Arch. Math. 74 (2000) 266—268
0003-889X/00/040266-03 $ 2.10/0
© Birkhiuser Verlag, Basel, 2000 I Archiv der Mathematik

On the class number of p-th cyclotomic field

By

JAN-CHRISTOPH PUCHTA

Abstract. Let &~ (p) be the relative class number of the p-th cyclotomic field. We

show that logh™(p) = 2 I 3 logp 7glog 27 +log (1 — B) 4+ O(log3p), where f denotes a
Siegel zero, if such a zero exists and p = —1(mod4). Otherwise this term does not
appear.

Assume that D(s) is a Dirichlet series converging absolutely for ® s > 1. Then it is a usual
method to estimate |D(1 + it)| by estimating |D(s)| trivially for ® s > 1 and the modulus of
its derivative or its logarithmic derivative by analytical means. In this note we will show that
this method can be iterated, thus using not only the first derivative one can hope to obtain
better bounds. The improvements achieved are significant only if in the halfplane Rs > 1
substantially better estimates are available then to the left of 1. This is the case e.g. for the
class number of the p-th cyclotomic field.

Let k= @Q(¢e) be the p-th cyclotomic field, k* = kNIR its maximal real subfield. Let
h(p),h*(p) be the class number of k, k™ respectively, i~ (p) = h(p)/h™ (p) the relative class
number.

Theorem 1. We have

-3
logff@):p4 logp—%loan—i—log(l—ﬁ)-ﬁ-O(log%p)

where (3 is a Siegel zero of an L-series (mod p), and this term does only occur, if such a zero is
present and p = 3 (mod4).

The proof will follow the lines of Masley and Montgomery [1]. As usual, let
A(n
Nepa= Y 20

n=a (modp) IOgI’l
n=x

Lemma 2. If x > p we have
X

(p — 1log (ﬁ) A
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(x,p,a) <
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Proof. For x > plogp this can be deduced from the Brun-Titchmarsh inequality as in [1],
Lemma 1. So we can assume p < x < p® Let gi,q, be prime powers in this range,
q; =1 (modp). If g1 and g, were different, but not coprime, then there quotient would be an
integer k=1 (modp) with 2 < k < p, which is clearly impossible. Thus if N(x,Q,p,a)
denotes the number of n = a (mod p),n = x, such that n is not divisible by any prime number

1
less than Q, we get [I(x,p,a) < N(x,Q,p,a)+ 1+ JT(Q)%. The first term can be
bounded using the large sieve inequality, the second e.g. by Tschebyscheffs inequality, thus

X 0
I (x,p,a) < +1+
(P 0) < 150 T iogp

Now define f(s) = > logL(s,x) —log(s — ), where 3 is a Siegel zero, if such a zero
2(=D)=-1

occurs for some L(s,y) with y(—1) = —1, especially if p = 1 (mod4) it does not oceur at all.

Then f is holomorphic and single valued in the union of the disc |s — 1| < fogp and the

halfplane % s > 1. Choose the logarithm such that f(s) is real for real s.

. Now Q :;7 gives the result.

Lemma 3. For 0 > 1 we have

If (o) +1og (1 — B)| < log +c

and for v =0

g—1
(v+1) ol
) <

Proof. This follows from Lemma 2 by partial summation.

Lemma 4 [n the rectangle

Ts| <i,3<Rs <3 we have

R f(s) <plogp +2.
Proof. We have L(s,x)=s [ S(wu"ldu, where Su)= ) x(n)= % Thus
1 n=u

[L(s,x)| = [72~_(\7S| < p and R log L(s,x) < logp. By definition of a Siegel zero we can assume,

that 8 > 1. So we have R f(s) < plogp + 2 on the boundary of the domain described, since
R f is harmonic with at most logarithmic singularities, in which ® f — — oo, the same is true
throughout the domain.

Lemma 5. There is some c > 0, not depending on p, such that for o > 1 we have
[F"*V(0)] < plog”*'pev!.

Proof. By Lemma 3 it suffices to consider the case 1 < o < 3. For some 6 >0, f is

holomorphic in the union of the half strip Rs > 1,|Ts| < 0 and the disc |s — 1| < L
logq logq

. . . ) .
On any circle with radius fogq and center 0 > 1, R f is bounded by Lemma 4, so by the

Borel-Caratheodory lemma |f'(s)| = 8plog?pd ™" for all s in the disc |s — 1| < or the

0
2logp
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rectangle 1 <Rs<3,[Ts|< Now differentiating Cauchy’s integral formula

2logp’
v-times gives the result with ¢ = 20°L

Proof of Theorem 1. Define

M, := max |f") (0)].
o>1

Then we have for any g¢ > 1

c(v—1)!

M, = -1 M, T 1\
(00 —1) +1+(OO_1)

since for o > 0y, f*) can be estimated with Lemma 3, and for 1 < ¢ < g¢ a bound for f*) (00)

and f+1) suffices. With oy = vc!/ VM;L/V this becomes

M, = CVM;MVH).

Iterating this formula we get
M1 = CIOgn(ZCIngnM}/n.

With the estimate of Lemma 5 this becomes
M, <6C10g2”np1/n10g]+]/np.

With n=1logp we finally get M; < eco2P  ie. |f'(0)| < %P for all o >1. Thus
F()| < |f(0)] + (0 — 1)eclo8P, with o =1+e¢ %P and using Lemma 3 we get
[f(1)| < log3p. Since as a special case of the class number formula (see e.g. [2]) we have
the formula

3
1 logp —glog2n+log(1 -B)+fQ1)

logh™(p) =~

the statement of the theorem follows.
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