)=5/2)
+ O(e"™"N(log N)*~2)
+ O(e'®"N(log N)X~2(loglog N)*l/u).
We therefore define n by taking
e" = (log log N)1/145,
so that n satisfies the condition (14), and conclude as follows.
Lemma 7 Ifp < N45/154~4w ond K > 9 we have
/m S(a)?T(a)fe(—aN)da > 2.7973(1 — 3w)CyN (log 2) 2LE 2

for large enough N.

18



5 A Mean Square Estimate

In this section we shall estimate the mean square

J(m) = / 15(0)T (1) [2da,

where m = [0, 1] \ 901 is the set of minor arcs. Instead of this integral, previous
researchers have worked with the larger integral

J:/O 1S(0)T(0) 2dar.

Thus it was shown by Li [9; Lemma 6], building on work of Liu, Liu and Wang
[13; Lemma 4] that
Co

J <(24.95+0(1
< (2495 + o(1) 3

In this section we shall improve on this bound, and give a lower bound for the
corresponding major arc integral

J(OM) = /mz 1S(a)T ()| dar.

By subtraction we shall then obtain our bound for J(m).
We begin by observing that

J= Y r@-2v),
pw,v<L

where
r(n) =#{wN <p1,pp < N:n=p, —p}.
Moreover, by Theorem 3 of Chen [2] we have

N

r(n) < CoClh(n)W,

for n # 0 and N sufficiently large, where Cy is given by (24),
Cy = 7.8342, (33)

and .
mmy = I E=.
pln,p>2

Observe that our notation for the constants that occur differs from that used
by Liu, Liu and Wang, and by Li. Since h(2* —2") = h(2#7" —1) for u > v we
conclude, as in Liu, Liu and Wang [13; §3] and Li [9; §4] that

N
n_9v) < 2 DR -1 4
> or(2r—2") <26,C (log V2 > (L-Dh2 -1, (34)
pFv<L 1<I<L
while the contribution for u = v is Lw(N) — Lw(wN) < LN (log N)~1, for large
N. Now
h(n) =) k(d),

d|n
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where k(d) is the multiplicative function defined in (25). Thus

> -1 >
1<5<J d=1
>

k(d)#{j < J:d]2) —1}

However [0] = 6 + O(6/2) for any real § > 0, whence

> (2 1) =Cod +O(JV?) (35)
1<5<J
with
k()
02_28(61). (36)
d=1
Here we use the observation that the sum
i k(d)
@y

is convergent, since Lemma 6 implies that

k(d) —-1/2 p2(d)d _ logz
E <Lz E < (37)
1/2 2 1/2
z/2<e(d)<z €(d) / z/2<e(d)<z qb (d) zt/

for any =z > 2.
We may now use partial summation in conjunction with (35) to deduce that

L? ;
> (L-Dh@ -1)= Coor + O(L*?),
1<I<L
Thus, using (34) we reach the following result.

Lemma 8 We have
CoC1Co 1
log? 2 log 2

J <{ +o(1)}N,

with the constants given by (24), (33) and(36).

We now turn to the integral J(9). According to Lemma 3.1 of Vaughan
[17], if

a logz
— - < =1
| ql_ — (ag=1
and ¢ < 2log x, we have
1(q) a -3
e(ap)logp = —*v(a— —) + O(z(log x ,
> elap) ¢(q)( 7 (z(log)™")

p<z

with



It follows by partial summation that

5(@) = B8 u(a —2) + O(N(log M) ),

¢(q)
with (6m)
e(Bm
B = > 1o
wN<m<IN
providing that
a log N
— - < =1
=21 22 (ag) (39)

and ¢ < log N. Then if a denotes the set of « € [0, 1] for which such a, g exist,
we easily compute that

Y

J () J(a)

w(q) a 2 -1
/J@w(a — a)T(a)| da+ O(N(log N)™ ),

where, for each « € a, we have taken a/q to be the unique rational satisfying
(38). By partial summation we have

w(B) < (||8]|log N) ™,

whence

(log N)/N a 1/2 a
/ (BT (% + p)2ds = / (BT (% + B)2dB + O(N (log N) ™).
q —1/2 q

—(log N)/N

It follows that

1
J(a) = Z Z quQ)/O |w(ﬁ)T(§+5)|2d6+O(N(logN)*lloglogN).

g<log N (a,q)=1 q)

The integral on the right is

Y ela2t —2v)/q)S(2" —27),

0<p,v<L
where
S(n) = Z (logmy) ™ (logmg)™?
wN<mi,ma<N
mi1—ma2=n
= (logN)*2#{m1,m2 cwN <myi,me < N, mj; —mg =n}
+O(N(log N)™3%)
= (logN)?max{N(1 — @) — |n|, 0} + O(N(log N)3).
Thus

S(n) = (1 —w)N(log N)~2 + O(|n|(log N) ™) + O(N(log N)~?) (39)
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for n < N. On summing over a we now obtain

-y oy s (@), (2 = 2Y)5(2" — 2¥) + O(N(log N) ' log log N),

2(q) ¢
0<p,v<L g<log N

where ¢,(n) is the Ramanujan sum. When ¢ is square-free we have ¢,(n) =
w(@)p((q,n))p((g,n)). Thus the error terms in (39) make a total contribution
O(N(log N)~tloglog N) to J(a). Moreover

12 (g)eq(n) = p(q) Y p(d)d,

dl(g,n)

whence

> P (@)eq(n) = pla) Y p(d)d#t{p, v 1< pv < L, d[2* — 2"}

0<p,v<L dlq
If d is odd we have
#{p,v: 1< p,v<L,d2"—2"} = L%(d)~™* + O(L),
while if d is even, of the form 2e with e odd, we have
#{p,v: 1< pv <L, d2"—2"} = L%(e) "' + O(L).

The error terms contribute O(N (log N)~!loglog N) to J(a), by (39), so that

J(a) = (110gN q<§N ¢2((qq) Z (d)de(d)™ + O(N(log N)~!loglog N),

where s(d) is to be interpreted as e(e) when d = 2e. Now

u _ u 1(q)
Z ¢2 Z - Z Z ¢>2(q)

q<log N

B J2(d)d u(s)
= 2 ae@ = 20

j<(log N)/d
(,d)=1
N M N w(7) d
orscC z_z 727 Oliogn )}
(j,d)=1
= 2D 11 s
: dﬁ%NE(d)¢2(d) [Mo-e-17%
Otfloa Z (40)
d<1og,NE
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If d = 2e with e odd, we have
p?(d)d L
A T2 =00k

while if d is odd we have
[[t-ew-17? =0,
pfd

since the factor with p = 2 vanishes. Moreover

k(d) log N
e(d) log log N

d>log N

by Lemma 6, applied as in (37). The leading term in (40) is therefore 2CyC5 +
o(1), with Cy and C3 as in (24) and (36).
To bound the error term we use Lemma 6, which shows that

Z p?(d)d? Xlogz
=(d)9%(d) PR
X<d<2X

r<e(d)<2z

According to (30) we must have x > log X, so on summing as x runs over
powers of 2 we obtain

Z p?(d)d? X loglog X
€

2
xGZax €)% (d) log X

Now, summing as X runs over powers of 2 we conclude that

E : 1 (d)d? < (log N)(logloglog N)
2 .

d<log N e(d)¢?(d) loglog N

We may therefore summarize our results as follows.

Lemma 9 We have

2(1 - W)COCQ

J(O) > { 5 +o(1)}N,
log™ 2
and hence Co(Cr — 2 4 2)C )
0(C1 — 24 2w)C
< 1IN
J(m) — { 10g22 10g2 +0( )} )
by Lemma 8.

It remains to compute the constants. We readily find

H (1—(p—1)"2)=0.6601...

2<p<200000
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Since
[Ta-e-p=J[a-n?H=1-K",

p>K

3
=

we deduce that
Co > 0.999995 x 0.6601 > 0.66. (41)

However the estimation of Cy is more difficult. We set

m= ][] -1

ez
and
s(x)= > k(d),
e(d)<z
whence

IA
—
=

L

S
=
o]

Moreover we have m/¢(m) < €7 logx for 2 > 9, as shown by Liu, Liu and Wang
[13; (3.9)]. It then follows that

Cy = /100 s(x)d—x

M e’}
k(d)d—z+q;1a/ logxi—f
M

2
e(dy<m e v

s(g;Mk(d)(E(ld) - %) + 2.744(%)

IN

IA

for any integer M > 9.
We now set

> k(d) = k(e)
e(d)=e
so that
Zf{(e) = Z k(e)
eld e(e)|d
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However ¢(e)|d if and only if e[2¢ — 1. Thus

Z k(e) = Z k(e) = h(2¢ —1).

eld e|2d—1

We therefore deduce that

K(e) =Y ple/d)h(2" —1).
d

This enables us to compute

by using information on the prime factorization of 2¢ — 1 for d < M. In partic-
ular, taking M = 20 we find that

1 1
m<20
and hence that
1 1 1+ log 20
< —_— — 2.744(—————) = 2.2141 ... 42
G Y nlm)(- = o) + 2744(— B2 (42)

For comparison with this upper bound for C5 we note that

Cy> Y k(d)/e(d) =1.9326...

d<10000

This latter figure is probably closer to the true value, but the discrepancy is
small enough for our purposes.
From (33), (41) and (42) we calculate that

(C —2)Cy + Cy ' log 2 < 13.967,
so that Lemma 9 yields the following bound.

Lemma 10 We have

J(m) < {13.968 4 0(1)}Co —5—.
log® 2

6 Completion of the Proof

Let R(N) denote the number of representations of N as a sum of two primes
and K powers of 2 in the ranges under consideration, so that

R(N) :/0 S(a)?T(a)fe(—aN)da.
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We estimate the minor arc contribution to R(N) by using Holder’s inequality
as follows. We have

| / S(0)2T ()X e(—aN)dal

< /\S ) |da
< (sup[S(a)))( / (7() P1da)( | 18()T(0)Fda)”
< (swplSta >|>2~I I, (43)
where K9 2 K
L _

29q—2 T =2
We shall apply this bound with

q=1["log N]

for a suitably chosen positive constant &, see (44).
According to Theorem 3.1 of Vaughan [17] we have

Z e(ap)logp < (log S(})4{(I;q_1/2 + 245 4 331/2(]1/2}
p<z

if |o — a/q| < ¢2 with (a,q) = 1. Thus if & € m we may take P < ¢ < N/P
to deduce that
S(a) < (log N)*{N*> 4 NP~1/2},

Taking P = N4/154=4% e obtain
S(a) < N263/308+3

If one assumes the Generalized Riemann Hypothesis, we may apply Lemma
12 of Baker and Harman [1], which implies that

> A(n)e((g + B8)n) < (logz)*{g min(z, |B]7Y) + 2/ %¢*? + z(q|8))/?}

n<z

when |3| < 271/2. Tt follows by partial summation that
S(C+8) < (log N){g ™ min(N, 57 + "0/ + N(g|))"/?)

for || < N='/2. According to Dirichlet’s Approximation Theorem, we can find
a and ¢ with

lo— 2| < g < N2,

qN1/2’
Thus
S(a) < (log N)N3/4

unless ¢ < N*/* and |a—a/q| < ¢7*N73/%. Since a € mand P = N45/154-4= >
N1/4 these latter conditions cannot hold.
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We therefore conclude that
S(a) < N0+0(1)

for @« € m, where we take § = 263/308 in general, and # = 3/4 under the
Generalized Riemann Hypothesis. Thus

(sup [S(a) ) < (1 +o(1)) exp(B(K —2)¢)-

From (2) and Lemma 1 we see that
Il < (1+o(W){(d)r(1.753)7L7)"
q

(1 + o) {L(1.753)L}"
(I+o(1))H{

T(1.753) Ly -2/
e

_ (1+0(1)){71'752’1%2}<K*2>/2LK*2.
e

Moreover Lemma 10 yields

C
Jm)” < (1+0(1))13.968—9—N”
log“ 2

= (1+ o(1))13.968k§§2N exp(—¢(K —2)/2).

On combining these estimates we see from (43) that

|/ S(a)*T ()X e(—aN)da| < (14 0(1))13.968 Cg NLE2\E=2)/2

log” 2

where

)\ _ 6(2071)5 1753 IOg 2 .

Ee
We minimize A by choosing
E=(20-1)", (44)

so that

A= (20 —1)1.7531og 2
and

| / S(0)2T ()X e(—aN)dal

C
< (14 0(1))13.968, SQNLK‘Q{(M — 1)1.7531og 2} (K=2)/2,
0g
Finally we compare this with the estimate for the major arc integral, given
by Lemma 7, and conclude that

/1 S(a)?T(a)fe(—aN)da > 0
0

providing that N is large enough, w is small enough, and
13.968{(260 — 1)1.753log 2} K=2/2 < 27973, (45)

When 0 = 263/308 this is satisfied for K > 23.4, so that K = 24 is admissible.
Similarly, when 6 = 3/4 one can take any K > 8.5, so that K = 9 is admissible.
This completes the proof of our theorems, subject to Lemma 1.
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7 The Proof of Lemma 1 — First Steps

We begin by recalling that r(n,q, N) is the number of representations of an
integer n as a sum of ¢ terms 2 < N/2K, and that

r(¢) = max r(n,q, N).
n,N
It might seem that the above maximum should be attained for an integer n
which is a sum of ¢ distinct powers of 2, and that one should therefore have
r(q) = ¢!. Unfortunately this simple conjecture is false, since for ¢ = 4 one has

36=32+2+1+1=16+8+8+4=16+16+2+ 2,

whence (36,4, 32) = 30, after allowing for re-orderings of the above represen-
tations.

In fact the behaviour of r(g) is determined by the properties of a slightly
simpler counting function, R(q), defined as the number of representations of
the number 1 as a sum of ¢ negative powers of 2. We adopt the convention
that R(0) = 0. Numerical computation shows that R(1) =1, R(2) =1, R(3) =
3, R(4) = 13,..., and it is not hard to see that R(q) is always finite.

The following result expresses the connection between the two functions.

Lemma 11 We have

o =mx Y R w7,

T @it t+qn=q

( a >:q!
qi---qn Q! .qn!

To prove Lemma 11 we first suppose that the maximum on the right is
attained at a particular value for h, and that all the relevant negative powers of
2 which occur in the corresponding counting functions R(g;) take the form 27%
with v < d, say. We now consider the integer

where

n=2%42% 4 4 ohd (46)
For each set of values q1, ..., q, for which ¢; + ...+ ¢, = q, there are
(o la)
qi.--4n
ways to split the integers 1, ..., q into sets Sp, ..., Sy of cardinalities q1, ..., qp-

Moreover each power 2/¢ may be decomposed into g; non-negative powers of 2

in R(g;) ways. If
2= 3" 2w (47)
1<i<g;

is such a representation, we may define the sequence p1, ..., 1y by taking p, =
vij when k € S; and k is the i-th largest element of S;. We then have

n=>y 2 (48)
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Moreover different representations (47) will lead to different solutions of (48).
It therefore follows that

q
LUETT S SR (O VS G
q1+...+qn=q

To prove the reverse inequality we use the following fact.

Lemma 12 Let
n=2"4+2"4+...42° (a>b>...>c>0)

be the binary representation of a positive integer n, and let

n:ZQ”

ves

for some finite set of non-negative integers S. Then there is a subset T of S

such that
2= "2,
veT

We shall prove this later in this section. Now suppose that r(n,q, N) = r(q),
and let
n=2%+4...42%"

be the binary representation of n. It then follows via repeated applications of
Lemma 12 that, given any expression

n=2"4...+ 2",

we may partition the integers vq,...,1v, into sets 11, ..., T} such that

2% =2, (49)

€T}

If we set g; = #T; we see that each such relation contributes a solution to R(g;).
It is thus easy to see that

ri@ =r(n.g, N) < Y R(ql)...R(qh)< a )

1...4n
q+...+qn=q q 4

This completes the proof of Lemma 11, subject to Lemma 12.

We remark that there is potentially some loss in our argument in employing
Lemma 11. In order to achieve equality in the lemma we have considered an
integer (46) for which the exponents are well-spaced. In general we might expect
a certain amount of overlap between the representations (49) with nearby values
of Q.

We now establish Lemma 12. Since n < 2¢*! we have v < g for all v € S.
Choose T' C S so that ), 2" = X, say, is minimal, subject to having 3 > 2%.
Then if 1 is a minimal element of T" we will have ¥ — 2# < 2¢ < . Thus

Z QTH ] < 2R < Z VH,

veT veT

29



However the expressions above are all integers, so that we must have 2¢7# =
> ver 2’7", The lemma then follows.

Our next result shows how information on the size of R(q) leads to a bound
for r(q).

Lemma 13 Suppose that p is a positive real root of the equation

Sy (50)

q=1 ¢

Then r(q) < piq! for all ¢ € N.

For the proof it will be convenient to write

R(q)

f(Q):7~

From Lemma 11 we have
OED DS R(qn...R(qh)( y )
1<h<q q1+...+an=4q Lo dh
whence r(q) < ro(q)q!, where
rolg) = > > Far) - Flan)-
1<h<q q1+...+qn=q

We may rewrite this as

rol) = D > flan) > flar) - flan-)

1<h<q qn qi+...+qh-1=9—4qn

F@)+ Y flm)ro(q —m).
m=1

Here the term f(g) arises from the case h = 1. If we define 79(0) = 1 we
therefore have a recurrence relation

ro(q) = Y f(m)ro(q —m), (51)
m=1

valid for all ¢ > 1.

We may now prove that ro(q) < p?, using induction on g. This will suffice
for Lemma 13. The claim is trivial for ¢ = 0. Assuming that ro(n) < p™ for
0 <n < ¢ we deduce from (51) that

ro(q) < Z

q

f(m)p™™

n=1

p1Y " fm)p™™
m=1

=

3

IN

by definition of p. This completes the induction, and with it, the proof of Lemma
13.
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8 Proof of Lemma 1 — Bounds for f(m)

It is clear from Lemma 13 that our remaining task is to estimate from above
the positive root of the equation (50). This will require upper bounds for the
numbers f(m). We will consider two different ranges for m. For m < 20, we
shall compute f(m) precisely, and for m > 21 we shall use a recursive estimate
to bound f(m).

Our primary tool in studying the function R(gq) will be the use of “splitting
sequences”. Suppose that we have an ordered representation

1=27% 4 ... 427%,

From this we produce the corresponding un-ordered representation

l=2""q . y27l fi <. < S, (52)
We introduce the notation (ag,aq,...,ax) for this un-ordered representation,
where
ai =4#{j: f; =i}

and k = f,. Clearly we have ¢ = > a;. Moreover we have aj, > 2 except for the
trivial representation 1 = 279 given by the sequence (1). (There should be no
confusion between this notation for a sequence, and references to equation (1) in
§1.) From any decomposition (ag, ..., ax) with ¢ > 2 we can produce a “derived”
representation (ag, ..., ag—2,ar—1+1,ar—2) (if ax > 2) or (ag,...,ak—2,a5—1+
1) (if ax = 2). Set g,—1 = 1 in the first case and g,—1 = 0 in the second. We
now repeat the process with the derived representation, and set g;—2 =1 or 0
accordingly. We continue this process until we reach the trivial representation
(1). The sequence [g1,...,gq—1] will be called the “splitting sequence” of the
un-ordered decomposition (52).
As an example we may start with

1 1 1 1 1 1 1

—4+-4+-4+—=4+—=+—=+—; (0,0,3,0,4). 53

4—'—44—4—’_16+16+16+167 0,0,3,0,4) (53)
The derived representation is

11 1 1 1 1
itititst e @082
whence gg = 1. The next derived representation is

14—1—1—14-1—1—1’ (0,0,3,2)
4 4 4 8 87 ) 9 ) )
whence g5 = 0. This is followed by

1 1 1 1
itata T (0,0,4),
with g4 = 0. We then have

1
;0 (0,1,2
4a (aa)7

I
+
o~ =
_|_

I
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where g3 = 1. Next is

1 1
Z4 . 2
S+5 (0,2),

giving go = 0. Finally we come down to

so that g1 = 0. Thus the splitting sequence is [0,0,1,0,0, 1].
A key fact is that this process may be reversed, knowing the splitting se-
quence, since the value of g; tells us whether to split the final term or a term

of penultimate size. Thus in our example, given that g3 = 1, the sequence from
which {1 1 1
5 + 1 + 1 (0,1,2)

was derived must be the result of splitting 1/2 into 1/4 + 1/4. It follows that
un-ordered decompositions are uniquely determined by their splitting sequences.
However not every sequence of 0’s and 1’s is a splitting sequence. Clearly we
must have g3 = go = 0, but there are other necessary conditions. Thus, for
example, [0,0, 1,1] is not a splitting sequence.

We are now ready to explain our procedure for computing R(q) explicitly.
We shall define R(q,a,b) as the number of ordered representations for which
the corresponding un-ordered decomposition takes the form (ag, a1, ..., ax) with
ar—1 = aand ap =b. When ¢ > 2 and b = 2 the derived sequence will contribute
to R(q — 1,¢,a+ 1) for some c. Since we are counting ordered representations
we must allow for gq(q — 1)/2 possible locations for the two powers 27%  and
also ¢ — 1 locations for the newly created term 2~ %1, Finally, this new term
is one of @ 4 1 such terms in the representation counted by R(q —1,¢,a+1). It
therefore follows that

glg—1Da+1°3~"
R(qaa72) = Tq—l Z R((J71,C,a+1)
c=0
1 qg—a—2
= % > R(g-1,ca+1). (54)
c=0

We may analyse R(q,a,b) when b > 2 in a similar way, to derive the recurrence
formula

~oqlg—=1) 2 a+1 B B
R((Lavb) - 2 b(b— 1) q— lR(q 17a+1’b 2)

= ZEZjll))R(q—LaJrLb—m, (b > 2). (55)

Finally we note that R(q) is the sum of R(q,a,b) for all available a and b.
Using these recursion formulae we may calculate R(g,a,b) for all a,b, and
for all ¢ < 20. Summing the resulting values we obtain the following table.
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Table 1

f(1)=1.000..., f(2)=0.500..., f(3)=0.500...,
f(4)=0541..., f(5)=0625..., f(6)=0.729...,
f(7)=0862..., f(8)=1.022..., f(9)=1217...,
F10) =1.449..., f(11)=1.727..., f(12)=2.059...,
F(13) =2455..., f(14) =2928..., f(15)=3.492...,
F(16) =4.165..., f(17) =4.968..., f(18)=5.924...,

F(19) = 7.066..., f(20) = 8.428....

We turn next to the large values of g. Let [g1,...,g4—1] be the splitting
sequence of the un-ordered decomposition (52), and suppose that the sequence
contains exactly [ elements for which g; = 0, namely

Giy =-..=9i, =0, @ <...<iq.

We shall write h; =441 —2;—1for1 < j <[1-1,and h; = ¢—1—17;. Thus in our
example (53) we have the splitting sequence [0, 0,1, 0,0, 1], whence hy = 0, hy =
1, hs =0 and hy = 1. It is then apparent that for an un-ordered decomposition
(ag,ai,...,ar) we have k = [. Moreover we have a; = 2h; — hjy1 + 1 for
1< j<1-1,and a = 2h; + 2. We note in particular that any splitting
sequence must satisfy h; = 0 and hjy; < 2h;+1for 1 < j <1 —1, since we
must have a; > 0.
The un-ordered decomposition (ag, a1, ..., a) produces

_ ¢
ao!...ap!

ordered representations, so that the unordered decompositions with splitting
sequence [g1, .. ., gq—1] will contribute exactly

k—1
1 I 1
(2R +2) 4 (2 — by + 1))

to f(q). When ¢ > 3 we shall write S(q) for the total contribution from all
splitting sequences in which hy = 0, so that
~1

q k—
k=2 hi4..+hp_1=q—1—k j=1

' 1

(2h; — hjp1 + 1)V

DN | =

S(q) =

Here we adopt the natural convention that 1/m! =0 if m is a negative integer.
Moreover we take hy = hy = 0 and h; > 0 for 2 < j < k — 1. Alternatively
we may write S(g) in terms of the function R(q,a,b) defined in the previous
section. This produces

5@ = 5 3 Ra.0.2). (56)

a>0

Similarly, when ¢ > 3 we shall write T'(¢q) for the contribution to f(q) corre-
sponding to splitting sequences for which hy > 0, so that

fla) = S(q) +T(q). (57)
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The definition of T'(q) gives us the formula

q—1 1 k—1 1
> oo > o i
k=2 hp>0 (2he +2)! Bid..thp=q—1—Fk j=1 (2 = hj1 +1)!

Here we take h; = 0. We now assume that r > 4andput k=I/l—1landg=r—1
in the above expression, whence

r—1 1 -2 1
T(r—1)= .
(r=1) 2 (2hi_1 + 2)! H (2h; — hjp1 +1)!
=3 it b a=r—1-1 j=1
h;—1>0
Since 2h;_1 + 2 > 4 for hy_1 > 1 it follows that
1 r—1 —
Tr—-1) < =
( ) - 47 Z 2hl1+ U j+1+1)
=3 hitdhii=r—1-1 =
hi—1>0
r—1 -2
1 1 1
< 1 >
> | . h. |
4 hit...+hi—1=r—1-1 2y +1)! Jj=1 (2h] hj+1 + 1)!

I|
- N

1

-1
> 11 (2h; — b1 + 1)

1=2 hi+..thj_1=r—1—1 j=1

= =

where we now assume that h; = h; = 0. It therefore follows that

T(r—1)<55(r), r=4 (58)

We shall now estimate R(q,a,2) from above, so that f(g) can be bounded
using (57), (58) and (56). We begin by noting that R(¢,a,b) = 0 unless b and
a+ b/2 are even. Now (54) becomes

q—2h—3
R(q,2h+1,2) =q(h+1) > R(qg—1,¢,2h+2),
c=0

while repeated application of (55) yields

(g—1)! (c+h)! 2

Rlg—Le2h+2) = 5= a @nro)

R(g—1—h,c+ h,2).

If we now set

2 1!
stant) = P R 2n41,2) (59)
we deduce that
1 c+h-—1
2|c+h—1
= Zﬁs(q—l—h,l), (60)
=5 2l—h+1)
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with the usual convention that 1/m! =0 for m < 0.
We proceed to prove an estimate of the form

s(q,h) < Cut", (0 <h<q), (61)

for all ¢ > 20, using induction on ¢. We note at once that R(q,a,b) = 0 unless
a+b < g, so that s(q,h) = 0 unless h < (¢ — 3)/2. Now suppose that k& > 39,
and that (61) holds for 20 < g < k. We shall prove (61) for s(k, h), and it clearly
suffices to suppose that h < (k—3)/2, whence k—1—h > (k+1)/2 > 20. Thus,
by our induction assumption, the recursion formula (60) yields

1 k—1—h_|1
>0

v h ’ulflfhylfh
= Cuv Z(Ql—h+1)!'

1>0

To estimate the final sum we consider separately the cases h = 2t and h = 2t+1.

When h = 2t we have
122 0

(20 -2t +1)!

unless [ > t, and putting [ =t + j we obtain

—1—2tyl—2t

M —1-2t —t v —1-2t —t —1/2 1/2
E —— = v E - =L 7 sinhv*/=.
_ ] !
= (2l — 2t +1)! = (25 +1)!

Thus (61) holds for s(k,2t) providing that

1/2

v 12 ginhv <pu and ,u21/ > 1.

Similarly for h = 2t + 1 we find that only terms with [ > ¢ can contribute,

whence
—1=h,l—h

IZZO 7(; Sy = p~ 22y eosh /2,
Thus (61) holds for s(k, 2t + 1) providing that
v eoshv!/? < p? and plr>1.
We now choose v so that
cosh '/ = (sinh v'/2)2,
by taking v = 1.126304. ... This then allows us to use

_ sinhv'/?

We may now conclude as follows, using (56) and (59).

Lemma 14 Let = 1.198576... and v = 1.126304. ... Suppose that (61) holds
for 20 < g < 38. Then (61) holds for all ¢ > 20, and

S(q) < Cv=Y2(sinh /2t = Cpatt

for ¢ > 20.
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We therefore compute s(g, h) for h < ¢ and 20 < ¢ < 38, using the recursion
(60). In this range we discover that

C =0.172345
is admissible in (61).
It now follows from Lemma 14 taken in conjunction with (57) and (58) that
2

flg) < Cu+ %)/ﬂ <C'ut, O =0.330363,

for ¢ > 20. We shall use this upper bound for ¢ > 20, together with the
numerical values in Table 1. We then find that the value of p, as given by
Lemma 13, satisfies p > p and

20 oo 20 21
- _ - 1
1<y f@p 1+ C ) (up™)' =) fla)p™* e
g=1 q=21 q=1 P p K
However the polynomial
20
XX —p) =Y X0 — '
qg=1

has X = 1.752... as its only root greater than . We therefore conclude that
p < 1.753

which suffices for Lemma 1. Finally we remark that there is little to be gained
from pushing the precise evaluation of f(g) further than g = 20, since a lower
bound for p is given by the positive root of the polynomial

21
X20 _ Z f(q)XQO_q,
qg=1
which one can compute as 1.7519.. ..

9 An Improvement to Theorem 1

In this section we sketch a variant of our argument which leads to a sharpened
version of Theorem 1. The same variant may be used under the Generalized
Riemann Hypothesis, but leads to a result involving 10 powers of 2.

We replace the bound (43) by

aem

\/ S(a)’T(a) e(~aN)da| < (sup |S(a)])*1(q)" J* (m)",

where

J*(m) = / 15(0) PT(0) *der)

and
K-—-14 _ 2q—-K

2 —4’ V= 29 —4°




The argument of §5 must then be adapted so as to give an upper bound for
J*(m). In analogy to our previous work we first consider

1
7= [Is@PI@ltda) = 3 r(zt 42 -2 -2
0 a,b,c,d<L

When 2% 4 2° £ 2¢ 4 2¢ the analysis depends upon the behaviour of the sum

> h(|2¢ 4 20 —2¢ — 29)),
a,b,c,d<J
29 42b£2c 404

for which one may establish an asymptotic formula (C3 + o(1))J*. Here
Cs = k(d)N(d)e(d)~* < 1.683,
d=1

where
N(d) = #{(a,b,c) : 1 < a,b,c <e(d), 2°+2°=2°+1 (mod d)}.

However the key point is that terms for which 2%+ 2% = 2¢4+2¢ make a negligible

contribution to J*. In this way we find that

CoC1Cs
log? 2

J*<{ +o(1)}NL2

The corresponding calculation of a lower bound for

T () = /zm 15(0) T (0)*da

proceeds much as in §5 and produces

201 —
sem > (222G e,
log® 2
and hence
—9242
J*(m) < {CO(C1 +2w)Cs | o(1)}NL? < {9.819 + o(1)}C L?.

log? 2 log? 2
If this estimate is injected into the method one then finds that one requires
9.819{(26 — 1)1.753log 2} K=4/2 < 27973,

which one should compare with (45). Since the above inequality certainly holds
with = 31/36 and K > 21, we are lead to the improved version of Theorem 1.
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