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Normal growth of large groups, II

By

Thomas W. Müller and Jan-Christoph Schlage-Puchta

Abstract. We show that a large class of groups has normal subgroup growth of type nlog n,
which is the same as the growth type of a free group of rank 2.

For a finitely generated group �, denote by s�
n (�) the number of normal subgroups of index

n, and consider the summatory function S�
n (�) = ∑

ν�n

s�
ν (�). Lubotzky [2] proved that

S�
n (Fk) is of type nlog n. Here, Fk denotes the free group of rank k � 2, and a function

f (n) is called of type nlog n, if there are positive constants c1, c2 such that

nc1 log n � f (n) � nc2 log n, n � n0.

In a previous paper we considered the question as to what extent Lubotzky’s estimate is
characteristic for free groups, and stated a result ([4, Theorem 1]) to the effect that this type of
behaviour pertains in fact to all finitely generated groups containing a finite index subgroup
projecting onto a group G whose pro-p completion Ĝ is a non-abelian free pro-p group for
some prime p. While we still believe this statement to be true, its proof unfortunately turns
out to be incorrect, as was kindly pointed out to us by Avinoam Mann. This does not affect
Theorems 2 and 3 of [4]. We have not been able to remedy the proof of [4, Theorem 1];
instead, we have been led to the following slightly weaker result in the same direction.

Theorem 1. Let � be a finitely generated group, possessing a normal finite index sub-
group � which maps surjectively onto a group G such that the pro-p completion Ĝ of G is
a non-abelian free pro-p group for some prime p not dividing (� : �). Then S�

n (�) is of
type nlog n.

The proof makes use of an auxiliary result, which generalizes the technique of obtaining
lower bounds by counting subspaces in elementary subgroups, employed for instance in [1].

Lemma 1. Let G be a finite group and let k be a finite field such that char(k) � |G|. Let
ρ : G → GL(V ) be a representation of G over k of dimension n. Then there exists a
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constant c > 0 depending only on G and k such that V contains at least ecn2
ρ-invariant

subspaces.

P r o o f. Let k = GF(q) and set |G| = g. Write

ρ =
N∑

i=1

miρi,(1)

where {ρ1, . . . , ρN } is a full set of inequivalent representations of G over k which are
irreducible over k. Then

maximi � n

N maxi dim ρi
= ĉn,(2)

where ĉ depends only on G and k. Let

V =
N⊕

i=1

mi⊕
j=1

V
(j)
i

be a decomposition of V into ρ-invariant subspaces corresponding to Equation (1). Suppose
without loss of generality that m1 = maxi mi . Given an integer �, 1 � � � m1, choose

elements xi = (vij )
m1
j=1 in

m1⊕
j=1

V
(j)

1 , 1 � i � �. This can be done in q(dimρ1)�m1 different

ways. Two such sets {x1, . . . , x�} and {y1, . . . , y�} generate the same kG-submodule of
V if and only if


y1
...

y�


 = T




x1
...

x�




for some invertible (� × �) matrix T over kG. Clearly, T can be chosen in at most qg�2

ways. Hence, given �, the above construction provides at least q(dimρ1)�m1−g�2
different

kG-submodules of V . Choosing � = [
m1dimρ1

2g

]
, this yields

q
m2

1(dimρ1)2

4g
+O(m1)

subspaces. In conjunction with (2), our claim follows with c = ĉ2

4g
. �

Note that the condition p � |G| is necessary, since there exist finite p-groups with indecom-
posable representations over GF(p) of arbitrarily high dimension.

P r o o f o f T h e o r e m 1. Let � and p be as in the theorem. For a pro-p-group Ĝ,
let Pn(Ĝ) be the lower central p-series of Ĝ. Define arithmetic functions s(n, k) and
r(n, k) via

ps(n,k) = (F̂k : Pn+1(F̂k)), r(n, k) = dim(Pn+1(̂Fk)/Pn+2(̂Fk)),
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where F̂k is the free pro-p group of rank k. It is known that, for fixed k as n tends to infinity,

r(n, k) ∼ kn+2

(k − 1)n

s(n, k) ∼ kn+2

(k − 1)2n
∼ r(n, k)

k − 1
;

cf., for instance, [3, Sec. 3.4]. Define characteristic subgroups �n of � recursively via

�0 = � and �n+1 = p

�
n

[�n, �], n � 0. Note that the closure of �n in �̂ is pre-

cisely Pn(�̂). Fix k � 2 such that � projects onto F̂k . Then �n/�n+1 projects onto
Pn(F̂k)/Pn+1(F̂k), and therefore dim (�n/�n+1) � r(n − 1, k). Let U be a subspace of
V = �n/�n+1. Then U�n+1 is normal in �, and it is normal in � if and only if U is
invariant under the induced action of �/� on V . By assumption, p � |�/�|, and Lemma 1

implies the existence of ecr(n−1,k)2
invariant subspaces U . If � is d-generated, then the

index of �n in � is at most the index of Pn(F̂d) in F̂d ; that is, there are ecr(n−1,k)2
nor-

mal subgroups in � of index at most ps(n,d)|�/�|. Since, by assumption, k � 2, we have
r(n, k) � s(n, d)c for some positive constant c. Moreover, |� : �n| � |� : �n+1|c for
some positive constant c, and we conclude that S�

kν
(�) > ec log kν

2
holds for a sequence

(kν) with kν < kν+1 < kC
ν for some absolute constant C, which implies the claimed lower

bound.

The upper bound S�
k (�) < ec log2 k holds for all finitely generated groups � and follows

immediately from the upper bound for finitely generated free groups in [2].
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