PRIMES IN SHORT ARITHMETIC PROGRESSIONS
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The Large Sieve inequality in the form
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n=a (mod q)

is essentially optimal. However, in several applications many of the a,, vanish, and one
might expect better estimates then. In fact, such estimates were given by P. D. T. A.
Elliott[1]. He showed the following estimate:

Theorem 1. N and Q be integers, a, be complex numbers for all primes p < N. Then
we have the estimate
2
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Under GRH, Q%' may be replaced by Q**¢. In analogy to the large sieve, he
conjectured that one may replace this term by Q%*¢.
Using a completely different approach, Y. Motohashi[4] showed that

(1) ST e < 2ol

1/2
oy (o a) logzlogx/Q

for x > Q5¢, where 7(z,x) = ZPSZE x(p). He also conjectured, that Q°*¢ may be
replaced by Q?*¢.

Here we will combine the Large Sieve principle with Selberg’s sieve to prove the con-
jecture of Elliott and give a version of (1) valid for x > Q?*<.

I would like to thank D. R. Heath-Brown for his help on Proposition 9 which allowed
me to reduce the exponent to 2 + ¢, and the referee for pointing out some mistakes.

Theorem 2. Let N and Q be integers with N > Q*T¢, a, be complex numbers for any
prime p < N, and let 2 < R < v/ N be an integer. Then we have the estimate
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¢<Qx (mod q) |pP<N p<N

As this estimate is the analogue of the large sieve estimate, we can give analogues
of Haldsz-type inequalities, too. As there is a variety of different large value estimates,
the same is true for these bounds. However, since the optimal estimate depends on the
particular application, we only mention the following:
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Theorem 3. Let g be an integer. Let C be a set of characters (mod ¢), a, be complex
numbers for any prime p < N. Then we have for k = 2,3 or, if q is cubefree, for any
integer k > 2, the estimates

2
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and
2

N

DD axp)| < (bngLRQICI\/fllogq) > lapl*

X€C |p<N p<N

IfC is a set of characters to moduli ¢ < Q, the same bounds apply with q replaced by Q2,
where k can be chosen arbitrarily, if all occuring values of q are cubefree, and k = 2,3
otherwise.

From this we conclude immediately
Corollary 4. We have for x > Q>T¢ the estimate

5172
S Y kP <c

2
q<Q x (mod q) log™x

Moreover, for x > Q3¢ this can be made completely explicit:

>y *|7r(x,x)|2<w

! 1 3
q<Q x (mod q) 0g r log 1‘/Q

We can also consider a single character:

Corollary 5. Let x be a complex character. Then we have

o\ 12 x
(x| < ((%) +0(1)> logz’

and ¢ = i if q is cubefree, and ¢ = % otherwise.

logz
log g

where a =
Note that this estimate is nontrivial as soon as x > ¢3/* resp. x > ¢, depending on
whether ¢ is cubefree or not. With a little more work, we obtain the following statement.

Corollary 6. Let D,x,Q be parameters with x > Q'1¢D?. Let N be the number of
moduli ¢ < Q, such that there is some primitive character x of order d < D and some
d-th root of unity ¢, such that there is no prime p < x with x(p) = ¢. Then we have
N <. D.

This was proven by Elliott with D = 3 under the condition z > Q%*/11+¢,
We begin the proof of our Theorems with the following two sieve principles.

Lemma 7 (Bombieri). Let V,(-,-) be an inner product space, v; € V. Then for any
P €V we have
> @) < ||‘1>||2mgxz |(v3, v5)]
4 J

This is Lemma 1.5 in [3].

Lemma 8 (Selberg). Let R, N be integers, such that R* < N. Then there is a function
g, which has the following properties:
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(1) g(1) =1, |[g(n)| <1 forn <R, g(n) =0 forn > R.
(2) n<N<1*9 (n)) <$+R2

This is the usual formulation of Selberg’s sieve when used to count the set of primes
< N, see e.g. [2], chapter 3, especially Theorem 3.3. In the sequel, we will denote the

function given by Lemma 8 with g and set f = (1 * g)2. We will have to bound character
sums involving f, these computations are summarized in the following Proposition.

Proposition 9. Let x (mod q) be a character, R, N, f and g as in Lemma 8, and define
S=3<n f(n)x(n).
. . . N
(1) If x is principal, we have |S| < oe® T R2.
(2) Assume that x is nonprincipal. Then we have for any fized A the estimate
—A
S Fo e N < R ()

(3) If x is nonprincipal, we have the bounds |S| < R?,/qlogq and |S| < c;€7€]-22/’“N1_1/’%](’“4'1)/(4’“2)4'E
for k=23, or, if q is cubefree, for k > 2 arbitrary.

Proof: The first assertion is already contained in Lemma 8.
Assume now that  is nonprincipal. Then we have

2

Yo fxm)| = |0 (D oe@] x(n)
d|n

n<N n<N

= | Y gldgldax(dnd)) Y x(n)

d1,d2<R n<N/[dy,d2]
< Y gldgd)l | > x(n)
dl,dng TLSN/[dl,dQ]
< > > x(n)

dl,dzgR TLSN/[dl,dz]

The inner sum can be estimated using either the Polya-Vinogradoff-inequality or Burgess
estimates, leading to |S| < R?,/qlogq resp. |S| < c;mR2/kN1*1/kq(k+1)/(4k2)+5, thus we
obtain the third statement.

To prove the second statement, we begin as above to obtain the inequality

> o
D Flx(me M < TS x(myer o )
n=t did2<R [n=1

Write d = [dy, d3]. Using the Mellin-transform
sum can be expressed as

1 —5,52/4 _ —log’xz :
NG f(2) %% tds =e , the inner

i 2 1 2
x(nyetos*an/m — 1 / L(s, )¢ /4 (N/d)*ds
Zl Qﬁl (2)

n=
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Now we shift the path of integration to the line ®s = —A with A > 0. Denote with x;
the primitive character inducing x. Then we have

L(s,x) =[] (1 = xa(p)p™*) L(s, x1).
plaz
For A > 2, the first factor is < ¢4', whereas the L-series can be estimated using the func-
—A
tional equation to be < (g1 (|t|+2))4*1/2, hence the right hand side is < 4 ¢'/? (d—l\g) <

—A —A
q'/? (Rlzq) . Hence the whole sum can be bounded by ¢(A)R2?¢!/? (Rlz’(;)

To prove Theorem 2, we follow the lines of the proof of the large sieve resp. the
Halasz-inequality, however, we apply Lemma 7 to a different euclidean space. Consider
the subspace V' < [*° consisting of all bounded sequences (a,,), such that a,, = 0 when-
ever f(n) = 0, where f is defined as in Lemma 8. On this space define a product as
((an), (bn))y == 307 f(n)e™ log”(n/N) g, . Now we apply Lemma 7 to this space and

the set of vectors ® = (a,,), where &, = apelogz P/N_ for prime numbers p in the range

R? < p < N, and a,, = 0 otherwise, and v; = (¥Y(n)), where similary x(n) = x(n), if
f(n) # 0, and 0 otherwise. Now the inequality reads as
2

oo
Cne2 R P —
> Do ax)| < max| Y fmem N4 D S fn)em o N (n)
q<Qx (mod q) |R2<p<N n=1 X'#x |[n<N
% Z la,|2e? log® (p/N)
p<N

where the maximum is taken over all characters with moduli at most Q). From Lemma 8 it

follows that the first term inside the brackets is < %, provided that R < N'/3, say. For

the second term, let x be a character (mod q) and x’ a character (mod ¢’). Then yy’ is

a character (mod [g,¢']). By Proposition 9, each term in the outer sum can be bounded

—_A —A
by ¢(A)R?[q, ¢']"/? (%) , hence the whole sum is < ¢(A4)Q3R? (RZLQQ) . Since

by asumption N > Q2T¢, we can choose R = Q9/*, A = 6/€ 4+ 1 to bound this by some
constant depending only on €. Thus we get the estimate
2

> X > axlp)| < (di:;N +CE) > layl*.

g<Qx (mod q) |R2<p<N p<N

The range n < R? can be estimated using the usual large sieve inequality, which gives
(R* + Q%) < v lap|?, which is negligible. Hence Theorem 2 is proven.

The proof of Theorem 3 is similar, but simpler. First, assume that all characters in
C are characters to a single modulus ¢q. We consider the vector space V' < CV consist-
ing of sequences (a,))_; with a, = 0 for all n with f(n) = 0 and the scalar product

((an), (bn)) == >_,<n f(n)anb,. Applying Lemma 7 as above, we obtain the estimate
2

S o) s(b{;gR%(a—l)Am,N,q)) S o P

X€C |p<N R<p<N

where A(R, N, q) is the bound obtained by Proposition 9, i.e. A(R,N,q) < Rg\/(jlog q,
resp. A(R,N,q) < ckﬁeq(k“)/(‘lk%“Nl’1/kR2/k. The term R? can be neglected in
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comparison with A(R, N, q). This is obvious in the first case. In the second case, we may
assume that A(R, N, q) < N, since otherwise Theorem 3 is an immediate consequence of
the Cauchy-Schwarz-inequality. This implies R < N1/2¢=(*+1/(2k) which in turn implies
R? < N 1/kg=1=1/k < A(R, N,q). Hence we obtain Theorem 3 for sets of characters
belonging to a single modulus.

The proof for the case that the characters belong to different moduli is similar, note
that [q1, g2] is cubefree, if both ¢; and g2 are cubefree.

In the range Q**¢ < z < Q3+, Corollary 4 follows from Theorem 2 by choosing a, = 1
for all prime numbers p < N, whereas in the range > Q37¢ it follows from Theorem 3.
Similarly we obtain corollary 5 from Theorem 3. We choose C = {xo, X, X} to obtain the
estimate

2 2 x
|7T(I]'J)| + 2|7T(‘T7X)‘ S 1Og0k761‘1/2q(k+1)/(8k)+€ 71—(1“)

and choosing either k = 3 or k 7 co we obtain the result by solving for |r(x, x)|.
To prove corollary 6, let P be the set of prime numbers p, such that there is some
character x of order d as described in the corollary. For every such p, choose such a

character x; together with all its powers, and denote the set of all these character with
C. Let ¢ be a d-th root of unity. We have

d
S (P =dy

xq=x0 a=1
X#X0

#(p < 21 (p) = ()} ~ 272, 0)

Since by assumption, one of the terms on the right hand side is large, the right hand side
2
s > 71007 2 Brogzs- Now we have IC| < D -|P|, thus we get

P

If D2QlogQ < z'~¢, we can choose R = z/*, and the second term on the right hand
side is still of lesser order then the left hand side. With this choice the inequality can be
simplified to |P| <. D.

x? x?

Dlog*x < logzlog R

+2DR?*|P|Qlog Q
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