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I do not know what I may appear to the world,

but to myself I seem to have been only like a boy playing on the sea—shore,
and diverting myself in now and then finding a smoother pebble

or a prettier shell than ordinary,

whilst the great ocean of truth lay all undiscovered before me.

Sir Isaac Newton (1642 — 1727) *

LAs quoted in [3].
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Part 1

Ordinary Differential Equations






Chapter 1

Existence and Uniqueness Results

1.1 An Introductory Example

We consider a thermodynamical system' — think of a closed balloon with a certain type of gas in it —
and (some of) the thermodynamical quantities are the

pressure p,
temperature T,

specific volume 7, which is the volume per unit mass,
density o with o7 = 1 per definition,

specific entropy S, which is the entropy per unit mass,
specific interior energy e,

specific enthalpy i, defined as i = e + pr.

We assume that these quantities do not depend on the space variable x in the balloon, and they do not
depend on the time variable ¢.

It turns out that of these 7 quantities (for any fixed system), only two are independent, for instance S
and 7. All the other five quantities can be expressed as functions of (S, 7), and these functions depend
on the medium under consideration. We now concentrate on the function e = e(S,7), and one of the key
relations of thermodynamics is the formula

de =TdS — pdr,

or expressed in more mathematical style,

Oe Oe
%(Sv 7_) - T? E(Sv T) = =P (11)

A caloric equation of state’ then is
p=f(e,8), p=g(57),

where f and g depend on the properties of the medium, and f, g are related to each other because of
0= 7"'. A physically reasonable assumption is

1This exposition follows [5].
2kalorische Zustandsgleichung
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which immediately implies

dg
5, <0

Then we may define ¢ := /9p/dp as sound speed of the medium. Be careful: this formula holds only if p
is written as a function of ¢ and S.

Another reasonable assumption from physics is g to be convex in 7, hence

Definition 1.1. A medium is called ideal gas if
pT = RT,
with R being a constant depending only on the medium?.

Proposition 1.2. Under additional assumptions to appear during the course of the proof, the interior
energy of an ideal gas depends only on the temperature T .

Quasi—Proof. We start with e = e(.S,7) and (1.1). Then we find

Oe Oe
R% T =RT +7-(—p) =0,
or more in detail
Ode Oe
R%(S, )+ TE(S, 7)=0. (1.2)

This is a differential equation, and in particular, it is a

partial differential equation (PDE), because partial derivatives appear,
first order differential equation, because higher order derivatives are absent,

linear differential equation, because the operator R% + Ta% is a linear operator.

PDEs are hard to investigate, which is the reason why this course concentrates on easier equations, so-
called ordinary differential equations (ODE), and now we rely on a flash of inspiration which recommends
the ansatz

G(Sﬂ T) = h(T : H(S))v

with unknown functions h and H. However, following this way we will never know if all solutions e =
e(S,7) to (1.2) can be expressed by this ansatz. Anyway, plugging the ansatz into (1.2) yields

RI -T7H'(S)+7h'- H(S) =0,
and the physical assumptions
T >0, R #0
make division possible:
RH'(S)+ H(S) =0. (1.3)

This is an ordinary differential equation, because no partial derivatives exist. Moreover, it is

3 more precisely: R is the universal gas constant divided by the effective molecular weight of the gas under consideration
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of first order,
linear,
homogeneous,

with constant coefficients. *

One more physical assumption is H # 0. Then we can divide once again, and

H'(S) . _
Rips) +1=0
d 1
EIHIH(S)I = R
So d So 1
o HES)dS =~ [ Lads,
| 45l 2
1
In | (S0)| — In [ H(1)] = — (S0~ 1),
H(So)| 1

H(S0)] = [H(1)]exp @) exp (f%) |

If we take the freedom to introduce a constant Cy € R, then we can write
H(Sp) = Cyexp(—Sp/R).

Incorporating this constant Cj into an updated version of the function h, we then find
e(S,7) = h(rexp(—S/R)),

and the consequences are then

de

p=—7- =N (rexp(=S/R))exp(=S/R) = =l (¢~ exp(=S/R)) exp(=S/R).

Because of p > 0 everywhere, this gives the necessary condition A’ < 0 on the function h. We also wanted
to have %Qg’s) > 0, from which we deduce that h” > 0.

Additionally,
7= 25,7 =~ Li(rexp(—S/R)) - 7 exp(—S/R)
=33 ,T) = 7 T exXp T exp .

We put y = 7exp(—S/R), and it follows that

1
T=——W

hence T depends on y only. An information from physics is that this dependence is typically monotonically
decreasing, and therefore an inverse function exists of the form y = y(T"). We can not express this function
as a formula, but we know its existence. Then it follows that

e = h(rexp(=S/R)) = h(y) = h(y(T)),

and indeed e depends on 7" only, but no other second thermodynamic quantity. O

For completeness, we list the assumptions made:

e ¢ has the form e = h(7H(S)),

e i/ #£0 and H # 0 (which means that these functions take nowhere the value zero),

4 In comparison: (1.2) is also linear and homogeneous, but has variable coefficients.
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e the function T'= T'(y) is strictly monotone.

If the last condition seems to restrictive, we could it replace it by the condition that 7T has only a finite
number of intervals of monotonicity, and consider only such systems where T stays in the same interval
of monotonicity.

Corollary 1.3. Also the sound speed depends only on the temperature, because of

¢ = %(9, S) = _a%h'(a‘l)exp(—S/R) exp(—5/R)

=h"(0"" exp(—S/R))(exp(—S/R))*0* = b (y)y* = 1" (y(T)) - (y(T))>.

Let us take a step back, go to the meta-level, and have a look what we have done so far. It is not the
purpose of the math course to teach you thermodynamics. The topic of the first part of this semester are
differential equations instead, and we wish to understand their solutions. This can be achieved two ways:

e Sometimes we have an explicit formular of the solution, and from this formula we can read off how
the solution behaves. An example is the formula for H, which was found under the additional
condition H # 0.

e In many cases, there is a solution, but we have no formula for it. Then we still have the desire to
characterise the solution as thorough as possible. For instance, we have never found the function h,
or the function T' = T'(y), but we were still able to prove that e is a function of one thermodynamical
quantity (namely T') alone.

1.2 General Considerations

Definition 1.4. An ordinary differential equation of order k° is an equation of the form

f(tvy(t)vy/(t)’"'7y(k)(t)) =0, te [thtl]

with a giwen function f and an unknown function y = y(t).
Common variations are the following:

e y and f are vector valued,

e ¢ and y are C—valued, and the condition ¢ € [tg,t1] is to be replaced by the condition of ¢ coming
from a closed set of C.

We say that a function y = y(¢) is a solution if y is k times continuously differentiable, the vector
(t,y(t),y'(t),...,y" (t)) belongs to the domain of f for all t € [to,t;], and the differential equation holds
for all such t.

Typical questions are:
e are there any solutions at all ?
e how many solutions do exist ? Does the solution set have a special structure ?
e can we give an explicit formula for the solution ?
e can we prove that all solutions have been found ?
e does the solution explode in finite time 7 What is its life span 7
e how to find reasonable numerical methods to compute with acceptable effort approximate solutions ?

e can we make qualitative statements about the solutions without computing them ?

5 gewohnliche Differentialgleichung k-ter Ordnung
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Examples of the above are:

e the ODE ¢/ — ay = 0 has solutions y(t) = Ce* with C € R, and these are all solutions. If we
prescribe an initial condition y(0) = 29, then the function y(t) = 29e¢*' remains as only solution.

e the ODE y” + y = 0 has solutions y(t) = Cj cost + Casint, for Cy, Co € R, hence the set of all
solutions forms a two-dimensional vector space. The solution will be unique if we pose the initial
condition y(0) = 56, y'(0) = —27. There will be no solution if we pose the boundary conditions

y(0) =0, y(r) = 1.

o the initial value problem®

y'(t) =t +9y°(t),  y(0)=1

has exactly one solution, but a solution formula does not exist. Notwithstanding this obstacle, we
are able to prove that the solution y has a pole, and this pole is between /4 and 1.

e the following initial value problem (also known as HILL’s equation)
y'(t) + (L+ecos(at))y(t) =0,  y(0)=1, ¥'(0)=0

with 0 < € < 1 and a € R occurs in the investigation of a pendulum whose length is periodically
changing with time. There is no solution formula, but one can prove anyway that (assuming that e
and « are suitably chosen) the solution y suffers from an exponential resonance effect (in contrast to
the linear resonance effect as it is known from oscillation equations like y” + ay’ + by = cos(wt + ¢)).
These resonance effects depend in a delicate manner on the values of the parameters, see the figures
which have been obtained numerically using the ode45 method of MATLAB.

Solution of the Hill Equation with epsilon=0.05 and alpha=2.01
6000 T T T T T T T

4000

2000 H
0 ..... AAA

11

solution y

-2000

-4000

_6000 Il Il Il Il Il Il Il
0 100 200 300 400 500 600 700 800

time t

e the initial value problem

v =V, y0)=0

has an infinite number of solutions.

6 Anfangswertproblem
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solution y
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Solution of the Hill Equation with epsilon=0.05 and alpha=2.024
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Solution of the equation d2y/dt2 +y = cos(t)
400 T T T T T T T

300

200

0 n

Nl ’

solution y

-200

-300

~400

0 100 200 300 400 500 600 700 800
time t

Figure 1.1: Linear resonance

e the Lorenz system is

J',‘:U(y—ﬂ,‘),
y=o0r—y—2xz
Z=—pFz+ xy,

with typical values o = 10, 8 = 8/3, o = 28. This model describes a heavily simplified system from
meteorology. It is of first order, a system, nonlinear, and there is definitely no solution formula. But
anyway it is possible to give at least a rough description of the long time asymptotics, leading to
the celebrated Lorenz attractor.

e the logistic growth model is

Y (t) = ay(t) = By(t))*,

describing the growth of an idealised population of micro-organisms. Here y(t) denotes the mass of
the population at time ¢. A solution formula exists, but independent of that we are able to prove
rigorously that the values y(¢) can never become negative if (0) is positive. Clearly, negative values
of y(t) would be biological nonsense. We are also able to show that y(t) exists globally in time,
whatever the non-negative starting value y(0) is.

Definition 1.5 (Explicit DE). An ODE of order k is called explicit if it has the form
y W) = gty (1), y' (), -,y ().

The implicit function theorem from the second semester gives us a criterion when an implicit ODE can
be transformed into an explicit ODE.

Proposition 1.6. Fach explicit ODE of order k can be equivalently transformed into a first order system.
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Lorenz attractor

30.0—
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I
0.0
-15.0 -10.0 -5.0 0.0 5.0 10.0 15.0

Figure 1.2: Lorenz attractor, generated with vplot. The component y(t) is indicated by the colour, with
red positive and blue negative.
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(1.4)
(1.5)

Example of a solution

——= Slope field

y

then the vector U constructed above solves the first order
Slope field of the ODE with f(t,y)

(1.5), then the first component u; of U is a solution to (1.4).

Ly,
f(t,y) without solution formula, it might be helpful to draw so-called slope

,’U,k)

ug (t

g(taulau2a
if y solves (1.4),

. ,Uk)T.
U2
us

g(t7y7ylv~-~

(s, .

AN
AN
AN
AN
AN
AN
AN
AN
AN
AN
ARRN
AN
AN
AN
AN
AN
AN
AN
AN
AN
L

y®) (1)

and define
U :

The key advantage of this result is that it enables us to focus our further studies on explicit first order

Proof. Let us be given the explicit ordinary differential equation
systems.

fields” to obtain a rough idea how the solutions look like.

1.2. GENERAL CONSIDERATIONS

system (1.5). And conversely: if U solves

Then we find the system
And now it is obvious:
For a single equation 3/

©

25

—

0.5

fty) =y

Figure 1.3: A slope field for the differential equation '

"Richtungsfelder
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1/(0.3+1)

Slope field of the ODE with f(t,y)

Example of a solution

—= Slope field

|
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25

1.5

ft,y) =1/(0.3+1)

Figure 1.4: A slope field for the differential equation y’

sin?(y)

Slope field of the ODE with f(t,y)

—= Slope field
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Figure 1.5: A slope field for the differential equation '
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1.3 The Theorem of Picard and Lindelof
8 9
We recall the Banach fixed point theorem from the first semester:

Theorem 1.7. Let U be a Banach space, M C U a closed subset, and ® a mapping with the properties

o & maps M into itself,

o & is contractive, which means that there is a number o less than one such that ||®(u) — ®(a)|, <
allu —ally for all u, w € M.

Then there is a unique fixved point u* of ®, in the sense of ®(u*) = u*, and any sequence (u,)nen defined
by selecting ug € M freely and setting u,41 := ®(u,) converges to this fized point u*, and we have the
error estimate

[un — ™[y < lur = ol -

11—«

Theorem 1.8 (Global Version of the Picard-Lindel6f Theorem). Let I := [a,b] C R, to € I and
yo € R?, and f: I x R™ — R™ be a continuous function which satisfies a global Lipschitz'’ condition
with respect to y as follows:

AL >0: Vtel, Vy,ys € R™: ||f(t,y1) — f(t,y2)]

re < Lllyn — vollgn -

Then the initial value problem
y'(t) = f(ty@®),  ylto) =yo (1.6)

possesses a unique solution y € C1(I — R™).
Proof.

Step 1: transformation to an integral equation

If y € C1(I — R™) is a solution to (1.6), then the Fundamental Theorem of Calculus asserts

y(t) = yo + / : fs,5(s))ds = (D)(t), tel. (1.7)

Conversely: if y € C(I — R™) is a solution to (1.7), then (again by the Fundamental Theorem
of Calculus), the integral in the right-hand side of (1.7) is a differentiable function of ¢, hence
y € CY(I — R"), and we are able to differentiate (1.7), obtaining (1.6).

Step 2: applying the Banach Fixed Point Theorem

We choose the Banach space U = C(I — R™) with the special norm

lull = sup e FFVIE0l flu(t)]|g
tel

with L being the constant appearing in the Lipschitz condition. The closed set M shall be M = U,
and the map ® is as in (1.7). Obviously, ® maps M into itself, and we only have to check whether
® contracts.

First we note that

(®0) - o@) @) = / F(s,u(s)) = £ (s, a(s)) ds,

8 CHARLES EMILE PicarD, 1856 — 1941
9ERNST LEONARD LINDELOF, 1870 — 1946
10 RUDOLF OTTO SIGISMUND LIPSCHITZ, 1832 — 1903
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and therefore we find

o~ (L+1)|t=to] ’(@(u) - (I)(ﬁ))(t)H]R" — (LA Dt—to]

/:t F(s,u(s)) — f(s,u(s))ds

Rn

max(t,to)
< e~ (LHDlt—to] / I1f(s,u(s)) = f(s,0(s))||gn ds

=min(t,to)

max(t,to)
< e~ (LHDlt—to| / Lu(s) —u(s)||gn ds

=min(¢,to)
max(t,to)
< 67(L+1)|t7t0|L/ 0 6(L+1)\sfto| 67(L+1)\sfto| ||U(S) _a(S)HRn ds
s=min(¢,to)
<llu—dlly,
max(t,to)
< Hu—ﬂHUe‘(“”‘t‘tO‘L/ 7 LADls—to] g
s=min(t,to)
1
~ —(L+1)|t—t L+1)|t—t 0
= ||lu—all, e (L+Dft O‘L'iL—&—l (e( Hhlt=tol _ ¢ )
L -

This shows that ® is contractive with constant a = L/(L 4+ 1) < 1. Therefore the Banach fixed
point theorem assures us that ® has exactly one fixed point y* in M = U.

This fixed point is then the desired solution of (1.7), hence also of (1.6). O

The proof remains the same if we consider a function f: I x C* — C" and look for a solution y € C*(I —
c™).

The global Lipschitz condition can be written as

||f(t7y1) - f(t, y2)||]Rn

<L<o
llyr — y2

R

for all (t,y1,y2) € I x R™ x R™, which can be understood as a limit on the slope of the secant lines of f.
Unfortunately, the function f(¢,y) = t? + y? does not satisfy this global Lipschitz condition because of

[f(t,y1) = f(E,y2)] _ lyi — 3|
|y1 *y2\ |y1 *yQ\

= |y1 + 2,

which can become arbitrarily large if 3, and g, are allowed to move freely in the whole R!. Therefore the
global version of the Picard-Lindel6f Theorem is not applicable to this function f. We can overcome this
trouble if we refine the Picard—Lindelof Theorem, at the price of a slightly more technical proof.

Theorem 1.9 (Local Version of the Picard-Lindel6f Theorem). Let I := [a,b] C R, tg be an
interior point of I, and yo € R™, and define Br as a closed ball about yo with radius R:

Br:={y €R": |ly —yollg~ < R}.

Let a function f: I x Bg — R™ be continuous and assume that it satisfies a local Lipschitz condition with
respect to y as follows:

AL >0: Vtel, Vy,ys€ Br: [[f(t,y1) = f(t,y2)|lgn < Ly — v2l

Then there is a positive € such that the initial value problem

y'(t) = ft,y®),  y(to) =vo

possesses a unique solution y € C([tg — &,tg + €] — R™).

Rn *

Sketch of proof. Choose U = C([tg—e,to+¢] — R™) with an € not yet specified, and with the same norm
as in the old proof. The closed set M C U shall consist of all those y € U whose values y(t) stay inside
Bgr for tg —e <t <tyg+e.

If you choose ¢ sufficiently small, you then can show that ® maps M into itself, and the proof of contrac-
tivity is the same as before. O
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Remark 1.10. In case of the initial value problem

y'(t) =VIy®l,  y0) =0, (1.8)

we have f(t,y) = \/|y| which violates the (global and local) Lipschitz condition. The Picard-Lindeldf
Theorem can not be applied, and it is a wonderful homework to find at least two different solution y = y(t)
to (1.8).

Lemma 1.11. If a solution y = y(t) to a differential equation y' = f(t,y) ceases to exist at a time teng,
then one of the following two events occurs:

e the function y has a pole at teng,

e the point (tend,Y(tend)) is at the boundary of the domain of definition of f.

Sketch of proof. Otherwise y(teng) is finite and the point (tend,¥(tend)) is in the interior of the domain
of definition of f. Then we can apply the local version of the Picard—Lindel6f theorem once again, but
now with starting time t.,q, giving us an extension of the function y beyond the time tenq, which is a
contradiction. O

In theory, one could use the Picard-Lindel6f method numerically for ODEs where an explicit solution
formula can not be found; however, later we will learn numerical methods which are much stronger at
similar computational effort.

We come to a crucial consequence.

Proposition 1.12. Let y; = y1(t) and y2 = ya2(t) be two solutions to

y'(t) = ft,y(),

where f is continuous, with continuous derivative Of/y.

Then the following holds: if y1 and yo coincide at a certain time t*, then they coincide always.

Proof. The initial value problem with starting time ¢* has exactly one solution, not two. O
Example 1.13. The model of logistic growth
u'(t) = au(t) = Bu()?, @, B>0,

has two stationary solutions: w =0 and u = «o/f. If 0 < u(0) < /B, then also u(t) for all t € R must
remain between 0 and o/, which is what we wanted to know. And by Lemma 1.11, this solution u exists
for eternity.

Then u/(t) is positive because of

u'(t) = au(t) - (1 - ﬁu(t)) .

«

Therefore u is growing and bounded from above, hence lim;_, . u(t) exists, and it must be equal to a/f,
because otherwise u would not stop growing.

Next we wish to understand how errors in the initial data propagate. Consider the initial value problems

u'(t) = f(t u), u(0) = uo,
o'(t) = f(t,v), v(0) = vy,

with |ug — vg| < 1. Our goal is to find an estimate for |u(t) — v(t)|, where we assume the usual Lipschitz
condition on f.

Lemma 1.14. The value u(t) depends (for each fized t) continuously on ug.
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Proof. We start with
t
= d
u(t) = uo + /S:O f(s,u(s))ds,
= d
v(t) =vo + /s:O f(s,v(s))ds,

hence also (assuming ¢ > 0 for simplicity)
t

fu(t) — v(t)] < Juo — vo + / F(s,u(s) — F(s,0(s))]| ds

s=0

t
< |ug — vo| + L/ lu(s) —v(s)|ds,
5=0

t
e~ LDy (t) —u(t)| < e EFD g — vg| + Le_(L“)t/ el Ds o= (L4151, (5) — y(s)| ds.
s=0

We are interested in ¢ running in a time interval [0, tiax], hence we have 0 < s <t < tyax.
We put w(t) = e~ (E+Dty(t) — v(t)| for brevity of notation, and then it follows that

t
w(t) < w(0) + Lef(LH)t/ eFHDs(s) ds
s=0

t
< w(0) +Le_(L+1)t/ e(L+D)s ( sup w(Z)) ds
=0

K 0<z<tmax

¢
= w(0) + Le~EFV! ( sup w(z)) / elltbs 4
s=0

0<z<tmax

1
< w(0) + Le~ (EHD? ( su w(z ) L Lt
< w(0) ogzg?max =) L+1

— )+ 2 (s w(a).

0<z<tmax

from which we then obtain that

L
( sup w(t)) <w(0)+ —— ( sup w(z)) ,
0<t trma L+1 No<z<tnan

hence also
1
E su w(t) ] < w(0),
L+1 (ogtsgm ( )) < w(0)

which can be re-arranged to
|U(t) - U(t)| S (L + 1)€(L+1)t‘u0 - U0|a Vie [Oatmax]-

Therefore |u(t) — v(t)| will be small if |ug — vg| is small. Note however that this estimate will be only of
limited use for large values of the product (L + 1)t. O

This estimate of |u(t) — v(t)| against |ug — vo| will in general not hold if the function f does not satisfy a
Lipschitz condition. As an example, we consider y' = /[y| with the initial values ug = 0 and vy = 10712,
The solutions are computed numerically with the ode45 method of MATLAB, and it can be seen how even
a tiny error in the initial values grows extremely fast.

Just for completeness, we mention one final existence result:

Theorem 1.15 (PEANO'). Let I C R, tq be an interior point of I, and let f = f(t,y) be a continuous
function mapping from I x Bgr into R™, with Br being a ball in R™ with radius R and centre yo. Then
the system

y'(t) = f(t,y(t)), y(to) = yo

has at least one local solution u € C([ty — €,to + €] — R™), for some small positive €.

11 G1usePPE PEANO, 1858 — 1932, mathematician and linguist, inventor of the symbols €, N, U, 3. He was the first to give
axiomatic definitions of the natural numbers and of abstract vector spaces. Also famous for the crazy Peano curve.
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The instability of the ODE dy/dt = sqrt(|y(t)|)
16 T 1 I

I
Initial value 0
Initial value 1072

2 | | | | | | |

The proof is quite long, and it would require more knowledge than we have, therefore we skip it. Note
that nothing is said about the uniqueness of the solution, and indeed the example y' = \/|y| with yo =0
shows that uniqueness can not be expected.

1.4 Comparison Principles
Now we want to compare different solutions, which is of course possible only for y and f taking values in
R! (not R™ or C").

We have already one comparison principle: if v and v are solutions to

with ug < v, then u(t) < v(¢) for all times ¢ for which both solutions exist, by Proposition 1.12.

Now we generalise this to initial value problems with differing right—hand sides.
Proposition 1.16. Let u and v be solutions to

u'(t) = f(t,u(t)), v'(t) = g(t,v(t)),
= v(0) = o,

which exist on the time interval [0,T]. Suppose that

fty) <g(ty), V(t,y) €[0,T] xR,
Uug < Vo,

and that f, g satisfy the usual Lipschitz condition with constant L. Then u(t) < v(t) for0 <t < T.
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Proof. The inequality u(t) < v(t) holds for ¢ = 0 by assumption, and both u, v are continuous functions.
Therefore u(t) < v(t) at least on a short time interval [0,¢). Consequently, we have to bring the following
situation

u(t) < wv(t), 0<t<Ty <T,

to a contradiction (draw a picture !). Take ¢ € [0,T1). Then

v'(t) —u'(t) = g(t,v(t) — f(t u(t))
> f(t,0(t) — f(tu(t))
> —Lv(t) — u(t)]

We can divide by a positive number, since t < T7:

V() — u'(t)

o) —u) = b
d
Lo w2 L.
T1—46 d
/ () () dt > ~L(T ~5),  (0<5<1),
t=0

In(v(Th —9) —u(Ty —9)) — In(v(0) — u(0)) > —L(T1 — 9),

(Th = 9) —u(Ty = 9)
Vo — Ug

o(Ty — 8) — u(Ty — 6) > e HI =9 (g — uy).

lnv

Y

—L(Ty - 0),

Now we send § to zero and find
o(Th) — u(Ty) > e 27 (vg — ug) > 0.

But the assumption of our situation was u(T1) = v(71), giving us 0 > 0, which is nonsense. O

Question: Why did we first integrate only till 77 — ¢, and have then sent § to zero 7

This result can be made a bit stronger:

Lemma 1.17. Let the assumptions of the previous Proposition hold, but now with uy < vg instead of
ug < vg. Then u(t) <wv(t) for0 <t <T.

Proof. For 0 < e < 1, put up . := up — € and let u. be the solution to

u/e(t) = f(t us(t)), UE(O) = Ue,0-
Then wu. exists up to ¢ = T (if € is small enough), and w.(t) < v(t) by Proposition 1.16. However,
Lemma 1.14 gives us u(t) = lime_o uc(t), which implies u(t) < v(t). O

Example 1.18. Let y = y(t) be the solution to

Y (t) =+ (1), y(0) = 1.
There is no solution formula for this initial value problem. However, if v = x(t) and z = z(t) are the
solutions to

' (t) = 2*(t), z(0) =1,

(1) =1+ 22(1), 2(0) =1,
then x(t) < y(t) < z(t) as long as all three solutions exist and t < 1. The advantage is that x and z are
easy to guess, and then it follows that y must have a pole between w/4 and 1.

Figuring out the details is an excellent homework.



Chapter 2

Special Solution Methods

In the previous chapter, we have learned under which conditions solutions ezist, and now we want to find
solution formulae if possible. All equations here are scalar equations (not systems).

2.1 Equations with Separable Variables

Equations with separable variables' are equations of the form

with continuous functions g and h, and we start our investigations with the example

y'(t) = =2ty (1), y(to) = vo-

Here g(t) = —2t and h(y) = y?. Assuming y(t) # 0 we can divide:

Note that the two variables y and ¢ have been separated: on the left-hand side only terms with y appear,
and on the right-hand side only terms with ¢ appear.

We suppose that y%(s) # 0 for tg < s < t, and integrate:

S
1 1
— (= _ — (12— 12),
(y<t> y<t0>) ("~ )
1 1
- =+ t? 12
y(t)  wo 0
— () .
y =
212 +L

A further example is ¢’ = cos?(y), and if we apply the method mindlessly, we might get a calculation like
this:
? dy

— o2 ? dy o
y' = cos”(y) — 3 = ¢os (v) = o2(3)

= dt

2

t
? dy ? _ , _
= / cos(y) / dt = tan(y) =i+C <> y(t) = arctan(t+0),

for arbitrary C' € R. After finishing this calculation we may test this candidate for a solution, and it turns
out that these functions are indeed solutions, for each C € R.

1Gleichungen mit trennbaren Variablen

25
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However, now we have lost the solutions y = 7/2 and y = —7/2, so we should try to exercise more care.

An important example are linear ODEs

y'(t) = a(t)y(t), y(to) = Yo,

with a continuous function a = a(t). Before embarking on the calculations, let us think about the shape
of the solutions. The right-hand side f = f(t,y) = a(t)y is continuous, and its derivative df/dy = a(t)
is also continuous, making the local Picard-Lindeléf theorem available, and in particular we know that
different solution trajectories do not cross, see Proposition 1.12. Now it is obvious that y = 0 is a (quite
boring) solution, and we are interested in the other solutions. Then we can conclude that such an other
solution can never change its sign, and if it is zero at some time, it must be zero always.

Assuming yo # 0 is enough to deduce that y(¢) # 0 for all ¢t € R, and we can divide:

Z((tt)) = a(t) = %me(t)l = a(t) = /S_to %ln|y(s)|ds = /S_to a(s)ds
= ubel = [ awe = w[H [ g

— Jy(®)] = ol exp ( / _ o(s) ds) |

and here the modulus bars can be omitted because y(t) and yo have the same sign.

Lemma 2.1. If a = a(t) is a continuous function, then

y(t) = yo exp (/:_t0 a(s) ds)

s the only solution to the initial value problem

y'(t) =a®)y(t),  ylto) = yo.

The life span of the solution y is infinite.

The general solution formula is the following:

Proposition 2.2. Let I, J C R be open intervals, and g € C(I — R), h € C(J — R), with h(y) # 0 for
all y € J. Suppose (to,y0) € I x J. Define

6= [ _oeds HE)= / _ 0

and assume G(I) C H(J).

Then there is exactly one solution y € C*(I — R) to the initial value problem

y'(1) =g®hy®),  ylto) = vo, (2.1)

and this solution satisfies
H(y(t)) = G(t), tel (2.2)

Proof. The proof consists of three parts: existence of the solution, uniqueness of the solution, and demon-
strating (2.2).

The existence of the solution is secured by the Peano theorem. Now we show (2.2). If y is any solution
0 (2.1), then (2.2) holds for t = ¢y because of 0 = 0. On the other hand,

SH0) = s 1/ () = s - al0) - hlul0) = (t) = GO

Therefore, both sides of (2.2) always have the same time derivative, and both sides coincide at one time,
hence they coincide always.
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Now we come to the uniqueness of the solution y. The function H = H(y) has derivative 1/h(y) which
never changes its sign, making H strictly monotone, hence invertible with inverse function H~!. This
gives us

y(t) = HH(G(1))

for each solution y to (2.1). Because of G(I) C H(J), the expression H~!(G(t)) is meaningful. O
Note that there are three obstacles to overcome:

e finding a primitive function G of g,
e finding a primitive function H of 1/h,

e finding an inverse function H~! to H,

and each obstacle could be insurmountable.

2.2 Substitution and Homogeneous Differential Equations

Consider the ODE
y'(t) = flay + bt +¢)

with fixed real parameters a, b, c¢. Setting
z(t) == ay(t) + bt + ¢

gives
Zt)=ay(t)+b=af(z)+b,

which is an ODE whose variables (t, z) are separated.

Homogeneous ODE

Definition 2.3. A term P(u,v) is positively homogeneous of order « if
P(Au, \v) = A*P(u,v)

for all u,v and all A € R.

In this sense, the left-hand side as well as the right-hand side of a linear homogeneous equation
Az = 0 are both homogeneous of order one, which explains the expression homogeneous linear
system.

Consider the ODE

y'(t)=f (yit)>

with a right-hand side homogeneous of order zero in the variables (¢,y). A substitution z(t) = y(t)/t
gives

1 1 1 1 1

2'(t) = ;y’(t) - ﬁy(t) = ;f(z) - ZZ = ;(f(z) - z),

and again the variables (t,z) can be separated. Another example for a homogeneous ODE is

T bt
')=g (Y bedeR
y'(t) g(cy+dt ; a,b,c, ;

because of (ay + bt)/(cy + dt) = (ay/t + b)/(cy/t + d).
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Bernoulli DE

The BERNOULLI? equation has the form

y'(8) = a(t)y(t) + b(1)(y(1)

for some a € R. If « is a fractional number, y(¢) should be nonnegative. In case of o = 0, this is
a linear inhomogeneous ODE (to be studied in the next chapter), and the equation is separable for
a = 1. Hence we may assume a # 0,1, and then the substitution z(t) := y(¢)1=* gives

Z(t)=(1—a)y "y ()= (1-a)y “(ay+by®) = (1 — a)a(t)z(t) + (1 — a)b(t),
which is a linear inhomogeneous ODE.

Riccati DE

The RICCATI® equation can be understood as an “inhomogeneous” version of the Bernoulli equation,

Y () = k() (y(t)* + g(&)y(t) + h(t),

with continuous functions k, g, h.
We present two substitutions which bring us to other differential equations.
First we suppose that y, is a known solution, and we wish to find all the other solutions y. Then
we can write y = y, + v with unknown u, and it turns out that
u' =y —yl = (ky® + gy + h) = (kyZ + gy. + h)
= k(y +u)? — kyZ + g(y — y.) = k(2y.u + u®) + gu
= k(t)u? + (2k()y. () + 9(t))u,

which is a Bernoulli equation.

Second we consider the substitution
t
wl) e (= [ Ko(s)as).
to

for some fixed value tg. Then w' = w - (—ky), and therefore
W' =w' - (—ky) — wk'y — wky' = w- (—ky)* — wk'y — wk (ky* + gy + h)

/ /

= —wk'y — wkgy — wkh = —wk’ v wkg Y wkh
—wk —wk

kl ! /
= Ew + gw’ — wkh,

and now the advantage is that this differential equation is linear (although still hard to solve by a
formula).

It should be noted that Riccati equations (in particular in matrix form) appear in the theory of
controlling vibrations in mechanical systems.

2.3 Power Series Expansions

(Or How to Determine the Sound of a Drum)

We are interested in the eigenfrequencies of a drum, which is geometrically described by

Q= {(z,y) € R?: 2% +y* < R?},

2named after JACOB BERNOULLI, 1654 — 1705, not to be confused with his doctoral students NicoLAUS I BERNOULLI
or JOHANN BERNOULLI (who found the B.-’Hospital rule and was doctoral adviser of Euler) or the other family members:
NicorLaus IT BERNOULLI, DANIEL BERNOULLI (well-known for the B. principle in aerodynamics), JOHANN II BERNOULLI and
his sons JOHANN III BERNOULLI and JAKOB II BERNOULLI, all of them mathematicians / physicists.

3JAcoPO FRANCESCO RICCATI, 1676 — 1754
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and u = u(t, z,y) denotes the elongation at time ¢ and position (z,y) of the membrane. From physics we
get the PDE

muy = div(K (z,y) grad u)

with m = m(x,y) as mass density and K = K(x,y) characterising the elasticity properties of the mem-
brane. The operators div and grad only act on (x,y), not t.

The membrane is clamped at the boundary OS2, hence
u(t,z,y) =0 if 22 +y? = R%.
Eigenfrequencies can be found by the ansatz
u(t,z,y) = cos(At)v(z,y),
giving us
—mA%v = div(K grad v).

The function v should not be zero everywhere (this would correspond to silence), and this problem is also
called an eigenvalue problem.

Experience tells us that a drum can not produce every frequency of sound, and our goal is to find the
possible ones. This is hard for general functions m and K, which is why we assume m = 1 and K = const..

Then our problem is to find non-zero solutions v to

_/\ZU(x’y) = KAU(J:’Z/)? (x7y) €,
v(z,y) =0, (ac,y) € 0N.

Remark 2.4. Consider the vector space U = I*(2) with the scalar product (f,g), := [, fgdx, and the
operator A\ with domain of definition

D(A):={f € }(Q): AfeI*Q), f =20 on 0Q}.
Then A is a symmetric operator:

<Afag>U:<f,Ag>U7 fagGD(A)a

by GREEN’s formula from the second semester. We could consider A\ as a self-adjoint operator, and
the theory of self-adjoint matrices nourishes the hope that the eigenvalues of A\ are real, and that the
eigenfunctions of A\ give rise to an orthonormal basis of U = I?(Q). They do indeed, but we can neither
prove nor explain this.

We introduce polar coordinates,
T = TCOoS P, Yy =rsingp,

and then we have the Jacobi matrix
oz,y) _ (=, Ty  [cose —rsine
a(r, ) Yr Yo sin rcosp )’

and the inverse map (z,y) — (r,¢) has as Jacobi matrix the inverse matrix:
ar, ) (rx ry) B (xr J;V,)_l 1 (rcostp rsincp)
d(,y) Pa Py Yr Yo r \—sinep cosp )

Put w(r, ) = v(z,y). Then

sin ¢
Vg = WpTy + WpPz = COSQ - Wy — , “ Wy,

. Cos
Vy = WrTy + WyPy = SINQY - Wy + - W,
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or, written as operator identity,

9  sing 9
or ¥ r g’
0 cosp O
a—y:sm 8r+ . %

Then we quickly find that

(oY, 1o 10
—\or ror  r20p?’

and our eigenvalue problem turns into

9? 10 1 02
2 _ - Bl
Nw(r, ) = K (87,2 toa 2 a@2> w(r, @), (r,¢) € (0, R) x [0, 2],
w(R,¢) =0, p € [0,2n], (2:3)
lir% lw(r, )| < oo, ¢ € [0,27].
r—

Question: What is the purpose of the last condition in (2.3) ?

Our permanent assumption is that a sufficiently large number of derivatives of w exists. From w(r, ¢) =
w(r, ¢ + 27) for all (r, ) we then learn that a Fourier series expansion is possible:

w(r, —|— Z an(r) cos(ne) + by (r) sin(ne)),

and the convergence of the series is fast because of the smoothness assumption on w.

Question: Prove the following: if a function f = f(¢) is 2r—periodic and L times continuously differen-
tiable, then the Fourier coefficients a,,, b, behave like O(n~1) for n — co.

Next we plug the Fourier series expansion into (2.3):

_ % <o;) T ngl (an cos(ny) + by, Sin(”@)))

U ) (P10 LN
_2(a0+ra0>+(8r2+rar rzago Zancosmp ) + by, sin(ngp)) .

We commute the Laplacian and > - (...) (this step needs a justification !):

/\2 ag = .
- % <2 + ; (an cos(ny) + by, sm(ng@)))
1 " 1 / - . 1 / n2 /! 1 / n2
=3 (ao + rao) + nZ::l cos(ny) | al + R + sin(ny) | b, + ;bn - r—2bn )
which can be re-ordered to

1 1 A2 > 1 A2 n?

0= 5 (a{)’ + ;a{) + Kao) +nz::1cos(n<p) (a + a + (K 22) an)
> 1 A2 n?

# 3 sintng) (84 b+ () )

This is a Fourier series expansion of the zero function (on the left—hand side), but all Fourier coefficients

of the zero function are zero, which means

0= af(r) + Tah(r) + ao(r), Vre(0.R),

1 2
0=a.(r)+ . ah (r) + ()\ > (r), Vre(0,R),

0=bii(7")+%b;(r)+ (Az—n> b (7), Vre(0,R).
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Moreover, we have the boundary conditions

ap(R) = an(R) = by(R) =0,

lim |ao(r)| < oo, lim |a,(r)] < oo, lm |b,(r)] < 0.
r—0 r—0 r—0

These differential equations are all very similar, which is the reason why we now only consider a,,. For
n > 0, we set

onr) =sen (For)sim

and then we get

A A2
G0 = (s, Al = )
A2, A A A2 A2 g2
0= }Cn(s) + N ﬁcn(s) T K 2 cn(s),
which simplifies to
1 n? A
c’é(s)—l—;c’n(s)—k <1_s2> cn(s) =0, 0<s< \/—ER,

lim e, (s)] < oo.
s—0

This ODE is called BEsSEL* differential equation, and we want to solve it.

And here comes the method: a power series expansion. We make the ansatz
oo
Cn(s) = Z’Yksa+k7 Yo # 07
k=0

with some unknown coefficients 75 (which also depend on n) and some parameter o € R (which is maybe
not an integer). By linearity, we may assume vy = 1. A converging power series can be differentiated
term-wise, as we have learned in the second semester. Then

c(s) = Z’yk(a + k)soth=1
k=0

al(s) = Zyk(a +k)(a+k—1)s¥tr=2,
k=0

and plugging this into the Bessel differential equation gives

el + k) (a+k—1)sHh2 4 Z'Vk(a + k)5 TR Z(-%)”zswk—z + Z Vs TE

=~
Il
o

o

o0
Tk ((a + k) — n2)3a+k_2 + Z’Vks(“’k.
k=0

E
Il

0

a—2

The smallest power s occurs for k = 0 in the left sum, but 7 = 1 # 0, hence we find

0= (a® —n?)

with the two solutions &« = n and o = —n. The last one violates lims_,¢ ¢, (8)| < 0o, hence & = n. Then
we have to solve

oo o0 oo [ee]
0L 3 i ((n k) —n?) 74572 37 g™ = 3 (a4 k)2 g 3,
k=1 k=0 k=1 k=0

4 FRIEDRICH WILHELM BESSEL, 1784 — 1846. He generalised the Bessel functions which were defined by Daniel Bernoulli.
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Comparing powers of s"~! gives 7, = 0, and in general we have
Yie(k? + 2kn) + v_o = 0,

consequently y3 =5 = --- = 0. And for k£ = 2m + 2 as an even number, it follows that

Yom Y2m

T T T My 2212 20 2m+2) | @m+2)@m+2n+2)

From 9 = 1 we then find that

=™
2:4-6-...-(2m)-(2+2n)-(4+2n)-...-(2m+ 2n)
_ =™
S2meml2m(14+n)(24+n)B+n) ... - (m+n)

Y2m =

Now the function ¢,, has been found, and we only have to make sure that the power series for ¢,, converges
(if this series had a convergence radius of zero, we would not have gained anything). However, the estimate

1
|727n| S 7'
m)!
is quite easy to see, and then the convergence radius is +0o. (In the first year, we had learned how to

compute the convergence radius of a power series using a root criterion or a quotient criterion.)

It is common practice to define 7 slightly different from our choice, leading to

2m—+n
) ) seRcC. (2.4)

1 (D™ s
Jn(s) = ﬁcn(s) = Z_OM (5

These are the Bessel functions of first kind.

We have almost forgotten the boundary condition

A
cn | —=R | =0,
(7%")
which will determine A.

Lemma 2.5. The eigenfrequencies A of a drum are given by

VK
)\:jnﬂ'i, n € Ny, i€N+,
R
with jni as the ith positive zero of the Bessel function J,,, and R the radius of the drum, K the elasticity
coefficient.

Hence we need a deeper understanding of where the zeroes of the Bessel functions are located. Absolutely
everything (including a list of zeroes) about these functions can be found in the 800 pages of [23], but
also [1] is an excellent reference. From there, the following formulas can be extracted:

z\" 1 n
Jnl@) = (5) = +9@"*?) fora -0, usablefor0<z S T, (2.5)
_ 2 nwom —3/2
Jn(z) =1/ — cos (x 5 4> +O(x™°/%) for x — 400, usable for x > 2n, (2.6)

Jna = n+ 1855757102 + O(n=1/3)  for n — .

In particular, the smallest zero of Jy is jo,1 = 2.4048256 ... which gives us the ground frequency of our
drum. For growing R, the ground frequency gets lower, which matches our experience. And for higher
tension of the membrane, K gets bigger, and also the pitch gets higher, as expected.

One more interesting property of the Bessel function is that the zeroes of J,1 are always between the
zeroes of .J,,, in the sense of j, 1 < Jnt1,1 < Jn,2 < Jn+1,2 < ..., and this can be proved analytically.
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The Bessel function Jn with n=0

0.5F

The Bessel function Jn with n=1

The Bessel function J, with n=15

0.3
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2.4 Exact Differential Equations

In explaining what exact differential equations are, it is perhaps easier to start with the strategy of how
to solve them, and then it will naturally follow how exact differential equations look like.

The key idea is that solving an equation
E(x,y) = const.

for y is considered easy, but solving an ODE of the form y'(z) = f(x,y(x)) is considered hard. More
theoretically: if we assume that grad F is never (0,0), then the implicit function theorem from the second
semester tells us that near each point (zg,yo0), the equation E(z,y) = const. can be transformed into
x = x(y) or y = y(x), and the solution set of all the points (z,y) € R? for which E(x,y) = const. is a

curve in the plane. For instance, E(z,y) = 2%+ y? < R? describes a circle of radius R, and this circle can
also be expressed as

=y(a) = +VR =22 or y=y()=-VR -2,

—2(y) = +VEE—F or w=a(y) =~V g,

=z(t), y=y),

where the representations in the first line do not hold in neighbourhoods of (+R,0), (=R, 0); the repre-
sentations of the second line are not valid in neighbourhoods of (0, +R), (0, —R); and the representations

of the third line are not uniquely determined (we know already from the second semester that various
parametrisations can describe the same curve).

8 8 «

In general, E(z,y) = const. implies after differentiating with respect to x that
E, + Eyy'(x) =0,

and also
E(z,y) = const. = E.2'(y)+ E, =0.

And finally
E(x,y) = const. =  E,2'(t)+ Eyy'(t) =0.

We have y/(z) = %, x'(y) = g—;, and then the three ODEs can be written in a formally unified form as

In the example of the circle, we have

Definition 2.6. A differential equation

f@,y) 4+ g(z,y)y () =0 (or f(z,y)dz + g(z,y)dy =0)

is called exact if a scalar function E = E(x,y) (called potential) exists with

Ex(z,y) = f(z,y),  BEy(z,y) =g(z,y),
valid for all (z,y) under consideration.

Lemma 2.7. Let the ODE f(z,y)+g(z,y)y (x) = 0 be exact, with the initial condition y(xo) = yo. Then
fy(x,y) = g=(x,y) for all (x,y), and if E is the potential of the vector field (f, g), then the solution curve
y =y(x) (if it exists) satisfies

E(z,y(z)) = Ey for all z,

where Ey is determined by Eg := E(x0,y0)-
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Proof. By the Schwarz theorem,

fy = E:Ey = Eyw = Yz

giving the first claim. The second claim follows from

d
—E(w,y(@) = Eo + Eyy'(a) = f + 94/ =0,

hence F is constant along a solution curve. O

In many cases, the function F is the “total energy” of a closed system.
Consider the equation for a pendulum,
" (t) + sinp(t) =0,

which can not be solved by a solution formula (involving only functions known from school). But we can
set

z(t) == p(t),  yt):=¢ (1),

with the conclusion

() =yt) = g(z,y), Y (t)=—sinz(t) = —f(z,y),

and now we trivially have

f(x,y) - g(z,y) + g(x,y) - (= f(z,y)) =0,

().@f

=0.
dt

. dacJr
simx - —
a Y

The integrability condition f, = g, holds, and R? is simply connected, hence a potential E exists, which
turns out to be

1
E(z,y) = —cosx + §y2 +C,

with C' as a constant of integration which can be set to zero. Therefore, the solution ¢ = () to the
pendulum equation satisfies

—cos p(t) + %(so/(t))Q = —Cos g + %(90'(0))2

for all ¢t € R, which is of course known as conservation of mechanical energy.

We still have not found ¢ = ¢(t), but we know E(¢,¢') = Ey, giving the possibility of expressing ¢’ in
terms of ¢ (or ¢ in terms of ¢').

As a second practical example, we consider the famous model of LOTKA® and VOLTERRA® about a prey
population of size z(t) and a predator population of size y(¢) which solve the system

d(t)=a(t) (a—Byt), y(t)=yl) (=y+dz@), apB,735>0.
Because of the nonlinearities, we can not expect to find a solution formula. As before, we set
g@y)=z-(a=-Pfy)=2", —fla,y)=y - (—7+dz)=y"

Then trivially

f-9+g-(=f)=0,
d d
y(V*M)'ﬁH(OA*By)‘%:O-

5 ALFRED JAMES LOTKA, 1880 — 1949, american mathematician, statistician, biophysicist
6 VITO VOLTERRA, 1860 — 1940, italian mathematician and physicist
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This is not an exact differential equation, because f, # g,. But if we succeed in finding a multiplier
M = M/(z,y) with the property that (M f), = (Mg), then the ODE is transformed into an exact DE.
Geometrically spoken: the solution curve in the x — y—plane remains the same, we are simply choosing
another parametrisation of the curve (M should never be zero). In the 19th century, solving an ODE was
called integrating this ODE, and from that epoch such a function M is called integrating factor”.

In general, finding such a factor M is highly non-trivial, but for the Lotka—Volterra model, M (z,y) =
1/(zy) does the trick, giving us

G-9w+(5-7) -0

and now a potential is
E(z,y) =vlnz — dx + alny — By, x,y > 0.

This function is concave (meaning that the graph is always under the tangent plane), and for (x,y)
approaching the boundary of (0, 00) x (0,00), E goes to —oo. Then the points (z,y) solving E(x,y) = Ey
form a loop in the x — y—plane.

nzi- ContourPlot[l Bwlog(x] -1. 0«2+ 0 6xLog[y] -0.3~y, {x, 0.1, 4}, {v, 0.1, 3},

N\

Comtours » Functaion[{.~ », rsx], Range[~- o, wex~, 9.07]]1]
~,

LTl

[

Figure 2.1: The potential E of the Lotka—Volterra model. In this diagram, E is constant along the
egg-shaped curves.

Tintegrierender Faktor



Chapter 3

Linear Differential Equations and
Systems

3.1 Linear Differential Equations

A linear differential equation is

y'(t) = a(t)y(t) + £(1), (3.1)

with y, a, f as continuous functions from R to R, and an initial value problem is obtained when (3.1) is
complemented with the initial condition

y(to) = vo- (3.2)

By the Picard-Lindel6f theory, we know that (3.1), (3.2) is uniquely solvable, and the solution y exists on
all of R,

Our strategy is the following: first we forget about (3.2) and find all solutions to (3.1), and among them
we then select that one which also fulfils (3.2).

We simplify even more and neglect f (only for a moment). Then all solutions to y'(¢) = a(t)y(t) are given

by
y(t) = Cexp </; a(s) ds) ,

with C running through R. For brevity of notation, we put

o= [ _ a(s) ds.

Now we bring back f into the differential equation, and our hope is to find a solution to (3.1) via the
ansatz

y(t) = C(t) exp(a (1)),

with C as a function. Ewvery solution y can be expressed like this, because if y is a solution, then we can
always pull out a factor exp(a(t)) since exp takes never the value zero. Then it should hold that

y'(t) = C'(t) exp(ay(t) + C(t) exp(a(t))a(t)

= a(t)y(t) + f(1)
= a(t)O(t) explas (t)) + f (1),

which turns into
C'(t) explay (1) = f(1),

= C'(t) = exp(—a4(t))f(t) = C)= /:t exp(—a4+(s))f(s)ds + Co,
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with Cy € R as an additional integration constant. This brings us to
y(t) = C(t) exp(a(t))

¢
—explas(t) [ exp(-ay(s)f(s)ds + Coexplas (1)
8=t0
and Cj is still available for choice. To satisfy the initial condition (3.2), we observe that a4 (t9) = 0, giving
us Cy = 1.

Lemma 3.1. Let a = a(t) and f = f(t) be continuous functions. Then the unique solution to the initial
value problem (3.1), (3.2) is given by

y(t) = exp ( / t_to a(s) ds> vo + / t_to exp ( / t_ o(r) dr) £(s) ds. (3.3)

This formula is known as DUHAMEL’s formula', or as variation of constants formula.

We conclude the consideration of linear differential equations with the remark that

e the solutions to the linear homogeneous DE ¢/(t) = a(t)y(t) form a linear space (vector space) of
dimension one. Recall that L := % —a(t) is a linear operator, and the set of solutions y to ¥’ = ay
is exactly ker L, and the kernel of a linear map is always a vector space, as we have shown it in the
first semester.

e the solutions to the linear inhomogeneous DE ¢/ (t) = a(t)y(t)+ f(t) form an affine space of dimension
one.

In a first attempt at generalising the above results to systems, we consider homogeneous systems
y'(t) = A(t)y(t), y: R — R"”, A:R — R™",

and a first guess of the solution formula is

v Lew (a0 A= [ A

with a fixed vector C € R™. Here, exp of a matrix is defined via the power series:

1
eXpB::ZyBk, B e R™™,

But the solution formula is wrong, because

. xp(AL (1)C # Alt) exp(A (1)) (3.4)
since

d d & 1 > d /1

P = 3 A0 =3 (A0,

and plugging this into (34) gives

0-C + AC’ + = (A+A +AA)C + = (A+A+A +ALAAL+ AALAL)C +
on the left-hand side, but the right-hand side of (3.4) is

AIC + %AAJFC + %AA+A+C +...,

and now we are stuck because (in general) AA; # A, A.

Unfortunately, the solution formula to y/(t) = A(t)y(t) + F(¢) will be quite a bit more complicated !

1 JEAN-MARIE CONSTANT DUHAMEL, 1797 — 1872, french mathematician and physicist
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3.2 Exp of a Matrix, and (det A)’

For our studies on systems, we need some tools. The first shall be the exp of a matrix, defined as
— 1
o = Ak nxn
exp A=) A AeCm
k=0

To answer the question of convergence of this series, we need appropriate norms for a matrix.

Norms have the purpose of making our work easier. To this end, some conditions have to be met.

For the space C", the norm |z||, := /[z1]2 + - + |2,]? is natural. We wish a matrix norm ||-||, to
behave like this:

[Azlly < [lAfly - [l]ly,  VAeC™™, VzeC", (3.5)
IABlly < [ Ally - IBlly, YV A,BeC™™™.

[3

Note how these inequalities make it possible to “pull the norm bars onto each factor”.

Moreover, we wish these inequalities to be sharp: for each matrix A, a vector z, # 0 shall exist such that
Az, = ||All, - [|z+]l, Wwith equality sign (otherwise we always waste something when we pull the norm
bars onto each factor).

The first stab at the definition of ||A|| is the FROBENIUS® norm ||Al| = \/ 2.k lajk?, which indeed

satisfies (3.5), because

n
(A.l?)l = Zaljxj = (an,alg, . ,aln) . (371, .. .,.Z‘n)T,
Jj=1

and now the Cauchy—Schwarz inequality gives

[(Az)1] < Va2 + -+ + [awa]? - ]z 2+ + [zn]?,

similarly for the other components (Ax)y.
However, now the unit matrix has norm +/n, which is quite a waste for large n.

The correct choice is
| Ally == sup {||Az[[, : € C" with [z, <1}.

The unit ball {z € C": ||z||, < 1} is a compact subset of C", and from the first semester we know that
a continuous function on a compact set attains its supremum, which in our situation means that there is
an x, with ||z.[|, = 1 such that ||A]|, = [[Az.]],-

By the very definition of this norm via the supremum, we have (3.5), and this is sharp. Moreover, we
have

[AB|ly = max{[|[ABzl|, : [lz], <1}
< max{[[All - [ Bzl : |zl <1}
= [|Ally - max{[|Bxlly : zll; <1} = [[Ally- Bl -

Question: Show that ||Al|, can be computed via ||Aly = \/Amax(A*A), with Ayax as the largest eigen-
value of the self-adjoint positive semi-definite matrix A*A.

Now we have constructed a norm on the vector space C™*", which is compatible to all the operations
(multiplication with a scalar, with a vector, with another matrix, addition of matrices) in a most beautiful
manner, and in particular, we have

1 k
HMA

1 1
=l Al < A

2 FERDINAND GEORG FROBENIUS, 1849 — 1917
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Then the convergence of the series defining exp A follows by the general majorisation principle from the
first semester, since Y.~ o 4 M" is finite for all M € R, in particular for M = ||A]|,.

As expected from a similar relation in C, we have

A m
expA = lim <I+ ) , (3.6)
m—roo m
with I as identity matrix, and a proof can be found in § 15 of [2]. Further rules in the matrix calculus are

e if AB= BA then (A+B)™ =", (")AFB™*,

e if AB = BA then exp(A + B) = exp(A) exp(B),

o if A= A* then exp(iA) is unitary,

e if A€ R"™ " is skew-symmetric (that means AT = —A) then exp(A) is orthogonal.
Try to prove them all !
Next we need to differentiate a determinant with respect to a parameter.

Lemma 3.2. Let P, Q(g) € C™*™ with ||Q(e)|, = O(g?) for e — 0. Then, as ¢ — 0,
det(I +eP + Q(e)) = 1 + etrace P + O(e?),

with trace P = 37" pj; as usual.

Proof. Put A =1+ ¢eP + Q(¢) with entries a;;. Expanding det A gives us n! products to be summed up.
And we distinguish these n! products as follows:

all n factors of this product are on the diagonal of A: there is only one product of that form,
namely a11a93 . .. Gnp-

exactly n — 1 factors of this product are on the diagonal of A: this never happens (you can try
it for n = 3,4).

at least two factors of this product are off-diagonal: then this product is O(g?).

Therefore, we have

det A = aj1a99 ... anyp, —|—D(52)
= (1 + 5]311)(]. + €p22) ce (1 +€pnn) +D(€2)
=1+e(pi1+p22+ - +DPun)+ O,

which finishes the proof. 0

Example 3.3. Put P=B, Q=0,ec=1/m form > 1. Then

B t B
det (I—i— ) — 14 +O(m™?),
m m

= det ((I + ﬁ)m) = (det (I+ i))m = (1 + tra::B +D(m‘2)>m.

Sending m to infinity and utilising (3.6) give

det exp(B) = e'aee B, (3.7)

Lemma 3.4. Let B = B(t) be twice continuously differentiable, and B(tg) invertible. Then

(i det B) (to) = det B(to) trace (B—l(to)B'(to)) — det B(to) trace (B'(to)B—l(to)).
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Proof. We have, for t — t,
B(t) = Blto) + B'(to) - (t = to) + O((t = t0)*)

B(to) (I + B~ (to)B'(to)(t — to) + O((t — t0)?))
= (I + B'(to)B™"(to)(t — to) + O((t — to)?)) Blto),

and consequently

det B(t) = det B(tg) det (I + B~ (to)B'(to)(t — to) + O((t — to)?))
= det B(t) (1 + trace(B ™" (to)B'(to))(t — to) + O((t — t0)?))
= det B(to) + det B(to) trace(B~'(to) B'(to)) - (t — to) + O((t — t0)?),
det B“i - fet BU0) _ get B(to) trace( B~ (to) B (t)) + Ot — to),
— o
which gives the first formula, and the second is shown similarly. O

It is not necessary that B be twice differentiable; once is enough (but the proof less easy).

3.3 Linear Systems with General Coefficients

We start with homogeneous systems

y'(t) = A(t)y(t), y:R—C", A:R—C™" (3.8)
Proposition 3.5. Let y(1), ..., Yem) be solutions to (3.8). If the vectors yuy(to), - -, Yem)(to) are linearly
independent vectors in C" for some to € R, then the vectors yu)(t), ..., ym)(t) are linearly independent

vectors in C™ for all times t.

Proof. We arrange the vector functions y(1),. .., y(n) to a matrix Y

| |
Y(t):=yny®) - ym(®)
| |
Then the systems (3.8) turn into Y'(t) = A()Y (¢).

We know that Y (o) has full rank, hence det Y (¢9) # 0, and by continuity then also det Y (t) # 0 for ¢
near tg. For such ¢, we then have

% det Y (t) = det Y (t) - trace(Y' ()Y "1 (t)) = det Y (t) - trace A(t),

which is a scalar linear homogeneous ODE, which can be solved by the solution formula from Lemma 2.1,

¢
det Y (t) = det Y (¢o) - exp (/ trace A(s) ds) ,  for t near ¢.
6=t0

Clearly, exp(...) never vanishes, and then it follows that det Y (¢) can never be zero. O

Definition 3.6 (Wronski determinant). For solutions y, ..., Yn) to (3.8), the determinant of Y (t)
is called WRONSKI® determinant, and Y (t) is called Wronski matrix.

This determinant has the following use: showing directly that solutions y,y, ..., y(,) are linearly indepen-
dent is hard, because they live in the vector space C'(R — C") which is of infinite dimension. However,
now we have learned that it suffices to pick a time ¢y and check the linear independence of the vectors
yy(to), - Ym)(to) as vectors in C".

3 Joser-MARIA HOENE DE WRONSKI, 1778 — 1853, czech / polish / french mathematician
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Example 3.7. We want to find all solutions u = u(t) to the scalar ODE
u"(t) + az(H)u” () + a1 (H)u' () + ao(t)u(t) = 0. (3.9)
To this end, we define a vector function

u(t)
y(t) = | &' (t) |,
u//(t)

and then we obtain the system

0 1 0
y=1| 0 0 L yt) = A(t)y(t),
—ap (t) —ay (t) —as (t)

which is an equivalent transformation, by Proposition 1.6. We define y(1y, y(2), y@3) as solutions to
y'(t) = A(t)y(t) with the initial conditions

Ya) (to) = (17070)T3 Y2) (tO) = (07 170)T7 Y3) (tO) = (Oa 0, 1)T
Then det Y (to) = 1, hence these functions y1y, Y(2), Y(3) are linearly independent, and then also the first

components uiy, ), u) of the vectors y«y, Yy, Y3) must be linearly independent. But these u(y), u(z),
w3y solve (5.9), with the initial conditions

U(l)(to) = 17 uzl) (to) = O, ’U,l(ll) (to) = 0,
U(z)(to) = 07 u22) (to) = 1, Ul(lz) (to) = 0,
uz)(to) = 0, u(z)(to) = 0, u(s)(to) =1

Our remote goal is to find a solution formula like (3.3). Note that there expressions like exp( f:: 1, @(s)ds)

played a crucial rdle . The equivalent to these exponentials will now be written as X (¢, ), to be defined
as follows:

Definition 3.8 (Fundamental solution). A function X = X (t1,t2) which maps from R x R into C"*"
1s called fundamental solution if

o the dependence of X from the first time argument is of reqularity* C*,
o forallt, s € R, we have £ X (t,s) = A(t)X(t,s),
e for allt € R, we have X (t,t) = I, the identity matriz.

Lemma 3.9. If A = A(t) is continuous, then exactly one fundamental solution X exists.

Proof. We believe in a matrix version of the Picard-Lindelof theorem. O

Lemma 3.10. If A = A(t) is continuous, then the following holds:
o the solution y = y(t) to y'(t) = A(t)y(t) with initial condition y(to) = yo is given by
y(t) = X(t, to)yo, VteR,
e for arbitrary to, t1, t2 € R, we have
X (ta,t1) X (t1,t0) = X (t2,t0).

Proof.

4regularity means smoothness
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e Put z(t) := X(t,%0)yo. Then we find 2/(t) = 9, X (t,t0)yo = AX)X (¢, to)yo = A()z(t), as well as
z(to) = X (to, to)yo = yo. Therefore the functions y and z solve the same initial value problem, hence
z(t) = y(¢) for all times.

e Choose yg € C" freely, and let y be the solution to y’' = Ay with y(tg) = yo. From the first o, we get

y(t1) = X(t1,t0)y0, y(t2) = X(t2,t0)y0,
but also y(t2) = X (ta,t1)y(t1) = X (t2,%1)X (¢1,t0)yo, which brings us to
X (ta, t1) X (t1,t0)yo = X (t2,t0)yo.

But if this equality holds for all yy € C™, then the matrices must be equal.

We may set ty = to with the consequence X (to,t1)X (t1,%0) = I, or

X(to, t1) = (X(h, to)>717

showing us that the dependence of X (to,t1) from the second variable ¢; must also be of regularity C*.

The invertibility of the matrix X is no surprise, because (the proof of) Proposition 3.5 gives us

t1
det X (t1,t0) = exp (/ trace A(s) ds) # 0.
s=to
Now that the fundamental solution X has been found (at least in an abstract sense), we have a deep look

at (3.3) and guess the following:

Lemma 3.11. Let A = A(t) and f = f(t) be continuous functions. Then the unique solution to the
initial value problem

y'(t) =Ay) + £(1),  ylto) =wo

is given by
o(t) = X(tstoho + [ X(t.5)f(s)ds. (310)

Proof. For t = ty, we find the expression
to
X(to,to)yo +/ ... ds = yo,

s=tg

and therefore the right-hand side of (3.10) satisfies the initial condition. And differentiating the right-hand
side of (3.10) with respect to ¢ gives

gX(tt) +a/t X(t,8)f(s)d
o> Lto)yo + . ,8)J(s)ds

= AOX(Lto)n + XD+ [ LX) ()ds

— A()X (1, to)yo + f(t) + / AWK (S (e)ds

= ADX (tolw + A0 [ X(69)f()ds+ 1(0)

— a0 (X(ttohn+ [ _ X(t.97(5)ds) + 100,

which was our aim. O
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Up to now, the fundamental solution X has been found only in an abstract way, but we have no formula
for X. This gap will be closed now.

Proposition 3.12. The fundamental solution X = X (t,t9) to the matriz A = A(t) is given by
(o)
X(ta to) = Z X(k) (ta to)
k=0
with X ©) (t,to) = I, and the other X&) are recursively defined by

t
X(k)(t,to):/ A XED(s,t0)ds, k> 1.
s=to

Sketch of proof. Keep ty fixed, and we restrict the variable ¢ to a time interval [tg — T, to + T, for some
T, which can be huge. We choose a number M with ||A(s)||, < M for all s € [tg — T, to + T] (maybe M
depends on 7', but this is no problem). Then we find the estimates

XO(t,t0) L= 1,

max(t,to)
X0, < [ 1A@, - [ Os,10)]] as < ait ~to],

=min(¢,to)

max(t,to) Mt — )2
X0t < | LA, - Mls — o] ds < L= tol)”

2 =min(¢,to) 2 7
max(t,to) _ 2 _ 3
Xt t)| < IA(s)], - (M]s — to])*® ds < M’
2 2 2 3!
s=min(t,t0) .

and continuing in this manner gives

X(k)(t tO) < (M|t_t0|)k

, e k20,

and therefore the series Yo, X®)(¢, o) indeed converges uniformly.

By definition, X solves
0 X (t,tg) = A(t)X (¢, to), X(to,to) = 1.
As in the proof of the Picard—Lindel6f Theorem, we transform this equivalently into an integral equation,

X (t,to) 1+/t A(s)X (t, o) ds.

It remains to verify that

[e%e} t e’}
ST x®(t,10) = 1+/ Als) Y X W) (s, 1) ds,
=to k=0

k=0 s
but this is checked quickly: just note that the uniform convergence of the series Y ;- ... allows to
interchange the integration and the summation, as we have learned in the second semester. O

This explicit formula for the fundamental solution is mainly of theoretical interest, since computing all
the matrices X *) gets tedious very quickly, and (carefully chosen) numerical methods have a better ratio
between precision and effort anyway, as we will see in a later chapter.

And finally, some comments on the geometric structure of solution sets.

e solutions to the linear homogeneous system y'(t) = A(t)y(t) form a vector space of dimension n. A
basis is given by that functions y(1), ..., ywm) with y¢;(to) = e;, where e; = (0,...,1,...,0) is the
canonical j-th basis vector.

e solutions to the inhomogeneous system y'(t) = A(t)y(t) + f(t) form an affine space of dimension n.
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3.4 Linear Systems and Equations with Constant Coefficients

Now we consider a constant matrix A € C™"*™, and the initial value problem is

y'(t)=Ay(t) + f(t),  y(to) = yo. (3.11)

Lemma 3.13. The fundamental solution to a constant matriz A is
— 1
X (t,t0) = exp(A(t — to)) ;k— (t —to)"

Proof. Either we check directly the definition, or we follow Proposition 3.12. O

Then the solution to (3.11) is
¢
y(t) = eAlt=to)y, 4 / eA(tfs)f(s) ds.
S:to

Next we show how to compute exp(At), and to make the idea more clear, we choose a matrix A € C6x6
with

e an eigenvalue A\; of algebraic multiplicity 1 and eigenvector uq,

e an eigenvalue Ay of algebraic multiplicity 5 and geometric multiplicity 2, with chains of eigenvectors
and principal vectors

U2 — P21, u3 — P3,1 — P3,2-
Then we put
\ | | | \ |
S= 1w Us D21 U3 P31 P32 |,

and the Jordan normal form then is

ST'AS =D+ N

A0 0 0 0 0 [0] 00 000
0 A O 0 0 0 0 [01] 000
o 0o x 0o 0o o0 0 00/ 000
“lo o 0o x% o o|T| o 00010l
0 0 0 0 X 0 0 00 (001
0 0 0 0 0 X 0 00 (000

or A=S(D+ N)S—1.
Now exp(At) = 77, 4 AFt*, and

AP =S(D+N)S™'-S(D+N)S™'....-S(D+N)S™!' =S(D+ N)*s~1,
giving us

exp(At) = Sexp(Dt + Nt)S~1.
We quickly check that DN = N D, and therefore

exp(At) = Sexp(Dt) exp(Nt)S™ 1.
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Now exp(Dt) is easy:

(&

exp(Dt) =

OO O oo

and exp(NNt) needs a bit more care:
1
exp(Nt) = I + (Nt) + §N2t27

and the power series stops here since N® = 0. Such matrices N are called nilpotent, which means that a
certain power of N is the zero matrix. Observe that

(0] 00 000 00 000
0 [00] 000 0 [1 ¢ 000
0 00| 000 0 01| 000
N2 = Nt) =
0o 00 oot | P 0o 00 [Tt &2
0 00 (000 0 00 |01 ¢
0 00 (000 0 00 |00 1
and then we combine these results to
exp(At) = Sexp(Dt) exp(Nt)S™*
et 0 0 0 0 0
0 [er2t getet 0 0 0
0 0 et 0 0 0 .
=5 0 0 0 ettt ettt {2ehat /2 o
0 0 0 0 ettt teret
0 0 0 0 0 er2t

Now we wish to evaluate exp(At)yo. We expand yo into the new basis (u1, uz2,p2.1,us, P3,1,03.2):

-
Yo = U + Qolg + a2 1P21 + Qsus + a3 1P31 + asopse = S(on, an,...,a32)

exp(At)yo = S exp(Dt) exp(Nt)(ar, ..., az2) "

ettt 0 0 0 0 0
0 g2t terat 0 0 0
Aot
St C8 BN R B R I R DR EERY Py EE 12t /2
0 0 0 0 er2t ter2t
0 0 0 0 0 erat

A1t Aot Aot 2 Aat
=aoretug + (042 + 042,1t)€ 2'ug + Qg 1€ 2 P21+ (043 + 043,125 + 05372t /2)6 2us
Aot Aot
+ (g1 + agot)e™ ps 1 + ag0e” 2 p3 0.

Now the term exp(At)yo is understood, and fst:O exp(A(t — s)) f(s) ds can be handled in the same style:
for each s, expand f(s) into the new basis of eigenvectors and principal vectors, and continue as above.

Now we come to scalar equations of higher order n, with constant coefficients:
™ () +an 0D () 4 A agu” (#) 4 aru () +aou(t) = F(£), uP(0)=uor, 0<k<n—1, (3.12)
with the wug,0, uo,1, - -, ©o,n—1 as initial values for the derivatives of order up to n — 1.

Theoretically, we could transfer this higher order scalar equation into a first order system, as we have
done it in Example 3.7, and then apply the solution formula from (3.10). This approach works, but often
we are faster when we directly deal with the higher order equation.

Constructing the solution is done in three steps:
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o first, we find all solutions to the homogeneous problem, with f = 0 and ignoring all ug . This
representation involves n freely selectable constants ayq, ..., ay,.

e second, we find one solution to the inhomogeneous problem with the original f, still ignoring all
Uo, k-

e third, we add the above obtained parts of the solutions and choose the constants aq, ..., a, in such
a way that the initial conditions hold.

We come to the first step, finding all solutions to
u™ (t) 4 ap_1u™ V() + -+ agu (8) + aru! (£) + agu(t) = 0,

where a,_1, ..., agp € C are constants. We can also say that we want to determine the kernel of a
differential operator L,

L & + " + ot & + d +
=— 4 ap-1——+ -+ a2— +a1— + ag.
dtr Va1 Taez T ar
Definition 3.14 (characteristic polynomial). The characteristic polynomial to the operator L is

X)) =N Fan N4 ag A+ ag.

By the Fundamental Theorem of Algebra, this polynomial has n roots A; in the complex plane (counted
according to their multiplicity), and we can factorise:

X(A) = (A= A (A = Ag)2 - (A = A,

with u; as multiplicity of the zero Aj, and A\; # A; for j # j. We clearly have pq + pg + -+ + g = n.

Note that also the operator L can be factorised:

d mi d mo d mi
b= (gn) (Gx) o (G)

This is possible because the a; are constant.

Question: Think about why

d? d d 2
S P A A
gt 7&<dt t)

Lemma 3.15. The kernel of L is of dimension n, and its basis is given by functions t — t! exp(A;t), for
0<1<p;—1.

Sketch of proof. In order to not get drowned in an ocean of indices, we take n = 5 and consider the special
fifth order operator

() ) )

as an example. A solution to Lu = 0 is uniquely determined by the values of u(0), ’(0), u”(0), u®®(0),
u™®(0), which are five numbers. Therefore the dimension of L can not be more than five, and we only
have to guess five linearly independent elements of ker L.

The function wu; (t) = exp(A1t) belongs to ker L, because of

d d 5 rd d d 3

Similarly for the functions us(t) = exp(Aat) and ugz(t) = exp(Ast). Next we note that

d
— P — p—1
(dt )\> (t exp()\t)) ptP~" exp(At), p € Np,
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and consequently also the function u4(t) = t exp(Ast) belongs to the kernel, since

_ (c‘ft _ )\1> <§t - )\2) (i - )\3> (2 exp()\gt)> =0.

It only remains to check the linear independence of uq, ..., us, which could be done with the Wronski

matrix Y'(¢), and we can choose ¢t = 0:

ul(O) ’LLQ(O) U3(O) U4(0) U5(0)
u (0) u(0) u3(0) uy(0) us(0)
Y(0)= [ w/(0)  wu(0)  wuz(0)  uy(0) uz (0)

1 1 1 0 0
M XA 1 0
=27 A A3 2 2

AA3 A 32 63
AL AS A A 12x3

Here we have made fruitful use of the Leibniz formula:

() Cowo =3 (7)00u0.

1=0
Question: Prove the Leibniz formula.
Now we can check by direct computation that det Y/(0) # 0. This is doable, but tedious, and difficult to
generalise to arbitrary operators L.
Another approach to the proof of the linear independence of wuq, ...
Consider the equation

, us is more algebraic in nature.

iUl + aous + asug + aquy + asus = 0, ay,...,a5 € C,

with 0 as the zero function, and we want to show that a3 = --- = a5 = 0. If a5 # 0, then us can be

written as linear combination of the other u;,

us = Prur + Bauz + Baus + Baua, B1,...,Bs€C.

Now remove one factor (9; — A3) from L, giving us the operator Ly = (9; —A1)(9; — A2)(0; — A3)2. Then uy,
..., ug belong to ker L1, but us does not. Recalling that ker Ly is a vector space, we find a contradiction,

hence a5 = 0. Now we assume a4 # 0, and then we get

ug = Bruy + Bauz + Baus, Bis---, B3 € C,
and considering the operator Lo = (9 — A1)(0: — A2)(0¢ — A3) brings us again a contradiction, hence
a4 = 0. Therefore, 0 = ajuy + asus + azus, with uy, us, ug € ker Lo, and looking at Lo instead of L gives
us the Wronski matrix
Ul(t) Ug (t) us (t) 1 1 1
Y(t)=|ui(t) wp(t) uws@®) ], YO)=|M A XA
uy(t)  uz(t)  ug(t) A A
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To show that det Y (0) # 0, we recall the theory of VANDERMONDE® determinants

1 1 1
A A2 An

Vi(A1, .5 An) = det , ,
VD VD Yo

Some cunning ideas allow us to evaluate these determinants quickly:

Keep A1, ..., Ap—1 frozen and let A\, run through C. Then V,(A1,...,\,) is a polynomial in the only
variable A, of degree n — 1, and it can be found by expanding the determinant along the last column:

Vs o An) = Vet Oy e Aet) - AP 1 [2] A2 o 2] +[ 7, (3.13)
where we do not care what the missing coefficients are. On the other hand, the determinant vanishes if

two columns coincide, and therefore the polynomial (3.13) has the n — 1 zeroes A\, = A1, ..., Ap = Ap_1,
giving us the decomposition of V,, into linear factors:

Vs oo ) =7 = M) oo (= Aaa), (3.14)
with some unknown leading coefficient in the box. Comparing (3.13) and (3.14) gives us
VoA, An) = Vo1, o dnm1) - (A = A1) (A — A2) - o oo- (A — A1),

and by induction we then find

VaArs ) = [T Ow = M),

j<k

which is not zero if all the \; are distinct. O

In the second step, we intend to find one solution u;,; to the inhomogeneous problem
u () + an_1u V@) F -+ agd () + agu(t) = f(1).

One approach is the variation of constants. We make the ansatz
u(t) = Cr(t)ur(t) + - 4 Cu(t)un(t),

with the u; as the solutions found in the first step. Then we find (and set)

W' () = 37 (C5(0)us (1) + Ci (2w (0) = D C5(0)us ),

u(6) = 3 (G0 (0) + e (1) = 3 G50y (1),

u™ (t) = zn: (c;. (6)ul" V(1) + C;(t)ul™ (t))
n—1 n n—1
=50 =Y au® ) = 0 - Y)Y aul?),
k=0 j=1 k=0

5 ALEXANDRE-THEOPHILE VANDERMONDE, 17351796, french musician, chemist and mathematician. This determinant
appears nowhere in his four mathematical papers, and it is unknown why it is named after him.
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which turns into the system

w1 U9 - Un C’{ 0
/ / /
u) U . ul, c, 0
n—2) (n—2 (n—2
ug Us ) . ul" ™ A 0
—1 -1 —21 /
ulm Y ud"™Y e ul Ch !

or (Cf,...,CH)T =Y~1()(0,...,0, f) T, from which the C; can be found by integration.

Another approach is to guess the u;,, by a special ansatz:

e if f = f(t) is a polynomial in ¢, then u;,, can be found as a polynomial, typically of the same
degree, in exceptional cases of higher degree,

e if f = f(t) is a multiple of exp(kt), then w;,p can be found as a multiple of exp(xt), in exceptional
cases as exp(xt) multiplied by a polynomial of ¢,

e if f is a linear combination of the above, then u;,; can be found as appropriate linear combination,

o if f = f(t) = exp(at) cos(bt), then we can either write f(t) = (exp((a + ib)t) 4+ exp((a — ib)t))/2 and
proceed as above, or we try to find w;,;, as linear combination of exp(at) cos(bt) and exp(at) sin(bt).

And in the third step, we add up:
u(t) = aqur(t) + - - + apun(t) + winn(t),

and choose the «; in such a way that the initial conditions in (3.12) are fulfilled.



Chapter 4

Flows

4.1 General Remarks

Imagine a flowing fluid or gas, or a solid which is able to be deformed elastically (or plastically). At time
0, it occupies a domain g C R”, and at time ¢, a domain ;. Of course, these domains may overlap. A
particle, which is at the position a € €y at time 0, moves to a position = € 2; at time ¢, and we write
this as

x = ®(t, o, a).
We can write ®(t, o) for this map a — z, and the following properties are physically plausible:

D(t,t) = id, VteR,
@(tz,tl)oq)(tl,to) = (I)(tg,to), Vto,thtg € R.

V2o

We also suppose that this map ®(t,tg) is a smooth diffeomorphism. This means that ®(¢,¢p) maps
bijectively onto €2;, the map a — x is infinitely differentiable, and the inverse map x +— a is also infinitely
differentiable. We also assume that the derivatives of ®(¢,tp,a) with respect to ¢t and to ¢y exist, up to
any order.

Now we look at one special particle which is at a € )y at the starting time 0. This particle moves along
the curve

t— O(¢,0,a), t €0,00),

and its velocity is

U(t,z) := %@(LO, a) if 2 = ®(¢,0,a).

o1
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Think of a physical quantity of this particle (and its neighbour particles): velocity, acceleration, tempera-
ture, mass density, pressure. A formula of this quantity could refer to this particle via the variables (¢, z),
with o being the position at time ¢, which are the Fuler coordinates.

Or the formula for this quantity at time ¢ could refer to this particle using the variable a, which was the
position at time zero. These are the Lagrange coordinates.

Example 4.1. The Eulerian velocity at a particle x at time t is U(t,x).

The Lagrangian velocity of the same particle is 0;®(t,0,a), where a and x are related via x = ®(t,0,a),

ora=®(0,t,x).

The Eulerian description is more popular because it needs no translation step from x back to a.
How to do this translation if only the velocity field U = U(t, z) is known, but ® is not ?

Given are a time t* > 0 and a point z* € Q;+. Then the trajectory = = z(t) of that particle solves the
initial value problem

2 (t) =U(t,z(t)), x(t*) = z*.
We just have to solve this initial value problem, and then the starting position is found as a = z(0).
Although the Lagrangian coordinates are less used, they are still needed.
Definition 4.2. The Lagrangian acceleration is defined as 02®(t,0,a).
Lemma 4.3. Then the Eulerian acceleration is computed as
At ) = U (t,2) + (U - V)U)(t,2),
with U -V := Z;;l U;0j, and V = (01, ..,0y) contains only the spatial derivatives.

Proof. We have (remember that x = ®(¢,0,a), and U, ® are vector-valued)

g d d
2 —_ —_— —_ —_—
815 (t 0 a) 87& 6t(b(ta07a) - dtU(tax(t)) dtU(tv(I)(tvova))
ac1> - ou
=0, U(t,z) + E (t 0,a) =0 U(t,z) + E Uj(t,z) - %(t,x).

j=1 J

O

More generally, we have: if H = H(t,x) is a physical quantity expressed in Eulerian coordinates, and
G = G(t,a) is the same quantity expressed in Lagrangian coordinates, both connected via z = ®(¢,0, a),
then the derivatives transform like this:

Z OH 0y, 0G OH <~ O0H OH

bun Day Bt o 2uan M= HWVIH

aa] ot

Now we consider balance equations'. Consider a scalar function C' = C(t, z), and define
K(t) = C(t,z)dz.
o

For instance, C' could be the mass density (mass per volume), and then K(¢) would be the mass of the
domain ;. Or C could be the energy density (energy per volume), giving K as total energy of ;. We
would like to know how K (t) changes with time.

Lemma 4.4. It holds

d .
dtK( )= o, Ce(t,z)dx + /Qt div(CU)(t, x) dz.

1 Bilanzgleichungen
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Proof. The key problem is that the domain of integration, appearing in the definition of K, is changing
with time. We overcome this trouble by first going back to the Lagrangian description, then evaluating
the time derivative, and finally transforming to the Euler coordinates.

The map ®(¢,0): a — x is a diffeomorphism, which implies that the Jacobi matrix g—‘f(t, 0,a) is always
invertible. Then the determinant of this Jacobi matrix is never zero. And because this determinant is one
for t = 0, we find that

o
det — (¢
e 8a(’0’a)>0

always. This gives, by substitution of x against a,

K()= [ C(1,0,0)

d
detg (t,0,a)| da,

and the modulus bars around the determinant are not needed, as already seen. Write J(t,a) :=
det g—‘f(t, 0,a). Then dz = J(t,a)da and

K'(t) = /Q <§tC’(t,<I)(t,O7a))> -J(t,a) da—%/Q C(t,®(t,0,a)) - (0:J(t,a))da.
We know already that
L0, 9(1,0,) = Cil1,2) + (U(1,2)- V)L 2),

and then the first integral turns into
/ Ci(t,z) + (Ut x) - V)C(t, z) de.
Q

Now we only have to understand the second integral. By our formula for the derivative of a determinant,
O J(t,a) = J(t,a) - trace ((8t8a(1>(t,0,a)) - (0,9(t, 0, a))_l) .

Here 9,9(t,0,a) is the Jacobi matrix of the map a — x.

On the other hand, the Jacobi matrix of the inverse map = — a is 9,®(0,¢,z), and this is the inverse
matrix of 0,P(¢,0, a). Therefore we have found

O J(t,a) = J(t,a) - trace ((0:0,P(t,0,a)) - (0,9(0,t,2))).
We continue to see a as a = a(z) = ®(0,¢,x). Then we have

i (4, 4y = 2021 P0, Doy g~ P0i(h0.) u(0.47)
817]' ’ B 81‘]‘ 5‘t 6t3ak 6Ij - atﬁak 81}]’ )

which brings us

- 9*®;(t,0,a) 0P.(0,t,)
divU(t,x) Z a% ;kZl o, . o,

= trace ((0:0,P(t,0,a)) - (0,D(0,t,x))).

Therefore, 0;J(t,a) = divU (¢, z) - J(t,a), and the second integral becomes
/ C(t, ®(t,0,a)) - divU(t, ®(t,0,a)) - J(t,a) da = / C(t,z)divU(t,x) de,
Q() Qt

hence we conclude that

K'(t)= [ Cit,z)+ (U(t,z)-V)C(t,x)dz+ [ C(t,x)divU(¢t,z)da.

The remainder of the proof is left to the reader. O
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Example 4.5. Put C(t,z) = o(t,x) as mass density. Then K(t) is the mass of the moving domain 2,
and an axiom from physics is that K(t) = const.. Consequently,

0= /Q,, o+(t,x) + div(eU)(t, z) da.

However, the domain € can be chosen arbitrarily, because we are allowed to focus our attention to a
subset of all the particles. Then we find

Oro+div(oU) =0, (4.1)
which is known as conservation of mass in Fulerian coordinates.

Example 4.6. Put C(t,z) = 1. Then K(t) equals the volume of the moving domain 4, and our conclu-
sion then is
d

—vol(Q) = / divU(t,z) dx.
dt o

Example 4.7. Consider the Lorenz system from meteorology, which we can rewrite as x'(t) = U(x), or

/

X O’((EQ — 1’1)
z2 | =U(x) = | ox1 — 72 — m173 |,
T3 —pBx3 + 122
with positive parameters o, 8, 0. We find that divU = —o — 1 — 3 which is a negative constant. Hence

the volume vol(£2;) solves

% vol(2:) = — (o + 1 + ) vol (),

with the explicit solution vol(Q;) = exp(—(o + 1 + 8)t) vol(Qyp).

We are still not able to solve the Lorenz system (and we will never be), but at least we can say that, for
large times, the solution trajectories must stay inside a domain of R with extremely small volume if the
initial values at time zero are chosen from a bounded set of R3.

Example 4.8. Consider the system z'(t) = Bz, with a constant matric B € R"*™. Then ®(t,0,a) =
X (t,0)a = exp(Bt)a, and the flow transports the domain Qo to Q0 = exp(Bt)Q, which is obtained via
multiplication of the matriz exp(Bt) to any point a € Qy. Then the Jacobian matric is g—f(t,o,a) =

X (t,0) = exp(Bt), hence dx = J(t,a)da = det(exp(Bt)) da, and the substitution rule then gives
vol(§2) = / 1dz = / 1-J(t,a)da = det(exp(Bt)) / 1da = det(exp(Bt)) vol(p).
Q Qo Qo
On the other hand, we have divU = trace B, hence

% vol(€) = / trace(B) dz = trace(B) vol(£2;),
o

with the explicit solution vol(§) = e"2°(B)tyol(Qy).  Comparing both formulae for vol(Qy) gives
det(exp(Bt)) = etrace(B)t,
We have proved (3.7) a second time !

Example 4.9 (Conservation of phase space volume?). Consider a mechanical system with d degrees
of freedom, with the generalised coordinates qi1, ..., qq, and the generalised momentums p1, ..., pq- We
assume that this is a Hamiltonian system®, which means that there is a function H = H(q,p) with

q(t) = %(qvp),
p(t)= —%{(q,p)-

2Erhaltung des Phasenraumvolumens
3Hamiltonsches System
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We can put z(t) := (q(t),p(t))T and obtain a system z'(t) = U(z) which generates a flow in the 2d-
dimensional space. We quickly check that divU = 0, and the concluston then is

vol(€;) = vol(Qp).

The domain RZ X Rg is called phase space®, and Qq, Q% are subsets in it. Therefore we have shown one of
the key results of analytical mechanics and statistical physics: the flow generated by a Hamiltonian system
preserves the phase space volume.

This is also known as Theorem of LIOUVILLE’.
Remark 4.10. For completeness, we mention that two further balance equations are of high importance in

fluid dynamics, complementing the local conservation of mass from (4.1). The first is the local conservation
of momentum,

0i(0U) +div(eU @ U) = f +divo.

The left-hand side is the total acceleration, and the right-hand side contains the vectorial density f of
external forces acting on each molecule (imagine gravity) and the divergence of the stress tensor o, which
is a 3 X 3 matriz introduced in the script of the first semester. We remark that U @ U is a symmetric
3 x 3 matriz with entries U;Uy, and div is applied on each row separately.

And the final balance equation is the local conservation of energy

Oy <g <e + ;|U|Q>> + div (QU (e + ;|U|2>> = (f,U) +r +div(eU — q),

with e = e(t,x) being the interior energy per mass (a certain thermodynamical quantity), and g\UF 18
the volume density of the kinetic energy. The left-hand side is the total time derivative of both energies
together. On the right-hand side, we have (f,U) as the mechanical power®, r is the density of generated
heat (imagine an exothermic chemical reaction), and q as the heat flur vector (the heat flows into the
colder region, therefore the minus).

4.2 Dynamical Systems and Stability
Definition 4.11. A dynamical system consists of the phase space R™, the additive group (R,+), and a
flow
d: R xR" - R",
b: (t,a) = D(t,a),
with the following properties:

®(0,a) = a, VaeR",
O(t,®(s,a)) = P(t+ s,a), Vt,seR, VaecR"
VteR: @, -): a— x is a diffeomorphism of R™ onto R™.

Here a map of R™ onto R™ is called a diffeomorphism if it is bijective, differentiable, and the inverse maps
is also differentiable.

Example 4.12. Let x = x(t) be the solution to
2'(t) = U(x(t)), z(0) = a € R",
with U € C1(R™ — R™). Set ®(t,a) := x(t), assuming that x has infinite life span.

Because U does not depend itself on ¢, we can restrict ® to depend only on one time variable. Our new
notation shall be to write zg instead of a.

4Phasenraum
5 JosEPH LIOUVILLE, 1809 — 1882, french mathematician
6mechanische Leistung
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Definition 4.13 (Orbits). We call y(xo) := {®(t,z0): t € R} the orbit of zy € R™, and
V+(wo) := {®(t, x0): t = 0},
Y- () := {P(t,20): t < 0}

are called the forward orbit and backward orbit of xg.

Definition 4.14. A point x, € R™ is called a stationary point or resting point of ® if y(z.) = {x.}.

A point x, € R™ is a periodic orbit of minimal period p if ®(p, x.) = x«, but D(t,x.) # z, for all t with
0<t<p.

An orbit y(zo) is a hetero-clinic orbit if there are resting points x_ and x4 such that

t_lgr_noQ O(t,x9) =2, t_13+moo D(t,x0) = T4.

Example 4.15. Consider the logistic growth model ' (t) = ax — B2 with the resting points . = 0 and
¥ =af/f. If 0 < z¢ < o/ B then v(xo) is a hetero-clinic orbit.

Lemma 4.16. Consider the differential equation
a'(t) = U(x(t))
with the associated flow ®. Then x, is a resting point of ® if and only if U(z.) = 0.

Proof. This is the uniqueness part of the Picard—Lindel6f theorem. O

Definition 4.17 (Invariant sets). A set M C R"™ is called positive invariant if ®(t,-) maps M into
itself for all t > 0.

A set M C R™ is called negative invariant if ®(¢,-) maps M into itself for all t <0.

A set M C R"™ is called invariant if it is positive invariant and negative invariant.
Example 4.18. Consider again the logistic growth model. This has the invariant sets
My = (a/B,00),  My=A{a/B},  Mz=(0,a/B),  My={0}, M= (-00,0),
and all unions of these sets.
Definition 4.19 (Stable points). A resting point x. € R™ is a stable point of ® if
Ve>0 30>0: |lwog—z <6 = ||P(t,x0) — x| <&, VE>0.

A resting point . € R™ is an asymptotically stable point of ® if it is stable and there is a positive oy
such that

o =zl <00 = Hm_[|2(t, 20) — .| =0.

A point of R™ is called unstable if it is not stable.

Example 4.20. The logistic growth model has the unstable resting point x, = 0 and the asymptotically
stable point z* = /3.

Example 4.21. A wooden pendulum with friction has two resting positions: pendulum down (asymptoti-
cally stable) and pendulum up (unstable).

The above definition of stability does not cover stable limit cycles as sketched in the figure.
Definition 4.22 (Stable sets). A set M C R" is called stable if

Ve>0 30>0: dist(zg, M) < = dist(P(¢,z0), M) <e, Vit>0.
A set M C R"™ is called asymptotically stable if it is stable and there is a positive dy such that

dist(xzo, M) < 6o = lim dist(®(¢,x0), M) = 0.

li
t——+o0
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Figure 4.1: A stable limit cycle

Now we look at 2'(t) = U(x(t)) and ask how we can determine the stability type of a resting point.

As an example, we take the logistic growth model 2/(t) = ax — 22, and call y the deviation from the
stationary point z* = a//3:

z(t) = +y(t).
Then it follows that
y'(t) = 2'(t) = a(z* +y) — Bz +y)? = ax* + ay — B(¢*)* — 282"y — By
= —ay — By,

and for y ~ 0 we have |By?| < |ayl, giving us the vague hope that the solution y behaves similarly to the
solution of the decay equation

2 (t) = —az, |2(0)] < 1.

Theorem 4.23. Consider the system

with U € C*(R™ — R™). Then a point x* is asymptotically stable if U(z*) = 0, and additionally all
eigenvalues of U'(x*) have negative real part. If one eigenvalue of U'(x*) has positive real part, then x*
is unstable.

Sketch of proof. We set y(t) = x(t) — 2* and find
y'(t) =a'(t) = U +y(1) = Uz") + U'(2")y + O(ly()II)-
Note that y(t) can be written as

1y %

t
y(t) = V' @y 0) + / U@ ((ly(s)|?) ds,
s=0

and now we have to show that the integral term is smaller than the first term for small ||y(0)]|. O

Now we forget about the remainder term and consider only linear systems for two unknown functions
x1 = x1(t) and x9 = x9(t). For given real parameters a, b, ¢, d, this system shall have the form

2 (t) = Ax(t), A:(Z Z)



58 CHAPTER 4. FLOWS

and the eigenvalues of A are determined as

1
/\1,2:5<Ti TL4A),

with T = trace A = a + d being the trace, and A = det A the determinant of A.

Depending on these two values, the flow will have one of the following types.

Case A: T? —4A > 0: Then \; and )\, are both real.

Case Al: A < 0: Because of A{Ay = A the eigenvalues A\, Ao have different sign, the resting
point is (x1,z2) = (0,0). By a suitable rotation of the coordinate system (in other words: a
diagonalisation of the matrix A), the system has new unknown functions (y1, y2), and the system
will be ¢} = Ay, Y5 = Aoye with the solutions yi(t) = exp(Ait)y1,0 and y2(t) = exp(Aat)y2.0,
respectively. Expressed in the phase space, the solution will be

A2 Ao

ya(t) = const.(y1(t))*1, N < 0.

The stationary point is called a saddle point.

Sattelpunkt (instabil)
/ \

‘ v
/\ &

Figure 4.2: saddle point

Case A2: A >0 and T > 0: Then the A; are both positive, and we find the representation

A2 Ao

ya(t) = const.(y1(t))*1, N >0,

and the stationary point (0,0) is an unstable node.
Case A3: A >0 and T < 0: then the ); are both negative, and we have a stable node.

Case A4d: A=0and 7 > 0: then Ay = 0 and Ay = S > 0. The differential system turns into
yi = 0 and y4 = Aays. The resting position (y1,y2) = (0,0) is part of a line of unstable resting
positions.

Case A5: A =0 and T < 0: then A\; =0 and Ay = S < 0. The resting position (y1,y2) = (0,0) is
part of a line of stable resting positions.

Case B: T2 — 4A < 0: then the eigenvalues A1, As can not be real numbers, but we have A\; = As.
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Case B1: T > 0: Then R\; > 0, and we have, after a rotation,
y1(t) = 1,0 cos(wt), Ya(t) = ya,0e™ sin(wt), a=R\; > 0.

The position (y1,y2) = (0,0) is an unstable vortex’.

instabiler Strudelpunkt

Figure 4.5: unstable vortex

Case B2: T < 0: Then R); < 0, and we have a stable vortez.

stabiler Strudelpunkt

=

. . . . )
-3 -1 0 1 2 3
Yy

Y2
°

Figure 4.6: stable vortex

Case B3: T = 0: The eigenvalues are, A 2 = +iv/—A, and the solution curves in the phase space
are ellipses. The resting position is called a centre.

Case C: T2 —4A =0

7 instabiler Strudelpunkt
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Wirbelpunkt

Y2
o
T

2

Figure 4.7: center

Case C1: T >0 Then A possesses an eigenvalue A > 0 of algebraic multiplicity 2 and geometric
multiplicity 1 or 2 (we ignore the latter case). After a transformation into Jordan normal form,
we find

y1(t) = My o + teMya o, Y2 (t) = eMya 0,

and the resting position (y1,y2) = (0,0) is known as degenerate unstable node.

Case C2: T < 0: Now we have A < 0, and the resting position (y1,y2) = (0,0) is called degenerate
stable node.

4.3 Outlook: Stability of Periodic Solutions, and
The Over Head Pendulum

(Outlook sections are not relevant to examinations)

Consider the initial value problem
Z(t) =U(2(t),  2(0) =z,

and assume that z = z(t) is a periodic solution. Here z takes values in R”. We would like to know how
the solution chances if zg is chosen slightly different. Write z(¢; z9) for the solution with initial value zg.

Therefore we should discuss z(t) := %Zfo) which is a function from R to R™*™. Then z = z(t) solves

the matrix differential equation
2/ (t) = U'(2(t; 20))z(t), x(0) = 1.

Question: Prove this.

The question now is whether x(¢) stays bounded for ¢ — oo, which, by linearity of the equation, is
equivalent to the stability of the zero solution to z'(t) = U'(2(¢; 20))z(t).
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instabiler eintangentiger Knoten

Figure 4.8: degenerate unstable node

stabiler eintangentiger Knoten

Figure 4.9: degenerate stable node
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A more general situation is the following. Consider
o'(t) = A()z(t),  x(to) = o,

with a matrix function A = A(¢) which is periodic: A(t 4+ p) = A(t) for all ¢. Then we can write
z(t) = X(t,to)xo,

with X as the well-known fundamental solution. We ask for the stability of the zero solution z = 0. The
answer will flow out of the following celebrated result:

Theorem 4.24 (FLOQUET®’s Theorem). Let A € C(R — C"*™) be periodic with period p. Then there
is a p-periodic function Z = Z(t) and a constant matriz B € C™*™ with

X(t,0) = Z(t)exp(Bt), VteR.

A consequence then is
X(t,to) = X(t,0)X(0,%0) = X(£,0)(X(t0,0))""
= Z(t) exp(Bt) exp(~Bto)(Z(to)) ™' = Z(t) exp(B(t — to))(Z(to)) "
Sketch of proof. First we have
I=X(0,0)=Z2(0)exp(0B) = Z(0)=1.
If the function X has the above representation, then it follows that
C:=X(p,0) = Z(p) exp(Bp) = Z(0) exp(Bp) = exp(Bp).

Now we wish to determine a matrix B € C"*" with C' = exp(Bp). For simplicity, we assume that C can
be diagonalised:

C =S"1AS, A = diag(Ag, ..., \p).
Since X (t,p) is always invertible, also C' is invertible, hence each A; is non-zero. Choose a v; € C with
exp(;) = Aj. Then ~; are uniquely determined up to multiples of 2mi. Now put

1

B := ES_II‘S, I':=diag(y1,...,7n)-
Having chosen B, we next define Z(t) := X (¢,0) exp(—Bt), and it remains to check whether Z is indeed
p-periodic:

Z(t+p) = X(t +p,0)exp(=B(t +p)) = X(t, —p) exp(—Bp) exp(—Bt) = X (¢, —p)C~" exp(~Bt)

= X(tv _p)X(Ovp) exp(—Bt) = X(tv _p)X(_p, 0) exp(_Bt) = X(tv 0) exp(_Bt) = Z(t)

Here we have made repeated use of X (t+p, s+p) = X (¢, s) for all t, s. This is true because t — X (t+p, s+p)
solves

DHU(t) = At +p)U(t) = A(B)U(E),  U(s) =1,

and the matrix function ¢ — X (¢, s) solves

oW(t) = A)T(t),  W(s)=1.
By the uniqueness statement in the Picard—Lindel6f theorem, we have ¥ = ¥, hence X (t+p,s+p) =
X(t,s) for all t,s € R. O

Definition 4.25 (FLOQUET exponents and FLOQUET multipliers). The eigenvalues py , ..., pn, of
B are called Floquet exponents, and they are unique up to multiples of 2mi/p.

The eigenvalues A1, ..., An of X(p,0) are called Floquet multipliers, and they are unique.

8 ACHILLE MARIE GASTON FLOQUET, 1847-1920
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Now the structure of X has been determined, and we quickly find the stability behaviour of the zero
solution z = 0 to 2'(t) = A(¢)x(¢):

the zero state is stable if and only if all Floquet exponents p1, ..., u, have real part < 0, and if
p; € iR, then its algebraic and geometric multiplicities are the same,

the zero state is asymptotically stable if and only if all Floquet exponents have negative real part,

the zero state is asymptotically stable if and only if all Floquet multipliers are in the interior of the
unit disk of C.

Warning: It can indeed happen that the eigenvalues of A(t) are always in the open left half-plane of C,
but B has an eigenvalue of positive real part. Therefore the stability behaviour of the zero state can mot
be determined from A alone. An example is given in [12], Chapter 8:

_ [ —1+(3/2)cos’t 1—(3/2)costsint
A(t) = (—1 — (3/2)sintcost —1+(3/2)sin?t )

with eigenvalues —i + i\ﬁ (definitely being in the left half-plane for all t), but the vector function x(t) =
(—cost,sint) "et/? solves ' (t) = A(t)x(t).

We come to the example of the over head pendulum which solves
2 (t) = wia, wi=12

where g is the gravitational acceleration on the earth, [ the length of the pendulum. The zero state is
unstable. Now we show that it can be stabilised by vertical vibrations of the point of suspension. Suppose
that the suspension point moves up and down with period 27 and acceleration +c. Then we get

2"(t) = (w* + h(t)) z(t),
—a? 0<t<T, g C
T

h(t) =
®) +a? T <t< 21,

The amplitude of this vibration shall be a. The times of maximal elongation are t = 7/2 and t = 37/2,
hence

c (7)2 er? , ¢ 8a
a=—|— = — o= = —,
2\2 8’ I Ir?

In the sequel, we will select @ and « suitably, and then 7 will follow.
We know: if a = 0, then the resting position z = 0 is a saddle point with eigenvalues +w, hence unstable.

To transfer into a first order system, we set y = x and z = &, with the consequence

Bt YO0

The matrix A has jumps, but we ignore this.

The sum of the eigenvalues of A(t) is zero.

If w? 4 h(t) > 0, then A has two real eigenvalues.

If w? + h(t) <0, then A has two imaginary eigenvalues.

To obtain stability, it sounds reasonable that (at least for certain times) A(¢) should not have eigenvalues
in the right half-plane. Therefore we prefer to arrange the constants in such a way that

a2 > w2.

The fundamental solution then is

P 1 o
X(27,0) = X (2, 7) X (r,0) = ( cosh k7 + sinh kr) ( cos Qr & sin QT) ,

k sinh kT cosh kT —Qsin Q7 cos Q1
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where we have put k? := o? + w? and Q? = a® — w?. The reason is that A(t) is a constant function on
each half-period, and on these intervals, X is given by Lemma 3.13.

Next we need the eigenvalues of X (27,0). Because trace A(t) = 0 for each ¢, (3.7) gives det X (¢,t9) = 1
for all ¢, ¢g, in particular det X (27,0) = 1, and hence Ay - A_ = 1. Then the eigenvalues are given by

1
AL = 3 (trace X (271,0) + \/(trace X (27,0))2 — 4) _
Our goal is [A+| < 1, and to this end it is necessary to have |trace X (27,0)| < 2, which is equivalent to

<2,

2 cosh(kT) cos(Qr) + <é — ij) sinh(k7) sinh(Q7)

as can be found quickly if we know that trace(PQ) = Zﬁk Djkqr; for all matrices P, @ of quadratic shape.
Now our assumptions shall be:

a
7::g2<<1, %::u2<<17

and from this we conclude that
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Then we directly get

ko Q
F_2_gp2 4
q "% =2 TOW,
cosh(k7) = 14+ 4e%(1 4 p?) + 254 + O(ub +€9),
cos(Qr) =1 —4e*(1 — p?) + 254 + 98 + %),
ko Q\ . . 2 2 6, -6
a % sinh(k7) sin(Q7) = 16e”u” + O(u° +€°),

hence we wish to arrange that
2 2, 16 4 4 2 2
2(1+8p +§5—16€ +16e”p” < 2,

2
0r3u2<520r%<%0r72<%.

We take a concrete example: if [ = 20cm and a = lcm then 7 < 0.01166, which corresponds to a vibration
frequency of at least 43Hz.

A thorough presentation of this topic can be found in § 28 of [2].

4.4 Geometric Investigations of Dynamical Systems

The system ' (t) = f(x) with stationary state x* leads, after setting x(t) =: z* + y(¢), to

y'(t) = f'(@)y+R(y).,  Ry)=9(lyl*).

and neglecting the quadratic remainder term then brings us to the system
u'(t) = f'(a")u,

called the linearisation of z'(t) = f(x).
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We know

e if all the eigenvalues of f'(z*) are in C_ = {z € C: Rz < 0}, then z* is an asymptotically stable
stationary state of the nonlinear system,

o if at least one eigenvalue of f/(z*) is in C4 = {z € C: Rz > 0}, then x* is an instable resting point
of the nonlinear system.

And in both cases, the orbits of the nonlinear system and of the linearised systems look very similar (up
to minor deformations) near z* and 0, respectively.

However, the situation changes completely if f/(z*) has eigenvalues on the imaginary axis — then the
stability behaviour of z* can depend heavily on the nonlinear term R.

To understand the situation better, so-called LyAPuNoOv? functions may be helpful. These are positive
definite functions near x*.

Definition 4.26. A function V € C1(Q — R) with Q C R™ as a neighbourhood of x* is called positive
definite with respect to =* if

V(z*) =0, V() >0 VzeQ\{z"}.

If V € C?(Q — R) is positive definite, and if the Hessian (V ® VV)(z*) is a strictly positive definite
matrix then the level sets'” {x € Q: V(z) = const.} are diffeomorphic to the unit sphere'!, at least near
z*. Compare Figure 2.1.

Now the key idea is to look whether the vectors f(z) cross the level sets everywhere from the outside to
the inner side. If yes, then z* is asymptotically stable. Note that the scalar function ¢ — V(z(t)) has
derivative

OV (x(t)) = VV(z) - 2'(t) = (VV(2), f(2)),
and VV is perpendicular to the level sets of V', and points outwards.
Proposition 4.27. Let x* be a stationary point to the dynamical system governed by x'(t) = f(x), and
V' be positive definite with respect to x*. Then
o if (VV(x), f(z)) <0 for all x € Q, then z* is stable,
o if (VV(z), f(x)) <O for allz € Q\ {z*}, then x* is asymplotically stable,
o if (VV(z), f(x)) >0 for all x € Q\ {z*}, then x* is unstable.

One example is the differential equation 2z + 2a2’ + z + 2% = 0, with 0 < @ < 1. Setting z; = z and
Ty = 2’, we find the system

G- ) () ()

with the only stationary point z* = (0,0)". The Jacobi matrix is

ra =0 )

having the eigenvalues —a +1iv/1 — a2, making x* asymptotically stable. An interesting question is about
the size of its catchment basin'?, and we will find an estimate of this size using a carefully constructed
Lyapunov functional.

First we bring the matrix f’(z*) into a normal form. The substitution y = Pz (with P € R?*? as a
matrix not yet chosen) brings us

y = PP~y +O(lyll),

9 ALEKSANDR MIKHAILOVICH LYAPUNOV, 1857 — 1918

10Niveaulinien, Héhenlinien

Ithis means that there is a diffeomorphism which maps them onto the unit sphere
I2Einzugsgebiet (z.B. hydrogeologisch)
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and now P shall be selected in such a way that Pf/(x*)P~! is “as nice as possible”. The typical Jordan
normal form will not work, because the eigenvalues of f’(x*) are non-real, and then also the eigenvectors
of f'(z*) will be non-real. Instead, we use the real Jordan normal form:

Lemma 4.28 (Real Jordan Normal Form). Let A € R**2. Then there is a matriz P € R?>*? such
that J = PAP~! has one of the following three forms:

_)\1 0 _)\ 1 o « ﬂ
=) =6 ) (G0
where A1, A2, A\, o, 8 € R and 8 # 0.

The proof is a nice exercise.

In our example, we take 8 = v/1 — a2 and

(1 0 L 1(3 0
p=(l ) s )

as well as y = Pz. In particular, this brings y; = x1, which is a useful information for the transformation
of the nonlinear terms. Then we get

)=t ()

Now the variables y; and yo play the same role in the linear principal part (as can be seen from the
coinciding entries on the diagonal), and it seems reasonable to try our luck with

1
V(y,y2) = %(yf +43).

This gives, after some computation,

(VV, f(P2)) = —(yi +v3) — %yi’yz,

a

and now the question comes up where this is negative. We conjecture that this expression is negative
at least in a circle with radius ro about the origin. If y? + y3 < r2, then |y3ya| = vi|y1y2| < 73ly1y2| <
r%%(y% + y2), by the Binom1'? formula, and now we should make sure that

2
o <

L3 2 2
< + —
aﬁ|y1y2| SV TY 23 =

which holds, for instance, if ry = \/2a0.

Hence we have shown: if the starting point (y;(0),72(0))" is in a ball about the origin with radius 7,
then the trajectory is attracted to the origin. This is just a lower estimate; in reality, the catchment basin
is certainly larger. After transforming back to the x variables, the basin becomes an ellipse.

For describing the long time asymptotics of a dynamical system, we need one more concept.

Definition 4.29. Let ® be a flow on R™, and xg € R™. Then the sets

w(xg) := {y € R™: 3 sequence (ty)reny with tp / +o00 and y = kh?} (tk,:z:g)},
— 400

axg) = {y € R™: 3 sequence (ti)ken with t \( —oo and y = lim @(tk,xo)}

k——+o0

are called w limit set and o limit set, respectively.

I3ERNESTO BINOMI, 12101331, sikinian mathematician
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For an understanding of the choice of the letters, look at the greek ABC.
From the definition we quickly deduce that'*

w(zo) = m V+(@(t, 20)),

>0

a(xo) = () 7-(@(t,20)).

t<0

If the trajectory starting in xy approaches a limit point, then w(zg) is exactly that one limit point. If the
trajectory starting in xo approaches a periodic cycle (in the sense of Figure 4.1), then w(xg) is that limit
cycle. And if the forward orbit v (zg) is unbounded, then w(zp) might be the empty set.

Proposition 4.30. Let v4(xg) be bounded. Then w(xq) is compact, non-empty, invariant, and connected.
Proposition 4.31 (Invariance principle). Let V € C(R" — R) and k € R. Put

Q={zeR": V(z) < k}.
We assume that V € C*(Q2 — R), and that

(VV(x), f(x)) <0 Vo € Q.

Define S = {x € Q: (VV(x), f(x)) =0}, and M as the biggest invariant subset of S.

Then the following holds: each forward orbit that starts in Q and stays bounded possesses an w limit set
which is contained in M.

In many situations, the function V' grows to infinity at the “boundary” of R™:

Proposition 4.32. Let V € CY(R" — R) with V(x) — +oo for ||z]| — +oo. Furthermore, suppose
(VV(x), f(x)) <0 for all x € R™.

Then each forward orbit is bounded, and each forward orbit has its w limit set in M, the biggest invariant
subset of

{z eR": (VV(2), f(z)) = 0}.

To apply this knowledge, we return to the differential equation
2 4207 + 2+ 23 =0.

We set 1 = z and zo = 2/, hence

G- ) ()-(3)

The positive number a can be understood as friction coefficient. If a = 0, then we obtain a conservative
system with the energy

1 1
Vi(zy, 22) = 5@% +a3) + Zﬁ-

In that case, the orbits are running along the level sets V' (x1, z2) = const.

Now assume a > 0:

oV (@1(0).2(0) = (V) ) = (" 1), (L, o, ) ) = —2est <0

To —x1 — 2ax3 — T}

14 Here the over-bar denotes the topological closure, which means that you augment the set v+ (®(t, z0)) with all its cluster
points.
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For the invariance principle, we note that
V € CY(R? = R),
V(z) = 400 if 2] = \/2? + 23 — oo

Hence each forward orbit is bounded, and its w limit is contained in the biggest invariant subset of
{zeR?: (VV(2),f(2)) =0} ={z e R?: 23 =0} .

Therefore, we should look for the biggest invariant subset M of {z € R?: zo = 0}.

For z* € M we have the representation z* = (x7,x3) = (27,0). Next ®(¢,z,) remains in M, because M
is invariant. Consequently we have

O(t,z") = (x1(¢),0).
On the other hand, 0;x1(t) = x2 = 0, which gives us x1(¢) = «7 for all t € R. Additionally,
0= 0,0 = 0ywa(t) = —x1 — 2axg — a3 = —x1 — 25 = —x1(1 + 22),

and therefore x7 = x1(t) = 0. As a consequence, the biggest invariant subset M of {z € R?: x5 = 0} is
{(0,0)}, and each forward orbit is approaching this point.

Therefore, the catchment basin of the origin is the whole R2.

Concerning a system 2’ = f(x), we would like to know how w(xo) might look like. A particularly nice
answer is possible in the case of n = 2.

Theorem 4.33 (POINCARE!® — BENDIXSON'®). Let f € C?(R? — R?), and assume the forward orbit
v+ (xo) as bounded. Then exactly one of the following cases occurs:

1. w(xg) is a periodic orbit,

2. for each y € w(xg) the following holds: a(y) as well as w(y) consist only of resting points.
Key ideas of the proof are:

e the Jordan curve theorem which states that each closed Jordan curve splits R? into two parts: an
interior part, and an exterior part,

e different solution trajectories can not cross.

Possible w limit sets are the red parts in Figure 4.10. Red balls denote the resting points.

Note that an analogous version of the Theorem of Poincare-Bendixson can not hold in R?, as the example
of the Lorenz model shows:

¥ =0y —x),
Y = ox —y— 2,
7 =Bz 4y,

where ¢ = 10, o = 28 and § = 8/3. Then one can show that the solution curves remain bounded
if the initial value is in a small neighbourhood of the origin. The orbit then will stay near a surface
in R3 consisting of two sheets, but one can not predict when the orbit will be on one sheet, or the
other sheet, because this depends in a very sensitive way on the initial values. Therefore we have: the

15 JULEs HENRI POINCARE, 1854-1912, The Last Universalist
16 TvaAr OTTO BENDIXSON, 1861-1935, swedish mathematician
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Figure 4.10:

forward orbit 4 (z¢) is bounded, but the w limit set of xg is not a periodic orbit, and also the relation
“yo € w(xg) = w(yo) is a resting point” does not hold.

As an application, we consider the Brusselator, which was proposed by Prigogine and Lefever ([18]) 1968
as a simplified model of the Belouzov Zhabotinskii reaction:

¥ =a—x—bx+ 22y,

y' = bz — 2%y,

with a and b as positive constants. The quantities z und y describe concentrations of chemical substances,
and therefore they should never be negative.

To determine resting positions, we add up the equations 2’ = 0 and 3’ = 0, giving us a — x = 0, hence
x = a. Together with bx — 22y = 0 we then find y = 3. Linearisation then gives

—1-b+2x z? b—1 a?
T G ) B CCR R (A §

The trace is b — a? — 1, and the determinant is det f/ = a? > 0. If we suppose
b>a®+1,

then the matrix f’ possesses two eigenvalues in the right half-plane, making the resting point (a,b/a)
unstable.

Lemma 4.34. If b > a® + 1, then this dynamical system has a periodic orbit in the first quadrant
{(z,y) e R?: 2 >0, y >0} of R2.
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Proof. We choose a domain € C R? by the following inequalities:
x>0, y >0, z+y<ci, y—x <co.
If the parameters ¢; und co are selected sufficiently large and positive, then one can show that, for each

of the four boundary lines, the vector field f points into 2. Therefore € is positive invariant.

Now choose an arbitrary point p € Q. Then v, (p) stays forever in Q, hence 74 (p) is bounded. If w(p)
were not periodic, then, according to the Theorem of Poincare and Bendixson, w(g) would consist solely
of resting points of f, for each ¢ € w(p). However, f has exactly one resting point, namely (a,b/a), and
this one is repulsive. Therefore, w(p) must be periodic. O

To be specific, we explain how to choose the numbers ¢; and c3. We start with the line x 4+ y = ¢;, which
has the normal vector (1,1) T, not necessarily normalized. The vector field f points inwards if and only if
the scalar product (z/,y) - (1,1) is non-positive, which boils down to

!
0>a' +9 =(a—x—ba+2%y) + (bx — 2%y) = a — x,
which is true for z > a, whatever the value ¢y is.

Next we consider the line y = 2+ ¢y with normal vector (—1,1) T. Here the condition on the scalar product
becomes

!
0> (=1,1)- (2, ) = (—a+ z + bz — 2%y) + (bx — 2%y) = —a + (2b + 1)z — 227y
=—a+ (20 + Dz — 222 (z + c3),

and we wish this to be negative, where it is enough to consider = between 0 and a. Using the elementary
inequality |uv| < (u? + v?), we then find

2 1
—a+(2b+1)x—2x2(1‘+02)z—a—i—\/ﬁ-M—Zﬂ&Q(m—i—cQ)

Ja

1 2b + 1)2z2
S—a—l—(a—i—(_'—)x)—ZxQ(x—I—cQ)
2 a
1 2b+1)2
< Lo (BT 50N,
2 2a

and this will be negative if we choose ¢ large enough. After that we select ¢; in such a way that the lines
y =z + co and x + y = ¢; intersect at a point which has z-coordinate larger than a.

We conclude this chapter with a criterion which can exclude periodic orbits in the plane.

Proposition 4.35 (Criterion of Bendixson). Let Q C R? be a simply connected domain, and f €
C?(Q — R?), with div f of constant sign and nowhere zero (except isolated points). Then the system
2'(t) = f(x) has no periodic orbit in €.

Proof. Assume that T were a periodic orbit in 2. Then the interior S of T' is simply connected, and the
Gauf integral theorem gives us

ffl d£2 — fg dxl = // ledeCl diEQ.
r S

The left side is zero, because (f1, f2)" is a tangential vector on I', but the right side is not zero because
div f has constant sign. This is a contradiction. O
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Chapter 5

Numerical Methods

This part follows [21].

We wish to solve a differential equation or a system

y'(t) =fty®),  ylto) =yo (5.1)
using numerical methods. The key idea is to define points in time

t; =to + jh, 1=1,23,..., 0<hkl,

and to search for values n; which approximate y(¢;), with a good relation between error and effort. The
number h is called time step size.

The exact solution will always be y = y(t), and the approximate values are called n; (but n;(h) would be
more precise).

5.1 Explicit Methods

By Taylor expansion, we have
1
y(tje1) =yt +h) = y(ty) + 4 (t)h + 59" (85 + Oh)h? (0<f<1)
1
= y(t;) + f(t,y(t)h + Sy (1 + Oh)R?,
and neglecting the quadratic term gives us a first algorithm:

e set 1o = Yo,

e for j =1,2,..., set Nji+1 =15 + f(t]‘,’ﬂj)h.

This is known as the Fzplicit Euler Method. As a toy model, we solve y' = y with initial value y(0) = 1
and ask for the numerical approximation at time t = 1:

h 107t | 1072 | 10°° 104 1075 1076 1077
error 0.12 [ 0.013 | 0.0014 | 0.00014 | 1.359 10" | 1.359-107° | 1.359 - 10"
runtime (seconds) || 0.0005 | 0.001 | 0.005 0.037 0.27 2.76 27.1

As a side remark, the toy model 3’ = —y has smaller errors. For instance, h = 10~7 gives the error

1.84 - 1078 then.

It seems that we need better methods, and a more systematic treatment.

Definition 5.1. A one-step method' to the initial value problem (5.1) has the form

1Einschrittverfahren
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® 7o ‘= Yo,

o forj=1,2,..., set njy1:=mn; + (t;,n;,h)h,
where ® is a certain function.

The explicit Euler method is described by ®(t,n,h) = f(t,7n), and our goal shall be to no longer neglect
the quadratic term y”(t; + 6h)h? as we did above.

Definition 5.2 (local error, consistent method). For a time t. and a point y., let y = y(t) be the
exact solution to y'(t) = f(t,y(t)) with initial condition y(t.) = y.. Put

Fy(ts +h)—y(t)) :+h>0,
[, ys) :h=0.

Then 7(ts, Ys, h) := Altu, Ys, h) — P(ts, ys, h) is called the local discretisation error of the method ®.

A(t*ay*7h) = {

The method ® is called consistent if limy,_o 7(ts, y«, h) = 0.
The method ® is of order p if 7(ts, h,y) = O(hP) for h — 0.

The term 7 measures the deviation between the exact difference quotient and the approximate difference
quotient when we go from j to j + 1.

Example 5.3. Concerning the explicit Fuler method, we note
1 1
Y(te +h) = y(t) + ' (F)h + Sy (b + OB = y(t) + f(ts,y)h + Sy (te + OR)D?,
from which we obtain that (for h > 0)

1
Alts, g h) = f(t,ye) + 59" (1 + M)A,

which brings us to

h h d
T(t*7y*7 h) = 52/”(75* + eh) = §Ef(t7y(t))‘t=t*+9h

if we are willing to assume that f is sufficiently smooth (in this case, f € C' is enough). Therefore the
Euler method has consistence order one.

Another example is the HEUN? method with

®(tj,nj,h) = %(f(fjmj) + f(t; +homy + f(tjam')h))-

Writing f1 and fo for the partial derivatives of f, we then get

D(ts, yu, h) = % (2 (tey yu) + filtss vu) - B+ fotu,ys) - fte, y)h + O(h?))

The local discretisation error then is

Fterye h) = (gt + h) — y(te)) — B(ta, o, h)

h
2
=y (t.) + gy"(t*) + %y'"(t*) + O(h?)
_ <f(t*,y*) + fl(t*ay*) + f2;t*ay*)f(t*’y*)h + D<h2>)
h

= 5 (4" (0) = Filtesw) = Foltesy) (b)) + O (8.

[\V]
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h 10—t 1072 1073 10~ 10~° 106 10~ 7
error 0.0042 | 4.5-107° | 453-10~7 | 4.53-1079 | 4.53-10"11 | 4.08-10"13 | 5.9.10°13
runtime || 0.0085 0.0014 0.0084 0.058 0.53 5.47 53.04

Table 5.1: The Heun method applied to ¢y’ =y with y(0) = 1 and y(1) =?

Now y is the exact solution, hence ' = f(¢,y(t)), and then also y” () = f1(t,y(t)) + f2(t, y(t))y'(¢), which
implies 7 (., y«, h) = O(h?). The consistency order of the Heun method is two.

Again, we play with our toy model ' = y, y(0) = 1, getting results as in Table 5.1. For a chosen step size
h, the effort (and the runtime) has doubled in comparison to the explicit Euler method, but the errors
are much smaller.

One more example is the classical method of RUNGE? and KuTTa*
1
‘I)(tj,nj, h) = 6(K1 + 2Ky +2K5 + K4),
Ky = f(tj.n5),

h h
K2_f<tj+2»77j+2K1>7

h h
Ks=f <tj + 5,7]]‘ + 2K2> )
K4 == f (tj + h,’l]j + th)
which has the consistency order 4, as can be shown by a lengthy calculation, see also the table for a
numerical example.

h 10! 1072 1073 104 1075 106 1077
error 2.08-107%[225-10710 [ 2.09-1071* [ 1.11-10~** | 5.77- 107 | 5.77-10~1* | 5.93-10~13
runtime 0.003 0.0021 0.016 0.11 1.06 11.5 106

Table 5.2: The Runge Kutta method applied to ¢y = y with y(0) = 1 and y(1) =7

The three methods presented so far fit into the framework of the general Runge Kutta methods with s
stages, which are of the form

(I)(tjvnjah) = Z mem7
m=1

m—1

Km:f<tj+cmhanj+hzaml[(l>; m=1,...,s,

=1

20:::0.

=1

It is custom to arrange the coefficients in a table:

The discretisation error measures how much we deviate from the exact solution after one time step. This
is just a local description, and what is more interesting is a global error.

Definition 5.4 (global error, convergent method). The global discretisation error is defined as

e(tj,h) :==mn;(h) —y(t;),

For a fized t and some m € N, we define a step size
t—to

hyp = .
m

to <tj=to+jh <T.

Then the method ® is called convergent if
W}gnooe(t, hm) =0

for allt € [to, T] and all f € C*([to, T] x R™) with bounded derivatives fi, f.

2 KARL HEUN, 1859 — 1929
3 CARL DaviD ToLME RUNGE, 1856 — 1927
4 MARTIN WILHELM KUTTA, 1867 — 1944
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“ 5 S 1 (explicit Euler method)

1
C1 0
ca | an = 1]1 (Heun’s method)

by by R

1 2 5
C1 0
2 | an % :
c3 | as1  ass = 510 % (Runge Kutta method)
C4 | Q41 Qg2 (43 170 0 1

b by b3 b (5 3 3 &

The local and global errors are connected by the following result:

Proposition 5.5. Let y = y(t) be the exact solution to (5.1), and ® be continuous on
G:={(t,z,h) € to, T] xR" xR: [z —y(t)| <~v, 0<h<hy}
for some positive numbers v and hg. Suppose that there are numbers M and N such that

et 0D, m) = @t0®, )| < M [0 = 5|

for all (t,n V) h), (t,n?,h) € G, and
7t y(t),h)[| < NBP,  Vte[to,T], Y h<ho.

Then there is a number h* with 0 < h* < hg such that the global discretisation error is bounded like this:

N
< p - M(t—to) _
le(t, bl < HE 7= (e 1)

for allt € [to, T) and all hy, = (t — to)/m with hy, < h*.

A proof can be found in [21].

In theory, this estimate of e(t, h,,) could be used to choose that h,, which is optimal for the desired
accuracy. In practice however, the constants M and N are almost never known.

Choosing a good step size is not easy. As the table for the Runge Kutta method shows, the error will
increase if h becomes too small. This seems to contradict the above estimate of e(t, h,, ), but that estimate
does not take into account the finite computing precision of the microprocessors: typically, they compute
with about 16 decimal digits, and in our case the solution is between 10° and 10*, which forecasts rounding
errors of size 1071 which will dominate the overall error for small step size h. Moreover: the number of
time steps is inversely proportional to the time step size, and each time step introduces rounding errors
into the computation. Clearly, these rounding errors could accumulate.

Therefore it is desirable to find a method of automatically selecting a good step size, without human
intervention. And indeed, this can be done. A deeper look at the table for the Euler method and the
Heun method suggests that the error is not just a random number, but has some structure in it. More
precisely, we have:

Proposition 5.6 (Asymptotic expansion of the global error). Suppose that the function f = f(t,y)
is (N + 2) times continuously differentiable on [to,T] x R™, and all the derivatives are bounded. Let
n = n;(h) be the approzimate solution to (5.1), constructed by a one-step method ® of order p, with
p < N. Then the error e(t,h) possesses an asymptotic expansion of the form

e(t,h) = hPey(t) + hP e, 1 (t) + -+ hVen(t) + AN T Enya(t, h),

with ep(to) = 0, and for allt € [to, T, allh = (t—to)/m, m € N. The functions ey, = e(t) are independent
of h, and the remainder term En.y1 is bounded in h, for all t.
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A very elegant proof is in [21].

Typically, the functions e; are unknown, but this does not matter, as we see now: Suppose that hPe,(t)
is the biggest term in the asymptotic expansion, which is certainly true for small h. Perform the compu-
tations with step size h, and with step size h/2. Then we get known values n(h), n(h/2) both referring to
the same time ¢, and y(t) is unknown. But we have

n(h) = y(t) + hPep(t) + O(WPH),
n(h/2) = y(t) + 27 PhPey(t) + D(hp+1),

which directly gives

h) —n(h/2
2 PhPe,(t) = n(h) —n(h/2) + O(RPT).
r —1
Our assumption was that the remainder term O(hPT!) is much smaller than the leading term hPe, of the
asymptotic expansion, and we find the approximation

n(h) = n(h/2)

n(h/2) —y(t) ~ =—5—

for the global discretisation error. This gives us a tool for the automatic selection of the optimal step size
h, adjusted to the desired accuracy of the numerical solution.

Another method of step size control® is to couple a Runge Kutta method of order p with a Runge Kutta
method of order p+1, and to use the difference of the approximations as a means for estimating the global
error, and then to adjust the time step size for the next step. If both methods use the same parameters
Cm and ag,;, but differ only in the parameters b,,, then it is only a negligible additional effort to use both
methods in parallel, since the number of evaluations of f remains the same. This is of particular relevance
if evaluating the function f requires high numerical cost. For instance, the ode45 method of matlab
couples a fourth order method and a fifth order method, exploiting the famous scheme of DORMAND and
PRINCE established in 1980.

Finally, a remark about where the expression one-step method® comes from. By definition of the method
®, the new value 7;41 is computed (in a sometimes quite complicated way) from the old value 7; alone.
However, it might be a good idea to use more information for the computation of 7;4;, for instance, the
values of 1;_1, nj_2, ...nj—a for some fixed d. Such methods are called multi-step methods”, which will
not be discussed in this course. They can be quite difficult to handle: for instance, a consistent method
need not be convergent, in contrast to Proposition 5.5. And also the step size control is obviously more
complicated.

5.2 Implicit Methods

Consider the initial value problem

ren (1 (998 1998
as a toy model. The eigenvalues of A are —1 and —1000, and the exact solution is
9p—t _ —1000t

y(t) = (_et I elOOOt) .

Now we try to solve this problem with the explicit Euler method of step size h. Then we have the iteration
scheme 7,41 = (I + hA)n; for j > 1, which has the explicit solution

~ (2(1=h)7 — (1 —1000h)’
i = <—(1 —h) 4+ (1 — 1000h)j> '

5Schrittweitensteuerung
6Einzelschrittverfahren
"Mehrschrittverfahren
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The exact solution y = y(t) decays if ¢ approaches +o0, but lim;_, 1; = 0 holds only if |1 — 1000h| < 1,
with the consequence h < ﬁ. We make two observations: the term e~°%% does not contribute anything
to the solution y(t) for t = 1, but this term forces us to choose h very small, which makes the computational
effort very large. All the explicit Runge Kutta methods have the same drawback.

Definition 5.7 (Stiff differential equations). A lincar system of differential equations y' = Ay with
constant coefficients is called stiff® if A has at least one eigenvalue with real part < 1, and if
max; [, (4)]

S = i, o (A)]

is large (typical values are S(A) ~ 10%...106).

A system y'(t) = f(t,y) (not necessarily linear) is called stiff if the value S(A) with A = f,(t,y) as Jacobi
matriz is large.

Stiff systems always come up when the physical system under consideration has effects which live on very
different time scales. Many problems from chemistry or biology are stiff.

We go back to the introductory example. The matrix A from there has eigenvalues A1, Az, both in the
left half-plane. The exact solution is y(t) = exp(At)yo, and exp(At) has eigenvalues exp(A1t), exp(Aat),
both in the interior of the unit ball of C. Therefore, y(¢) decays for ¢ — o0o. On the other hand, the
approximate solution has the representation n; = (I + hA)’yo, and I + hA has eigenvalues 1 + h\; and
1+ hAs. These should also be in the interior of the unit ball, otherwise lim;_, o 1; # 0.

Replacing the explicit Euler method by another explicit Runge Kutta method would give us the recursion
nj+1 = g(hA)n; for some function g, and then also n; = (g(hA))7yo. For instance, the explicit Euler
method has ¢g(z) =1+ z. The behaviour of n; for large j will only be correct if the numbers g(hX;) and
g(hA2) are in the unit ball. This function g is called stability function.

Definition 5.8 (A—stable). A one-step method is called A—stable (or absolutely stable) if its stability
function g satisfies

Rz<0 = Jg(z)| <L

We directly see that the explicit Euler method is not A-stable, and with some effort one can show that
explicit methods of Runge Kutta type are never A—stable.

This trouble can be resolved when we go to tmplicit methods. As an example, we construct the implicit
Euler method:

1
y(t;) =yt —h) = y(tirn) =y (ts)h+ SRy (0 = 0h) - (0<0<1)
1
=y(tj1) = f(tje1,y541)h + §h2y”(tj+1 —0h),
and neglecting the remainder term gives us the recursion

Nj+1 = N5 + hf(tiv1,m4+1)-

The unknown term 7;4; appears on both sides, which explains the name of the method.

Going back to the introductory example once again, we have f(y) = Ay, hence 1,41 = n; +hAn;41, which
brings us

Mo = Yo, ni+1 = (I —hA) 'y,
and then also

7]j = (I — hA)ijyo.

8steif
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Now the eigenvalues of (1 — hA) are 1 — h\; and 1 — hAs which have real part > 1, because A1, A2 are in
the left half-plane. Therefore the eigenvalues of (I —hA)~! are automatically in the unit ball, as desired.

The stability function of the implicit Euler method is g(z) = 1/(1 — z).

The implicit Euler method fits into the framework of general implicit Runge Kutta methods which are of
the form

(p(tjvnjah) = Z mewu
m=1

Kmf<tj+cmh,7]j+h2alel>, m=1,...,s,
1=1

and they can be symbolised by a scheme like this:

€1 | @11 @12 ... Q1s
C2 a21 a22 e a2s
Cs As1 A52 s Ass

)

In each step 7; — 141, a nonlinear system has to be solved, which can be accomplished by a variant of
Newton’s method, for instance.

5.3 Symplectic Methods

9

We consider the harmonic oscillator equation z”(¢) + z = 0 with initial values z(0) = 1 and 2/(0) = 0.
Setting ¥ = (y1,v2) " = (2,2') " and transferring to a first order system we get

Y= Ay, y(0) = <é) A= (_01 é) (5.2)

Then y(t) = exp(At)y(0) as usual. Note that A is skew-adjoint (which means AT = —A), and we know
already that then exp(A) is a unitary matrix, hence also exp(At). In the second semester we have learnt
that multiplication with a unitary matrix does not change the length of a vector, and therefore

ly@)1* = ly©I*,  VteR.

This is no surprise because ||y(t)||* = |2(t)|2 +|2'(t)|? is just the mechanical energy of the system. On the
other hand, ¢ C R? is mapped by the flow to ; = exp(At)Qo, which is simply a rotated copy of 2.
This corresponds to the Theorem of Liouville about the preservation of the phase space volume.

When we try to solve numerically the system (5.2) by the explicit and implicit Euler methods, we get
approximate solutions as in the Figures 5.1 and 5.2, and the long time behaviour is completely wrong.

The deeper reason: the explicit Euler scheme is 1,41 = (I+hA)n;, hence n; = (I+hA)7no, and the matrix
(I+hA) is not orthogonal, since det(I +hA) = 14+h? > 1. Therefore the volume of the phase space grows
by the factor (14 h?) at each iteration step. Conversely, the implicit Euler scheme is n;1 = (I —hA)™n;,
hence n; = (I — hA)™/ng, and now det(I —hA)~! = (1 + h%)! < 1, which makes the phase space volume
shrink by the factor (1 + h2?)~! at each step.

Choosing a smaller A would not help much, since then the number of time steps would grow. Considered
at the end time T, the total factor then is

hT \"/" T
(1+h2)T/h<1+T/h) ~ e if > 1.

9See [20] and [11].
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Figure 5.1: Solving numerically the harmonic oscillator with the explicit Euler method

-3

Figure 5.2: Solving numerically the harmonic oscillator with the implicit Euler method

Looking at these examples we get the impression that, for instance, simulating the motion of the planets
of our solar system numerically over a period of millions of years would be infeasible using typical explicit
or implicit Runge Kutta methods.

The main problem is that the system (5.2) possesses conservation properties which are no longer present
in the above numerical schemes.

Definition 5.9. A system of differential equations is called a Hamiltonian'® system if it has the form

d)= 200Dy - 2

with ¢: Ry = R™, p: R, — R", H: R>® — R. The function H is called Hamiltonian.

In case of (5.2), we have n =1 and y1 = q1, ¥} = y2 = p1, and H = p? + ¢}.
We know already that, along a solution (q,p) = (g, p)(t),

e the energy H(q(t),p(t)) is constant,

e the phase space volume fo dqdp is conserved (Theorem of Liouville).

We can improve the second e heavily:

Theorem 5.10. The Hamiltonian flow preserves the symplectic'' form w = E?Zl dg; A dp;.

10 Sir WiILLIAM ROWAN HAMILTON, 1805-1865, irish physicist, astronomer, mathematician

11 Where does the adjective come from ? All linear mappings in the R2” that preserve a nondegenerate, skew-symmetric,
bilinear form are elements of the symplectic group. And the name symplectic group goes back to HERMANN WEYL (1885—
1955), see [24] for the following quotation:

The name “complex group” formerly advocated by me in allusion to line complexes, as these are defined by the
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The symplectic form is a two-form, and we should explain how to work with such objects:

e a zero-form is a smooth scalar function RY — R,

e a one-form is written as f1(y)dy: + fa(y)dys + -+ + fn(y) dyn, and it can be integrated along a
curve in RV, giving us a curve integral of second kind,

e a two-form is written as
> firly) dy; A dys,
j<k
and it can be integrated over a two-dimensional surface patch S C RY, which is done as follows:

Parametrise S with parameters (u1,u2) € R%. Then y; = yi(u1,uz), ..., ynv = yn(u1,uz) for the
points on S. Cut the parameter domain into many small rectangles using a grid whose axis are
parallel to the ui- and us- axis, and whose mesh widths are Au; = du; and Aus = dus. This
grid in the parameter domain corresponds to a grid on the surface patch S, which cuts S into many
small pieces which look like slightly deformed parallelograms. Then the integral

Ly, = /Sfjk(y) dy; A dyg

is evaluated via

dy,; = %dulJr%duQ’
dy; A dy = (gﬁﬁ duy + gi%) A (gi’z duy + gi’; du2>
= %g—z’idul A dug + %% dus A dus
%%dulA du2+%%du2/\ dug.

Now du; A dugy, = — duy, A duy, in particular du; A du; = 0, hence

. _ oy Oay;
dy; A dy = det ((%yk Dok duy A dus,

and duj; A dus equals the area of the small grid rectangle in the parameter domain.
e in RY, an N—form is
f)dyr A dys A.ooA dyn = f(y)dys ... dyn,

which can be integrated over domains of RV .
The wedge product has the following properties:

e it is linear in each factor,
e it is anti-commutative and associative,

e the wedge product with N factors from RY behaves like a determinant function:

’U1/\’UQ/\.../\’UNZAN(’Ul,...,’UN).

vanishing of antisymmetric bilinear forms, has become more and more embarrassing through collision with the
word “complex” in the connotation of complex number. I therefore propose to replace it by the corresponding
Greek adjective “symplectic”. Dickson calls the group the “Abelian linear group” in homage to Abel who first
studied it.
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The exterior derivative d behaves as follows:

it turns K—forms into (K + 1)—forms, in a linear manner,
N

if f = f(y) is a zero-form (hence a function), then df = Z aa—ufj dy;, (5.3)

j=1

if o= f(y)dys, A dyiy A... A dy;, is a K—form, then do = (df) A dyi; A dyi, Ao A dyipe, (5.4)
with df evaluated by (5.3),

dd = 0. (5.5)

As an example, take N = 2 and f as a function. Then
df = (01f) dyr + (92f) dya,
ddf = (do1f) A dyy + (dd2f) A dy2

= (8%]‘ dyl + 8182f dyz) A dy1 + (8182f dy1 + 822f dyg) A dy2
8ff dyl A dy1 + (922f dyz A dy2 + (3182f)(dy2 A dy1 + dyl A dyg)
0.

Note that the classical calculus rules rot grad = 0 and divrot = 0 have their deeper origin in dd = 0.

Now we come back to the Hamiltonian system with n degrees of freedom. Put y = (y1,...,y2n)" =
(q1,---,qn,P1,---,Pn) | and write the system as

1o _( 0 I,
The volume form in the phase space Ry x R} is dgdp = dq1 ... dg,dp1... dp, = dgi A... A dpp.
Lemma 5.11. The volume form is a multiple of w™:
1 n
dqdpz:l:aw", OJ:Z dg; A dp;.
j=1
Proof. We consider n = 2 only and leave the other n to the reader:
w? = (dg; A dpy + dga A dps)?
= (dih A dp1 A dgi A dp1> + (d(h A dpr A dga A dp2> + (dQQ A dpa A dgr A dpl)
+ (dQQ A dps A dga A dpg)
—0— (dq1 A dga A dpy A dpg) + (qu A dga A dps A dpl) +0=—2dgdp.

O

The Liouville Theorem as proved in Example 4.9 corresponds to the conservation of the volume form,
hence the conservation of w™.

But Theorem 5.10, which we prove right now, is much stronger than the Liouville theorem, because the

conservation of w implies the conservation of w?, w3, ..., w™.

Proof of Theorem 5.10. Let y = y(t) = (q(t),p(t)) be the solution to y'(¢t) = JVH(y) with the initial
values

Yy = (ylv--wygn)T = (q(l)v"'7p2,)T'

Then ¢(t) and p(t) depend on the initial values, and in the sense of a total differential we have

2n
oyl
dy =Y a0 dy?, 1<l<2n. (5.6)
k=1



5.3. SYMPLECTIC METHODS 83

We wish to show that
rod d & - d d

Now we have (using (5.6) backwards in the last step)

d . 6% 0 D 04\ Lo ~~( 0 0H(gp)\ , o
dtdqﬂ_dtz dyi Z(a 0 Bt dy’“_g 0 p, dyi

k=1 Oy
_ ii O*H(q,p) Oyt Z
== OyiOp; 8y 3yzc‘“)p )

aylaqj b

and collecting the pieces we then find

5[ s ()

Jj=1
= Z Z 9 H(a.p) dy; A dpj — 9" H(a,p) dg; A dy ‘ A anti-commutates
i 0y10p; 0y10q;
n 2n
0%H (q,p) 0%H (g, p)
= ZZ dy; A dp; + dy; A d%)
=ia ( Op;0y 0q; 0y
o o 02 H(q,p) N (= 92 H (g, p)
= Z ﬁ dy; A dyy, = Z o du dy; | A dyg ‘ (5.3) backwards
k=11=1 CYRIUI k=1 \i=1 YROY
> ( OH
- dZ2) A dy, ’ (5.4) backwards, with f = 92 and K = 1,
1 Oy
2n OH
= d (3 dyk) ‘ d is linear
k=1 Yk
2n 6H
—d| Sy, ’ (5.3) backwards
1 Oy,
— ddH ‘ (5.5)
=0,
which was our goal. O

Definition 5.12. A numerical scheme n; — nji1 = n; + h®(t;,n;, h) is called symplectic if it preserves
the symplectic form, i.e.,

n n
Do Ak A dnyergern = ) dnj A dnjern:
k=1 k=1

To construct a symplectic scheme for y'(t) = JVH (y), we make the ansatz of a Runge Kutta scheme of
one stage (see Table 5.3), which is a compact form of writing

‘I’(t]’,’l]j,h):blKl, K =JVH(7]j+ha11K1). (57)

For simplicity, take n = 1, and write

n = (o5, m)", Ky =(Ki1,K12)",
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ail
b1
Table 5.3: The easiest symplectic scheme

with g; approximating ¢(t;), and 7; approximating p(¢;). Then the scheme can be written as

0j+1 = 0j +hb1 Ky 1, Tip1 = m; + hb1 K 2,

OH
K= Tp(gj + ha11 Ky 1,75 + hai1 K 2), (5.8)
OH
Kio= _aiq(gj + ha11 Ky 1,75 + ha1 K1 2). (5.9)

Our goal is dgjy1 A dmjr1 = do;j A dmj. Now
de+1 = dQ] —+ hbl dKl,la d7Tj+1 = d’lTj —+ hbl dKLQ,
and therefore

de+1 A d7Tj+1 = dgj AN dﬂ'j
+ hbl(dgj A dEy o+ dKyg A dyrj)
+ h2b§ dKl,l A dK172

= dgj AN dﬂ'j
+ hbl(d(gj + hallKl,l) A dKLQ + dKl,l A d(’]Tj + hallKl,Q)) (510)
+ h2(b% — 2b1a11) dKl,l A dKl,Q. (5.11)

Choosing b; = 2a;; eliminates (5.11). To kill (5.10), we observe that (5.8) and (5.9) give

0%H 02H
dK;; = %d(gj + hai1 K1) + W d(m; + hai1 K1 2),
2 0%H
dK; 5 = e d(g; + ha1 K1) — 900p d(mj + ha11 K1 2),

and plugging this into (5.10) gives the desired cancellation, because of d(g;+ha11K1,1)Ad(0j+hai1K1,1) =
0, and d(m; + ha11K12) A d(m; + ha11 K1 2) =0, and also du A dv+ dv A du = 0, for arbitrary terms u
and v.

Lemma 5.13. The implicit Runge Kutta method (5.7) with a1; = 1/2 and by = 1 (commonly called
Tmplicit Midpoint method) is symplectic and consistent of order two.

Proof. Only the consistency is not yet proved, and this is a wonderful exercise in Taylor expansions. O
Remark 5.14. Another symplectic scheme is the Symplectic Euler scheme:

0H oH
0j+1 :Qj+h87p(9jv7rj+1), 7rj+1:7Tj*h67q(Qja7rj)

valid if the Hamiltonian splits into kinetic and potential energy in the sense of H(q,p) = T(p) + V(q).

Concerning the energy conversation, GE and MARSDEN have shown (1988) that, in the general case, a
symplectic method can not conserve both the symplectic form and the Hamiltonian. However, typically
one can find another Hamiltonian Hj,, with H — Hj, = O(h), such that the symplectic scheme preserves
Hj, (except for exponentially small errors), over periods of length O(h~!). This is much better than the
standard Runge Kutta methods.



Chapter 6

Boundary Value Problems and
Eigenvalues

Young Irving Joshua Bush, who later took the name of Matrix. .. grew up a
devout believer in the biblical prophecies of his parents’ faith, and owing to a
natural bent in mathematics, was particularly intrigued by the numerical
aspects of those prophecies. At the age of seven he surprised his father by
pointing out that there was 1 God, 2 testaments, 3 persons in the Trinity,

4 Gospels, 5 books of Moses, 6 days of creation, and 7 gifts of the Holy Spirit.
“What about 8?” his father had asked.

“It is the holiest number of all,” the boy replied, “The other numbers with
holes are 0, 6, and 9, and sometimes 4, but 8 has two holes, therefore it is the
holiest.”

Martin Gardner !

6.1 Introduction

Consider a vibrating string? of length L. The elongation at position x shall be called u(t, ), and of course
the string is fixed at the end points. Then the differential equation is

g (t, ) — Cuge(t,z) =0, O<z<L, 0<t<oo,
u(t,0) =wu(t,L) =0, 0<t< oo, (6.1)
(0, z) = up(x), ut(0,2) = uq (), xz € (0,L),

with ¢ as the sound speed on the string, uy as the initial elongation, and w; as the initial velocity.

This is a hard problem, but we wish to find at least some solutions, and make the ansatz u(t, z) = a(t)v(x),
which brings us to

= = const. = —),

because the left side does not depend on ¢, and therefore the right side can not depend on ¢.

Then we obtain an ODE for v:
v(x) + M(z) =0, =ze€(0,L), v(0) = v(L) = 0. (6.2)

This is a second order differential equation together with an additional condition, with the following
differences to what we have studied so far:

L The Magic Numbers of Dr. Matriz, New York: Prometheus, 1985, p.4.
2Qaite

85
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e we do not have prescribed initial values of v(0) and v’(0), but prescribed boundary values v(0)
and v(L). Therefore this problem is called a boundary value problem? in contrast to initial value
problems®.

e there is an unknown parameter A\, which has not been determined yet. We have always the zero
function v = 0 as a solution to (6.2), but this function is boring. We will learn that interesting
solutions v (which are defined to be not the zero function) exist only for special values of .

This theory which we will develop now has many similarities to the theory of eigenvalues and eigenvectors
of a matrix A € C™*™ known from the second semester.

Now we discuss (6.2) in a more general setting: the function v and the parameter A\ may take complex
values. Our goal is to find all non-trivial solutions v. This means v(z) # 0 at least for some z, which we
write as v Z 0.

Step 1: A must be real and non-negative: to show this, we introduce the scalar product

L

(v, W) r200,1) = /70 v(z)w(x) dz.
Then we have
L [
AMv, )20y = A . v(z)v(x)de

= (v, U/>L2(07L) )

which implies A = (o0 > Note that the division is possible because of v # 0. Now (v',v’) € R>q

(v,v)

and (v,v) € R>( by definition of the scalar product, hence A € Rxg.

Step 2: A can not be zero: assume \ were zero, then (v’,v') = 0, hence v' = 0, implying v = const.,
bringing us to v = 0 due to the boundary condition. Contradiction.

Step 3: )\ is positive: this can happen sometimes, and we discuss an explicit construction of the solu-
tion. All solutions to v”(z) + Av(xz) = 0 with positive A are given as

v(x) = ¢1 cos (ﬁx) + c9sin (\[\a:) , c1,co € C,

and the boundary condition v(0) = 0, v(L) = 0 give first ¢; = 0, and then ¢y sin(v/AL) = 0, which
has a non-trivial solution ¢y # 0 if and only if VAL € 7N, or
m2k?

)\:?, k:1,273,....

From this discussion we learn that introducing function vector spaces of I? type with appropriate choice
of scalar product, together with partial integration, can give us some insights with little effort.

To get an overview, we compare linear initial value problems ® and linear boundary value problems:

3Randwertproblem
4 Anfangswertprobleme
5lineare Anfangswertprobleme
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linear IVP

linear BVP

We look for functions y = y(¢) (scalar or vec-
torial) with ¢ often being the time variable.

We look for functions y = y(t) (scalar or vec-
torial) with ¢ often being the space variable.

Scalar IVPs for a higher order equation can be

transformed into a first order system.

Scalar BVPs for a higher order equation can
be transformed into a first order system.

IVPs to first order systems are always

uniquely solvable (Theorem 1.8).

BVPs to first order systems are often uniquely
solvable, but they can also be unsolvable (Ex-
ample 6.2), or there can be more than one so-
lution (the string example from above).

You have an almost complete understanding
of the behaviour of solutions if you have found

the Fundamental Solution X.

You have an almost complete understanding
of the behaviour of solutions (in the case
of unique solvability) if you have found the
Green’s Function G (Proposition 6.3).

The function vector space I?([a,b] — Cm)
with its scalar product

n b _
Py = 3 | S0

gives a deeper understanding of the BVP, even
more so when you play with partial integra-
tion.

6.2 Solutions to First Order BVPs

We consider the boundary value problem to a vector-valued function y,

y'(t) = F(t)y(t) + g(t),
Ay(a) + By(b) = c,

a<t<b,

where F' € C([a,b] — C"*"), g € C([a,b] — C™), and A, B € C"*", ¢ € C"-
From (3.10) we know that a solution y = y(t) to ¥/(¢) = F(t)y(t) + ¢g(t) must satisfy

t
(t) = X(talyla) + [ X(t,9)g()ds
with X as fundamental solution

8tX(t7t0) = F(t)X(t7t0)7

X (to, to) =1,

t,to € R.

Proposition 6.1. The following statements are equivalent:

1. the BVP (6.3) is uniquely solvable for any g € C([a,b] — C™) and any c € C",

2. the characteristic matrix
Cx :=A+ BX(ba)
is invertible,

3. the homogeneous BVP

possesses only the trivial solution.

Ay(a) + By(b) =0

87
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Proof. The boundary condition Ay(a) + By(b) = ¢ is equivalent to
b
c= Ay(o)+ B X0.aly(a)+ [ X(.s)g(s)ds

b
—Cxy(@ + B [ X(0.)g(s)ds,

b
Cxyla) =c— B/, X (b, s)g(s)ds. (6.4)

(1) = (3): This is obvious since (3) is a special case of (1).

(3) = (2): We wish to show that ker Cx = {0}. Let y, be an element of ker Cx. Define a function
y = y(t) by y(t) = X(t,a)y,. Then y solves y'(t) = F(t)y(t) and Ay(a) + By(b) = 0, by (6.4).
However, by the assumption of (3), y must be the zero function. In particular, y must take the value
zero at t = a. Hence 0 = y(a) = y,. Therefore ker Cx = {0}, as desired.

(2) = (1): The function g and the vector ¢ are given, then there is exactly one vector y(a) € C™ that
satisfies (6.4). Then y(t) = X(¢,a)y(a) + fat X(t,8)g(s)ds solves (6.3). And (6.3) can not have
another solution z = z(t), because then also z(a) solves (6.4), hence Cx (y(a) — z(a)) = 0, which
gives us y(a) — z(a) = 0 by invertibility of Cx. But then z(t) = y(¢) for all .

O
Example 6.2. Show that the BVP
y(t) = (_01 é) (), o0<t<m

(6 o)uo+(] 0)um=()
s unsolvable.
Next we discuss a BVP with homogeneous boundary condition:

{ y'(t) =Ftyt) +9(t), a<t<b, (65)

Ay(a) + By(b) = 0.

Proposition 6.3. Suppose that Cx is invertible. Then there is at least one matriz-valued function
G =G(t,s): [a,b] X [a,b] — C™*",
called Green’s function® with the following properties:

1. G is continuous on the triangle {(t,s): a < t < s < b}, and G is continuous on the triangle
{(t,s): a < s <t<b},

2. on the diagonal of (a,b) x (a,b), G jumps:

Gt+0,t)—Gt—0,6)=1I,,  a<t<b,
3. for each g € C([a,b] — C™), the function y = y(t) given by

b
y(t) = / Gt 9)g(s)ds

is the unique solution to (6.5).

6 GEORGE GREEN, 1793-1841, attended school for one year, was the first to present a mathematical theory of electricity
and magnetism
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Definition 6.4 (Green’s Function). Every function G with these three properties is called Green’s
function or Green’s matrix.

Proof. By Proposition 6.1, the unique solution y exists and is given by

/ X(t,s)g(s)ds + X(t,a)y(a),

Cxyla :—B/ X(b,s)g

which brings us to

/ X(t,s)g(s)ds + X (t,a)C < / X(b,s)g d)

b
/ X(t,s)g(s)ds —l—/ (—X(t,a)C;(lBX(b, 5)) g(s) ds,
and now it remains to choose

Gl s) X(t,s) — X(t,a)Ox"BX(b,s) :a<s<t<b,
?5 = —
0— X(t,a)Cx'BX(b,s) ca<t<s<b

The jump relation (2) is now easily seen from X (¢,t) = I,,. O

The formulae for G in both triangles look quite different, which is unaesthetic, because the times a and b
should have equal rights. From

I, =Cy'Cx = C'(A+ BX(b,a)) = Cx' A+ Cx'BX (b, a) (6.6)
we conclude that

X(t,s) — X(t,a)Cx'BX (b, s) = X(t,a)X(a,s) — X(t,a)Cx' BX(b,a)X (a, s)
= X(t.a) (I, — Cx'BX(b,a)) X(a, s)
= X(t,a)Cx'AX(a,s),

which gives us the more symmetric formula

Gt ) X(t,a)Cx'AX(a,s) ra<s<t<b,
S) =
’ ~X(t,a)Cx'BX(b,s) :a<t<s<b

Lemma 6.5. If C'x is invertible then there is exactly one Green’s function.

Proof. Suppose that G were another Green’s function. Then both G and G are continuous on the triangle
{(t,s): a <t < s < b}, and they are both continuous on the other triangle. Then the same holds for the
difference

H(t,s) = G(t,s) — G(t, s).
Moreover, H has no jump across the diagonal:
H(t+0,t) — H(t —0,t) = (G(t + 0,t) — G(t — 0,)) — (G(t + 0,t) — G(t — 0,)) = I, — I, = 0,

hence H is continuous on the square (a,b) X (a,b). We also have the representation

b b
P = / Gt 9)g(s)ds = / Gt 9)g(s)ds

for the unique solution y to (6.5), for each continuous g. Then

b
0:/ H(t,s)g(s)ds, a<t<b,
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for each continuous function g = g(s). Now choose a time t,, and choose an index I € {1,...,n}. Put
g(s) = (hll(t*, )., hin(ts,s)) " as the adjoint of the I-th row of H(t,,s). This choice gives us then

0= Z|hlk(t*75)|2d57

S= ak 1

which is possible only for h(t.) = 0 for all k, because the matrix H is continuous. Now choose an
arbitrary t,, and an arbitrary [, and repeat.

Hence G = G, contradicting our assumption. O
Lemma 6.6. Let G be a Green function. Then: for each fized s € [a,b], the function G — G(t,s) solves
0G(t,s) = F(t)G(t, s), Vi€ la,bl\ {s},
AG(a,s) + BG(b,s) =0 provided s # a, s #b.
Proof. By Lemma 6.5 and (6.7), we have
G(t,s) = X(t,a)Ps(s),

for a certain matrix function P if ¢ > s, and a certain matrix function P_ for ¢ < s. But we know that
0 X (t,a) = F(t) X (t,a).
Finally, for s € {a, b} the following calculation is valid:
AG(a, s) + BG(b s)
= A(-X(a,a)Cx'BX(b,s)) + B (X(b,a)Cx'AX(a,s))

A
- (—AC*lBX(b, a) + BX (b,a)C} ) X(a, s) ] exploit (6.6)
(—A(I, — Cx'A) + BX(b,a)Cx"A) X(a, s)
(-
(-
0.

A+ (A+ BX(b,a))Cx'A) X(a, s)
A+ CxCx A)

O

All these discussions can be generalised a bit. Instead of the fundamental matrix X, we may take any
matrix valued function Y = Y (¢) which solves Y’ (t) = A(t)Y (t), and whose values are invertible matrices.
Remember that according to Proposition 3.5 it is enough to check that det Y (¢) # 0 for one special time ¢.

Then we have Y (t) = X (¢,a)Y (a), or X (t,a) = Y (¢)Y ~1(a), which implies Cx = A+ BY (b)Y ~1(a), and
this is invertible if and only if

Cy := AY (a) + BY (b)
is invertible. We also have X (b,a) = Y (b)Y ~1(a) as well as X (a,s) = Y (a)Y ~1(s), from which we obtain

YOyt AY ()Y TH(s)  ra<s<t<b,
Gt s) = {_Y(t)o;lBY(b)Yl(s) ca<t<s<b (6.8)

Whatever matrix Y we choose here, the Green’s matrix G will always be the same. A good selection of
Y might simplify the calculations, as we will see in the next section.

6.3 Second Order Scalar BVPs

Now we will apply the results of the previous section to
u"(t) + a1 (t)u'(t) + ao(t)u(t) = f(1), a<t<b,
apu(a) + aqu'(a) = cq, (6.9)
ﬁou(b) + 51U/(b) = Cp,
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where we assume («ag, 1) # (0,0) and (8o, 51) # (0,0) to stay away from trivialities. For convenience, we
abbreviate the differential equation and the boundary conditions as

Au = f, Rou = cq, Ryu = cp. (6.10)

Here A = dd—; + a1% +ag is a differential operator. In this section we always assume that all the functions
and boundary data are real-valued. Then we can omit the conjugation in the scalar products.

To obtain a first order system, we set

and then we find

VO= () —ari) 1O+ (1) = FOW0) + a0
)+ 80 = (9 W)u@+ (5 5 )u

compare (6.3). If u; and ug are two linearly independent solutions to Au = 0, then we define their Wronski
matrix Y and their Wronski determinant W as

_ (m(t)  ua(d) _
Y(t)(u,l(t) u’z(t))’ W (t) = det Y (1),

and we know that W (t) is never zero.

The matrix Cy, whose invertibility determines the solvability of (6.9), is

Cy = AY (a) + BY (b) = (0‘0“1(“) +agui(a)  aouz(a) +041U’2(a)> _ (Rau1 Rauz) '

Boui (b) + pruf (b) Boua(b) + Brus(b) Ryuy Ryus

Lemma 6.7. The problem (6.9) is uniquely solvable for all f, c,, cp if and only if det Cy # 0. This
property does not depend on the choice of the Wronski matriz Y .

There is nothing wrong with this approach, but it has some drawbacks:

e the Wronski determinant W (¢) is not easy to compute or understand,

e from the introduction we know that scalar products and partial integrations can be helpful in
understanding what is going on. However, in our case we have

(Au, v) = /t i (w(t) + an (09 (6) + o (t)u) ) o(t)

b
/t ~ult)- (U"(t) —(ar()v(®)) + ao(t)v(t)) dt + (boundary terms),

and the big parenthesis” in the last line looks quite different from Av.

e if we intend to compute G(t,s) from (6.8), we have to multiply five matrices, and two of them are
the inverses of other matrices. This is an exercise which most people with a sense for beauty prefer
to avoid.

In the following we assume that (6.9) is uniquely solvable, because otherwise there is not much we can do.

We should refine our approach a bit. Define

pit) = e | _ r(s)ds)

"Klammer ()
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and observe that p/(t) = p(t)a;(t). This function p is never zero, and multiplying with a non-zero function
never gives trouble:

p()u"(t) + p(t)ar (H)u(t) + p(t)ao(t)u(t) = p(t)f(?),

but this is nothing else than

(p(0)' () + plt)ao(t)u(t) = p(1) 1 1)

We fix m := pay and define a new differential operator L:

Lu-—i iu + mu
“a\Pa ’

and then we have to solve
Lu = pf, R,u = cg, Ryu = ¢.

By a simple shift in the unknown function u, we may suppose ¢, = ¢, = 0.

Concerning the question for the Wronski determinant W(t), a quick calculation persuades us of the
Lagrange identity

d v w
vLw — wLv = U (p det (v' w’)) , (6.11)

valid for all functions v and w (they need not be solutions of whatever equation). Choosing v = u; and
w = ug, we then get

p(t)W(t) = const., a <t <b,

in particular p(t)W (t) = p(a)W (a). Note that p(a) = 1.

Concerning the question about the partial integrations, we remark that
(Lv,w) = (v, Lw) + (boundary terms),

for all functions v and w. This looks good.

And now we compute the Green’s matrix. To this end and for reasons of computational beauty, we take
carefully selected solutions u; and us: let uy be a solution with

Au1 = 0, Raul = 0, Rbul 75 O7 (612)
and let us be a solution with
AUQ = O, RQUQ 7’5 07 RbU,Q =0. (613)

Such functions vy and us do exist, because of our assumption that (6.9) be uniquely solvable for all f and
c. Then we find

Cy — Raul Ra’U,Q . 0 RQUQ Cfl_ 1 0 —RaUQ
Y 7\ Ryuy Ryuy ) \ Rpuq 0o )’ Y7 det Cy \—Rpuq 0 '

Exercise: Recall the formula for the inverse of a 2 X 2 matriz.

We also have

'
=
&

I

PR
o8
o8

~
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from which we gain

-1 . 1 0 —Rau2 0 RaUQ o 0 0
@ =g a0 0 %)= 1)
ety = (5 ).

and now (6.8) turns into

Y (t) (0 O) Y7l(s) :a<s<t<b,

Before we simplify this further, note that this G gives us the solution y to the first order system 3/ () =
F(t)y(t) + g(t) via y(t fs . G(t,5)g(s)ds. But in our case,

o= (10) . 9= (50)-

and we are mainly interested in u which is the first component of y. Hence

b
:/: Gia(t,s)f(s)ds,

and the other three entries of G are of limited interest only. The inverse Y ~!(s) is found via

o= ) e Gl ) -we ().

The final result then is

wul) <

<
W (s T
G12(ta3):{u1(t)5‘2)(5) ca<t<s

<b,
; (6.14)
W (s) = —= b

and W (s) can be computed via W(s) = (a)(‘f)(a) ul(a)ué(ag@?(a)ull(s).

We summarise:

Theorem 6.8. Let ag, a1 € C([a,b] — R) be given. Put p(t) = exp(j::a a1(s)ds), and define A, R,, Ry
as in (6.10). Suppose that the fully homogeneous problem (6.9) with f =0, ¢y = ¢, = 0 has only the zero
solution. Define uy, ug by (6.12), (6.13), and G12 by (6.14).

Then the unique solution u to the half-homogeneous problem (6.9) with ¢, = ¢, = 0 is given by
b
= / Gia(t, s)f(s)ds, a<t<hb,

for each continuous function f. The Green function Gia (given in (6.14)) is continuous on [a,b] x [a,b].
The term W = uyub —uguy in (6.14) is the Wronskian of (uy,us). The functiont — p(t)W (t) is constant.
The first derivative with respect to t jumps with height one:

M Gra(t +0,t) — 01G12(t — 0,t) = 1, a<t<b.

For fized s, and t # s, G12 solves the ODE AG12(+,s) = 0 with respect to the variable t.
For fized s & {a,b}, G12(-, s) solves the boundary conditions R,G12(-, ) = 0 and RpG12(-,s) = 0.

We can also consider the BVP
Lu(t) = f(t), a<t<b,
R,u=0, Ryu=0,

Lu=3 () ¢
T\ P ) T
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with p € C([a,b] — R) taking only positive values on [a,b], and m continuous on [a, b]. All coefficients
are real-valued.

Then the (by assumption unique) solution u is given by

b
u(t) = /: G12(t, s) f(s) ds,

and now G4 is written as
w®uls) o<t <p
Gt - {EUEE 1TSS
p@W(@ *=t=9=0

with G2 continuous on the square [a, b] X [a, b], but 0;G12 has a jump of height 1/p(¢) across the diagonal.

We conclude this section with a small result on the zeros of solution to the homogeneous problem.

Proposition 6.9. Let u; and us be two linearly independent solutions to Lu = 0. Ift, and t, > t, are
two consecutive® zeros of ui, then us must have a zero between t, and ty.

Proof. The Wronski determinant W (t) = uq (t)ub(t) — ua(t)u] (¢) is never zero, and it has no jumps. Hence
W always has the same sign.

Then we have
W(ty) =0 — uz(ty)u](ts), W (ty) = 0 — ug(tp)uf (tp).

Because t, and t;, are two consecutive zeros of uy, the derivatives u}(t,) and u}(t;) must have different
sign. On the other hand, W (t,) and W (¢,) must have the same sign. This is only possible of uz(%,) and
us(tp) have different sign. O

6.4 Playing in Hilbert Spaces

Definition 6.10 (Hilbert Space). A wvector space H over the field C is called a Hilbert space if it has
a scalar product

(v )gc s HxH = C,

which generates a norm via ||[v||4 = \/(v,v) 4, under which H is a complete normed space (each Cauchy
sequence in H converges in H).

We start with an example.

Ground space: H = C" with the scalar product (v,w) := Z?:l V5.
Linear operator A: z — Az with A € C"*"
Domain of A ?: D(A) contains all z € 3 for which Az makes sense (Az € H). Hence D(A) = H = C".

Adjoint operator A* and its domain: the vector space D(A*) contains all w € H for which A*w
makes sense, and such that

(Az,w)q = (2, A"w) 4, YV z € D(A), YV w e D(A").
In our case, D(A*) = H and A* = AT.

Self-adjoint operator: A is self-adjoint if A = A* and D(A) = D(A*).

8aufeinanderfolgend
9Definitionsbereich von A
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Eigenvalues of self-adjoint A: if Az = Az with z # 0, then
Mz, 2)ge = oo = Xz, 2) g
hence A € R (fill in the gap yourself).

Eigenvectors to different eigenvalues for self-adjoint A: if Az = Az and Aw = pw with A\ # pu
then (z,w)4 = 0 because of

Mzaw)ge = ... = p(z,w)q

Spectral theorem: if A is self-adjoint, then an ONB (ug,...,u,) can be selected from the eigenvectors
of A (the proof is a bit harder than the previous two). If u1 < pg < -+ < p, are the distinct
eigenvalues of A € C™*™ (with m < n), and P; is the orthogonal projector of H onto ker(A — p;I)
(the eigenspace to the eigenvalue pi;), then

I:ZPj’ A:ZM]PJ
j=1 j=1
The first equation means that the eigenvectors span H, or

H =ker(A— 1 I) dker(A — poI) @ ... D ker(A — pm ).

The second equation means that, on the eigenspace ker(A — p;I), A acts as a multiplication by p;.

Next we consider boundary value problems (sometimes called STURM!’~L10UVILLE BVPs):

Au = du, a<t<b,
Rau=0, Ryu=0,

d? d
A= ag(t)@ + al(t)a,

and we assume that as and a; are continuous and R—valued, and as is strictly positive. Note that the
differential equation Au = Au can be equivalently rewritten as

1
Lu = \qu, —Lu = \u,
q

The functions p and ¢ are assumed to be strictly positive on the finite interval [a,b]. The differences
to (6.9) are: as is present (for greater generality), ag is dropped (for ease of notation), and w can be
C-—valued.

Ground space: H contains all functions u: [a,b] — C with

b
/t () Pq(t) d < oo,

=a

and H is equipped with the scalar product

b
(k= [ ottt at.

=a

10 JacQuEs CHARLES FRANCOIS STURM, 18031855
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Linear operator: the most interesting linear operator is A = %L.

Domain of A: D(A) contains all functions u € H for which Au makes sense (this means Au € H), and
for which additionally R,u = 0 and Ryu = 0. In our situation D(A) € H, and typically the elements
u of D(A) satisty agu” € H, which means that the elements of D(A) are smoother than those of .

Adjoint operator A* and its domain: D(A*) contains all w € H for which A*w € H and additionally
(Av, w)ge = (v, A"w) 4, YW e D(A), Yw € D(A™).

By the Lagrange identity (6.11), we have

b b

b _
- d w v

Lv @dt:/ vadt—i—/ (pdet ( )> dt
( ) t=a t=a dt (G vl

b w ) b
= <'U, A/LU>9_( +pdet <u)/ />

v

<Av7wm=/tb 1(Lv)Eth:/

=a 4 t=a

b — _
1 w v
—/t v-ng-th—i-pdet (w’ v’)

=a

t=a t=a

Now we have to make sure that the boundary term pdet(...)|’_, is zero. We know already that
R,v =0 and Ryv = 0, because of the assumption v € D(A). The boundary conditions Riw = 0 and
Rjw = 0 for the operator A* have to be designed in such a way that this boundary term vanishes.

Self-adjoint operators: we define that the operator A is self-adjoint if A = A* and D(A) = D(A*).

Eigenvalues of self-adjoint A: if Au = Au with v € D(A) = D(A*) and u # 0 then
Muyu)ge = ... = Au,u)q

hence A € R. From now on, we assume that all functions are real-valued, and then the conjugation
bars in the integrals can be omitted.

Eigenfunctions to different eigenvalues: if Au = Au and Av = pv with A # p, then (u,v), = 0
because of

A, v)ge = oo = (U, v) g -

Eigenfunctions to the same eigenvalue: if Au = Au and Av = Av, then u, v are linearly dependent.
This means that each eigenvalue of A has multiplicity one. The reason is this: we know
Ryu=0 = agu(a) + agu'(a) = 0,
Row=0 = agv(a) + ayv’(a) =0,

which can be reformulated as

u(a)  w(a)\ (a0 _ (0
v(a) v'(a)) \ar)  \0)’
but (ag, 1) # (0,0), by assumption. Therefore W (a) = 0, with W as Wronski determinant of (u, v).

Spectral theorem: if A is a Sturm—Liouville operator, then it has eigenvalues A\; > Ay > ... which
approach —oo, and the associated eigenfunctions wuj, us,...(scaled to norm one) form an ONB of
H: for each f € H, there are unique numbers 71, ¥2,... € C such that

o0

2
F="yug 5 =D hal*
j=1

Jj=1

The coefficients y; can be found via v; = (f, u;) 4.
Unfortunately, the proof is beyond our reach, see §37-840 of [13] for details.
The projector P; of 3 onto ker(A — \;I) = span(u;) is given by

Pig = (g, u;) 5 uj-
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Then we have

o0

I=)_P (valid when applied to functions from %), (6.15)
j=1

A= Z A Pj (valid when applied to functions from D(A)). (6.16)
j=1

As a concrete example, we take as = 1 and a; =0, giving us p=¢q = 1:

d2

u(0) =0, u(m) = 0.
We have 3 = I?((0, 7)) with the scalar product

(v,w)q; = /:O v(t)w(t) dt.

The operator is L = A = :2, and its domain D(A) = D(L) consists of all those functions v € H with
v" € H =I?((0,m)) and v(0) = v(7) = 0. Now we determine D(A*). A function w € H belongs to D(A*)
if w” € H and

w v
det (w’ v’)

provided that v € D(A). Since nothing is known about the values of v’ on the boundary, we need
w(0) = w(m) = 0. These are the same boundary conditions as for v, and therefore D(A) = D(A*),
A = A*, which makes A self-adjoint.

The spectral theorem says that the eigenfunctions of L form an ONB of J{. These eigenfunctions are

T
=0
t=0

in(jt
Uj(t):%, j=1,2,..., (6.17)
||51ﬂ(3')||L2((o,7r))

and the associated eigenvalues are \; = — 32,

Equation (6.15) says that each function f € 3 = I?((0,7)) can be expanded like this:

— [y f(t)sin(jt) dt
t) = 7 sin(jt), :
(t) j=1% sin(jt) V= ft: (o) i

As a second example, we take again p = ¢ = 1, but now other boundary conditions:

\ /\

0
u'(m) =
We have again H = I[?((0,7)) with the same scalar product. The domain D(A) of A consists of those
functions v € H with v” € I?((0,7)) and v'(0) = v'(7r) = 0. By a similar computation as in the previous

example, we find D(A*) = D(A) and A = A*. Therefore, A is self-adjoint, and its eigenfunctions are the
elements of an ONB of H. These eigenfunctions are

it
uj(t):c,os—(]), j=0,1,2..., (6.18)
||COS(J')HL2((0,W))
and the associated eigenvalues are \; = — j2. Be careful: now j starts at zero instead of one.

According to (6.15), each function f € H = I?((0,7)) can be expanded like this:

. | I ) cos(jt) dt
b= Z%‘ cos(jt), Vi = tf:i cosQ(Jt) dt -
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6.5 Orthogonal Polynomials

e now we will consider special BVPs of “almost—Sturm—Liouville” type,

the eigenfunctions of these BVPs are polynomials, which form an orthogonal family with respect to
a certain scalar product,

these polynomials give rise to an orthogonal basis of the ground space,

and (of course !) we will find numerous applications in physics.

Take an interval (a,b) C R. This interval might be of infinite length (recall that the intervals of traditional
Sturm-Liouville BVPs are always bounded).

Choose a weight function'! ¢ = ¢(t), which is real valued and positive on (a,b). On the end-points of the
interval, p and ¢ might take the value zero, and ¢ might have a pole (this is prohibited for traditional
Sturm-Liouville BVPs).

Consider the vector space H of all functions u: (a,b) — R with

/b u?(t)q(t) dt < oo.

=a

We equip this space with the scalar product

b
(U, v) g = /t: u(t)v(t)g(t) dt.

We wish that each polynomial u is a member of . Therefore, if (a,b) is an unbounded interval, the

weight function ¢ must decay fast for ¢ going to infinity; otherwise the integral ftb:a u?(t)q(t) dt will not
be finite.

We start with the infinite family (¢°,#%,¢2,...) of polynomials. These are linearly independent.

The GRAM—SCHMIDT procedure then gives us a family of polynomials (pg,p1,...) with

(P> Pr)ge =0 if j #k,

and each p; has degree j. We do not care whether these p; have norm equal to one or not.

Each polynomial () can be written as a linear combination of the p;, and this linear combination involves
only a finite number of the p;.

It is unclear whether the family (po,p1,...) is an orthogonal basis of H, because it might happen that
these p; span only a smaller sub-space of J(, but not the full . The next lemma tells us that we are
lucky if (a,b) is an interval of finite length.

Lemma 6.11. If (a,b) is a bounded interval, then (po,p1,...) is a complete orthogonal system in J.

Sketch of proof. Assume the opposite. Then span(pg,p1,...) & H, where span(po,p1,...) is the set of
all the linear combinations of the p; (where each linear combination contains only a finite number of

summands). And the over-line means that we take the topological closure!?: we add all the cluster
points'? of the set to it.

Then there is an element of H which is not in V' := span(pg, p1,...). This element can be decomposed
into a part parallel to V, and a part orthogonal to V' (here we need that V is a closed set). Call the
orthogonal part f. Clearly f # 0.

Then (f,p;)q = 0 for each polynomial p; from the orthogonal system. We assume that f is continuous
(this is the part where our proof has a gap. See [14] for how to close it).

1 Gewichtsfunktion
12topologischer Abschlu
13HAufungspunkte
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We recall the WEIERSTRASS approximation theorem from the second semester: if f is a continuous function
on the bounded interval [a, b], then, for each positive e, we find a polynomial Q. which approximates f
up to a uniform error of size e:

f(H) = QD] <&, Vite]ab].

At this point we need that [a, b] is bounded. This Q. can be written as a finite linear combination of the
pj. Therefore,

(f,Qc)g = 0.

Then we can conclude that
b b

0<<f7f>f}{:<fvf_Q€>f}{§/ \f(t)l-\f(t)—Qs(t)|~Q(t)dt<€/ |F@®)] - ¢(t) dt.

t=a t=a

Now send ¢ to zero to obtain a contradiction. O

Our approach is now coming from the other side: first we invent a family of polynomials (pg, p1, ... ), and
then we determine their differential equation.

Mysteriously, this approach leads to results applicable in physics. Just enjoy the show.
Take (a,b) = (—1,1) as the interval.
The scalar product of the space I is (u,v)q = ft1:_1 u(t)v(t)q(t) dt. Set, forn=0,1,2,...,

1 d n

pnlt) = o (aya =), =1-2

Formulae of this kind are known as RODRIGUES’ FORMULA .

Lemma 6.12. This function p,, is H-perpendicular to each polynomial of degree < n.

Proof. We check by n—fold partial integration that

1

1 n
d
(b= [ tmata@ae= [ A (a0 - ) de =0,
t=—1 t=—1 dt"
for 1 =0,1,2,...,n — 1. Boundary terms never appear because of (t) = 0 for t = +1. O

Next we try to find ¢ such that each p, is indeed a polynomial of degree n. Start with n = 1. Then

nit) = IO -8 =2t + Zlétt))

for some 7g, 71 € R, and this can be solved, giving us (after some time)

1 !
(1—=¢%) =7 +mt,

qt) =1 - +t)°,  a>-1, B>-1,
with «, § depending on 7y, 1 somehow. We can check that then also the other functions ps, p3, ... are
polynomials of the correct degree.
For a = 8 =0, we get, after an additional normalisation step,
(=1 4"
2nn!  dtm

P.(t) := (1—tH)",

the LEGENDRE'® polynomials. The weight function is ¢ = 1, and P,, = %pn. The purpose of the

additional factor is P, (1) = 1.

For a = 8 = —1/2, we get, again with an additional normalisation step,
—1)m2n da"
T.(t) = ((220'(1 - t2)1/2@ ((1 - t2)”*1/2) = cos(n arccost), -1<t<1,

14 BENJAMIN OLINDE RODRIGUES, 1795-1851, french banker, mathematician, social reformer
15 ADRIEN-MARIE LEGENDRE, 1752-1833
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the CHEBYSHEV 'S polynomials. The weight function is ¢(t) = (1 —t2)~'/2, and T, = %pm
General a, 8 would bring us the JACOBI'” polynomials P%# by the way.
Let us write the formula for p,, as
14"
pnzgﬁ(qrn)’ ’I“(t):l—tQ, n=0,1,2,....

Now we will guess the differential equation for p,,. We know already from Section 6.4 that a differential
operator

1. 1d/ d
L= .
q th(pdt )

could be useful, with an unknown function p = p(t). In any case, we then have

1 1 roq
—Lpp = - (pp;) = —(p'p,, + poyy),
q q q

and now it seems reasonable to try p = gr. The advantage of this choice is that p’ = (qr)’ = ¢p1 is a
known function. Then we have

1 1
6Lpn = 6(6]}?1292 + qrpi{) = 7D}, + P1P),,

and this is a polynomial of degree n, because r has degree 1, p!’ has degree n — 2, and p; has degree 1, p,

has degree n — 1. Hence we can decompose (remember that (pg, p1,...) is an orthogonal basis of H):
1 Z”: <%mepj>%
—Lp, = a;ip;, Qj = —————, j=0,1,...,n.
I ! (D 0s) g

The coefficients a; are not yet known. However, with zeroes as markers for vanishing boundary terms,

1 b b
<Lpn,pj> = / (ppy,) pjdt = / (rqp,)'p; dt ‘ observe r(a) = r(b) = 0
q H t=a t=a
b b
=0- / rqp,p; dt = —/ Py (rqp}) dt ‘ observe r(a) =r(b) =0
t=a t=a
b b 1
=0 +/ pn(rqp})’ dt :/ (pp’;)'pn dt = <ij,pn> ,
t=a t=a q H

and this must be zero for j < n because %ij is a polynomial of degree j, which is smaller than n, and
Lemma 6.12 can be applied.

This gives us
1
~Lpn = anpn,
q
with some unknown number «,,. To determine «,, we spell out the differential equation:
1 d d 1 4"
—— g1 =)= [ ——=—= (¢()(@ =t}
a(t) dt (q( = (q(t) ae (100 =) )>>
= ap—=—— (q(t)(1 - £*)"),

and now the easiest (harrumph) way of finding v, is to compare the highest powers of ¢ on both sides.

After that computation, we find:

16 PApNUTY LvovicH CHEBYSHEV, 1821-1894
17 CARL GUSTAV JACOB JACOBI, 18041851
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Proposition 6.13. The Legendre polynomial P,, (n > 0) solves the BVP
{(1t2)P;{(t)2tP;(t)+n(n+1)Pn(t)—0, -1<t<1.

The differential equation can also be written as r(t)P!(t) — 2P1(t)P.,(t) + n(n + 1)P,(¢) = 0.
The Legendre Polynomials Py, Py, ... form an orthogonal family in the Hilbert space I?((—1,1); dt):

1
2

Pn Pm = nm-
/t:q (t)P(t) dt 2n+15

The Chebyshev polynomial T,, (n > 0) solves the BVP
{u—¢%zﬁ@—ﬂmuy+Mﬂ4w:0, —1<t<1.
The differential equation can also be written as r(t)T" (t) — Ty ()T, (t) + n?T,(t) = 0.

These polynomials Ty, Ty, ... form an orthogonal family in the Hilbert space I?((—1,1); (1 —t2)~1/2dt):

0 ‘n #m,
dt=qm tn=m=0,
/2 :n=m#0.

1
V1 —t2

/ : T ()T (1)

We do not need boundary conditions for P,, or T}, because the coefficient as(t) = 1 —t? = r(t) vanishes on
the boundary of the interval. Because of az(t = a) = az(t = b) = 0, these BVPs are not of Sturm—Liouville

type.

Lemma 6.14. On the space H = I?((—1,1)), the Legendre differential operator
d? d
Ap:i=(1—-t)—5 —2t—
pi= (=) qp ~ 2y
has only the eigenvalues —m(n + 1), (n € Ny), and no others.
On the space H = I?((—1,1); (1 — t2)~Y/2dt), the Chebyshev differential operator
?  d
Ap=(1—-t})— —t—
ri= =g g

has only the eigenvalues —n?, (n € Ny), and no others.

Proof. Assume Apu = Au for u # 0 and another number A. Then this function u must be H-orthogonal
to any Legendre polynomial P,. But these polynomials (Pg,P1,...) form a complete orthogonal system
in H, by Lemma 6.11. This is a contradiction. O

Take (a,b) = (0,00) as the interval.

The scalar product of the space H is (u,v)4 = [, u(t)v(t)q(t) dt, and the weight function ¢ is assumed
to decay exponentially for ¢ — oo, and all its derivatives also decay exponentially for ¢ — oco. Set, for
n=0,1,2,...,

1 4"
L (t ::——( tt"), t) =t
palt) = s (a) ()
Lemma 6.15. This function p, is H-perpendicular to each polynomial of degree < n.

Proof. We check by n—fold partial integration that

oo n

(t'pn)y, = /:; t'p, (t)q(t) dt = /t tl% (q(t)t") dt =0,

=0

for1=0,1,2,...,n — 1. Boundary terms never appear due to 7(0) = 0 and the fast decay of ¢ at co. O
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Next we try to find ¢ such that each p,, is indeed a polynomial of degree n. Take n = 1 first. Then

plt) = o (a(or) =14 L5 Lo ot

for some ~g, 71 € R. The function ¢ shall decay for ¢ — oo, hence ¢'(¢t) < 0 for large ¢, which makes
positive 1 impossible. We can also take the freedom to scale the t—variable by a positive factor (this
scaling maps the interval (0,00) onto itself). By suitable scaling, we can make sure that 43 = —1. Then
we find after some computation that

q(t) =t " a>—1,

with a depending on 7y somehow. We can check that then also the other functions ps, ps, ... are polyno-
mials of the correct degree. After an additional normalisation step, we get the LAGUERRE'® polynomials,

1 d"
Ln,a(t) — Et—aet@ (e—ttn+a) ,

with Ly, o = %pn. This normalisation makes the leading coefficient equal to (—1)™/nl.

Let us write the formula for p,, as

14"
pn:gdt”@rn)’ rit)y=t, n=0,1,2,....

And by the same computation as for the interval (a,b) = (—1,1), we find the differential operator
1 1d d
L="—|(p— . t) = q(t)r(t) = ttteet
. th(pdt) p(t) = q(t)r(t) e,

and the differential equation
1 /! /
ngn = TPp + P1Pp = OnpPn,

with some unknown number «,,, which can be determined by a lengthy calculation.

Proposition 6.16. The Laguerre polynomial L, o (n > 0) solves the BVP
{tL;;a(t) + (a4 1—1t)L], ,(t) +nLlya(t) =0, 0<t< 0.

The Laguerre Polynomials Lo, L1, ... form a complete orthogonal family in the Hilbert space

L2((0, 00); q(t) dt):

/°° F(n+a+1)
t

Lpo(t)Lipo(t)t¥e " dt =

n' 57’”” ’
0 .

with T'(z) == [, 5" 'e™* ds as the well-known Gamma function.

Take (a,b) = (—00,00) as the interval.

The scalar product of the space H is (u,v)q = [=___ u(t)v(t)q(t) dt, and the weight function g is assumed
to decay exponentially for |t| — oo, and all its derivatives also decay exponentially for |t| — oo. Set, for
n=201,2,...,

L odn
g(t) din?

o),  r(t):=1.

pn(t) =

Lemma 6.17. This function p, is H-perpendicular to each polynomial of degree < n.

18EDMOND NICOLAS LAGUERRE, 1834-1886
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Proof. We check by n—fold partial integration that <tl,pn>:}c =0,forl=0,1,2,...,n— 1. O

Next we try to find ¢ such that each p, is indeed a polynomial of degree n. Take n =1 first. Then

!
= + 7t,

for some ~g, 71 € R. The function ¢ shall decay for t — 400, which makes positive y; impossible. We can
also take the freedom to scale the t—variable by a positive factor, and to shift the t—variable by a constant.

These transformations map the interval (—oo, c0) onto itself. Then we can make sure that v = —2 and
Yo = 0, which gives us quickly

g(t) =e"".
We can check that then also the other functions ps, ps3, ... are polynomials of the correct degree.

Then we get the HERMITE'® polynomials,

n t? d" —t2

Hy (1) = (-1)"e” et
with H,, = (=1)"p,. The coefficient of the highest power is 2. Pay attention: in several books, the terms
exp(£t?) are replaced by exp(+t?/2).

By the standard calculation, we then find:

Proposition 6.18. The Hermite polynomial H,, (n > 0) solves the BVP

{Hﬁ(t) — 2tH),(t) 4+ 2nH,(t) =0,  —o0 <t < o0.
The Hermite Polynomials Hy, Hy, ... form a complete orthogonal family in the Hilbert space

I?((—00, 00); () dt):

/ Hoy () Ho ()" dt = 2°nl /w6,
t

=—0C

6.6 Applications of Orthogonal Polynomials

We begin with some considerations about electrostatics. In the three-dimensional space, introduce the
Cartesian coordinates (z,y, z) and the polar coordinates,

x = 7sinf cosy, y = rsinfsin g, z=rcosf.
Put a unit charge at position (0,0,1). This charge generates an electric field, whose potential U =
U(z,y,z) is
1 1

U , ,Z = = —
@92 = e = 00— Vi Tet

by the Cosine theorem from school. On the other hand, we have AU = 0 if we are not in the point
(0,0,1). Now the Laplace operator written in polar coordinates then gives

U(T’ 0’ S0)7

2 1 1
2 < L - > _

ORU(1,0,) + ~0.U(r.0,9) + 500 (sin0- 04U (1.0.0)) + 02U (r.0,0) = 0.
By cylindrical symmetry, U certainly does not depend on ¢, hence U = U(r, ). We transform a variable:
cosf =t e [-1,1],

dt .
U (r,0) = 0,U (r, t)@ = —sin00,U(r,t),
sin 00pU (1,0) = —sin® 00, U (r,t) = —(1 — t*)0,U (1, 1),

19 CHARLES HERMITE, 1822-1901. The Hermite polynomials had been found by Chebyshev a few years earlier.
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and then the Laplace equation becomes
O2U (r, 1) + 20,0 (r, 1) + iat(u ~ 22,0 (r1)) = 0.
r 9 r 9 7"2 )

Integrating the function |U(z,y, 2)|? over the small ball {(z,y, 2): 22 + y? + 2% < 1/4} should certainly
give a bounded value:

1/2
OO>/// U*(z,y,2 )dxdyd2—27r/ / Ul(r,0)*r?sin @ dr do,
24y2+22<1/4 r=0 Jo= 0

but dt = —sin#d6, hence

1/2
/ / (r,t)[*r2 dr dt < oo.
r= t=—1

And integrating |VU (x,y, 2)|? over this small ball should also give a bounded value, since VU is simply
the electric field, which brings us (after some thinking) the condition

1/2
/ / (r,t)*r? dr dt < oco.
r =—1

Since a complete orthogonal system in I?((—1,1)) is given by the Legendre polynomials, we can decom-
pose U(r,-) for each :

_Sewn
n=0

with some unknown functions R,,. By orthogonality of the P,,, we have

1/2 - 00 9 1/2 -
t) drdt = N dr,
oo>/T /771 (r,t)|*r*dr 202”+1/r—0 | Ry, (r)|*r* dr

o0

1/2 9 1/2
H)*r* drdt = (r)[r? dr.
oo>/T /:_1 (r,t)]r=dr 2_:02n+l/r_0 |R;, (r)|“r= dr

We write the differential equation as

at((1 —2)9,U(r, t)) = 2 <8§U(r, £) + %@U(n t)) ,

and plugging the orthogonal series into both sides then gives
—Z (n+1)P ZP (2R” )+27’R;1(r)>7
n=0

and by the linear independence of the Legendre functions, we then deduce that
2RI (r) 4+ 2rR.,(r) = n(n + 1) R, (r),

which has the general solution

C2n
rn—i—l :

R,(r) =cinr™ +

If ¢z, # 0, then R, has a pole at r = 0, which violates the above boundedness condition on the integral
of |R!|?. This brings us the identity

¢1.nPn(cosO)r
\/1—2r6059+r2 Z b

and the c; ,, are not yet known. Set § = 0 on both sides:

1 00
— = ch,npn(l)r"
" n=0

We know P, (1) =1 for all n, and then the formula for the geometric series gives us ¢, = 1 for all n.
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Theorem 6.19 (Generating Functions). ?° The Legendre polynomials P,, satisfy

P “1<t<1, 0<r<1/2
\/172rt+r2 Z - /

The Chebyshev polynomials T,, satisfy

1—1r 2
— T 11=2% Ty “1<t<1 1.
1—2rt+r2+ 7;) <t<l, <

The Laguerre polynomials Ly, o satisfy

1— —a—1
(= ewp (-7

) ZL”O‘ )™, 0<t<oo, |r|<l.

The Hermite polynomials H, satisfy

o0
1
exp2trfr g — —oo < t,r < 00.
n

Many important properties of orthogonal polynomials can be proved using such generating functions. As
an example, the generating function U(r,t) = (1 — 2rt + 72)~1/2 of the Legendre polynomials solves the
differential equation

(1 —2rt 4+ r3)0,U(r,t) + (r — t)U(r,t) = 0,

and plugging the power series Y-, P, (¢)r" into this equation, and equating corresponding powers of r
then gives us the important recursion formula

(TL + 1)Pn+1 (t) - (271 + l)tPn(t> + nPn—l(t) =0,

which permits us to find formulae for P,, with n large, avoiding the Rodrigues formula which quickly
becomes inconvenient for larger n.

The next application comes from quantum mechanics. The momentum operator p is quantised as
p= ?V, and then the Hamiltonian H turns into

p2 h2

The stationary (time independent) Schrédinger equation reads Hiy = E1), with the real number E as the
energy level, and 1) = v(x) as the wave function, whose square |¢)(x)|? describes the probability density
to find the particle at the position = € R%. Clearly,

/ ()2 de = 1,
reR4

because the particle must be somewhere.

Now we simplify: z € R, V(2) = 22, h%/2m = 1, and obtain the problem

( dd—z—i-x )w(a:)zEw(x), —00 <& < o0

The boundary conditions on 9 are contained implicitly in the restriction ¢ € I?((—o0,0)), which is only
possible of ¢(z) decays for |z| — oo.

20erzeugende Funktionen
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The function v belongs to the non-weighted space I?((—o0,c0)) if and only if the function u = u(z) =
exp(2?/2)y(x) belongs to the weighted space I*((—oc, 00), exp(—a?) dz), because of

/Do |¢(2)|* do = /OO exz/Qz/J(ac)‘z e~ da.

=—00 Tr=—00

Translating the differential equation for 1 into a differential equation for u, we find

2 " 2 2 2
%w(x) = (u(x)e_mZ/Q) = (2)e ™ 2+ 2/ (x) - (—2)e " 2 u(x) e 2 (2?2 — 1)

= (% — E)y(z) = (2® — B)e™?u(x),
and then the problem for u becomes
u”’(z) — 2zu’ (z) + (E — 1)u(z) = 0, —00 <z < 00,
{ u € I*((—00,00), exp(—2?) dz).

From the theory of Hermite polynomials we know that this problem has a non-zero solution w if and only
if £ —1 = 2n for some n € Ny, and then w is given by

u(z) = cHp(z),
with ¢ # 0 as a constant and H,, as the Hermite polynomial.

As a summary: only certain energy levels E,, = 2n + 1 with n € Ny are admissible for a quantum
mechanical particle in the harmonic oscillator potential. In particular, the lowest energy (corresponding
to n = 0) is not at the bottom of the potential V, in difference to the classical mechanics.

And finally, we wish to understand mathematically why there are at most two electrons in the s sub-shell,
at most 6 electrons in the p sub-shell, at most 10 in the d sub-shell, and at most 14 in the f sub-shell.

Before we start, let us recall which orthogonal basises in function spaces of I? type we know: if we look
at non-weighted spaces I?((a, b)) over a finite interval, we know already

e a pure sine family (6.17),
e a pure cosine family (6.18),

e a family consisting of sine and cosine functions together (remember the theory of Fourier series from
the second semester),

e the family of Legendre polynomials,

e the family ((1 —¢2)~Y4Tp, (1 —2)~1/4Ty,...), with T} as the Chebyshev polynomial.
On the non-weighted space I?((—o0,00)), we have

e the family (e*t2/2H0(t), e*tQ/zHl(t), ...), with H; as the Hermite polynomial.
And on the half-unbounded interval (0, 00), we have a large number of basises (one for each o > —1 via
the Laguerre polynomials).

Recall that all these functions are the eigenfunctions to a self-adjoint second order differential operator.

At first glance, this does not help us so much when attacking the electrons in the atomic shells because
intervals are one-dimensional objects, but the electron shells are not.

Define S := {(x,y,2) € R3: 22 + y? + 22 = 1} and call it the unit sphere. The Laplace operator in polar
coordinates is

AU(r, 9, ¢)

1 9 1 . 1 2
r—g&, (7‘ 6TU(T,’L9,<,0)) + m&g(&ﬂﬂ&gU(r,ﬂ,@)) + mﬁwU(r,ﬂ,gp)

1
= Ar U(Ta 19’ (p) + Tig AS U(Tv 197 50)3

where A, only contains derivatives with respect to r, and Ag only contains derivatives with respect to
the angles (9, p).
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Definition 6.20 (Laplace—Beltrami operator). The operator

1
sin ¥

1
Ng = =0y (sin0dy - )+ —5—02
o v\ Pmres * sin?9 ¥
is called the Laplace-Beltrami’! operator.

This is an operator which differentiates functions which live on the unit sphere S.

In the same way as in Section 6.4, we then perform the following steps:

e call H := I*(S) the ground space,

define the domain D(Ag) as the set of all those functions v € H for which Agu € K,

prove that D(Ag) = D(Ag) and Ag = Ag,

prove that eigenfunctions of Ag to different eigenvalues are orthogonal with respect to the scalar
product in H = I?(S) (this is quite easy),

prove that the eigenfunctions of A g form a complete orthogonal system of I?(S) (this is really hard).

This orthogonal system will then be extremely helpful in understanding the behaviour of the electrons.
Therefore we need to understand how the eigenfunctions of Ag look like.

We start with Agu(9, @) = Au(d, ) for a real number A. Clearly, the function u is 2r—periodic with
respect to ¢, which makes a Fourier expansion possible:

u(9, @) = Z M0, ().
meZ
Plugging this into Au = Agu then gives us

2

. . 1 m
1mey — — — 1mey 1 —
Amzejze Om(¥) = Mu(¥, ) = Aguld,p) mEE:Ze (Sin 19319(511119319@“1(19)) Smwem(ﬁ)),
AO (D) = —— ( 0050 (ﬁ))—ﬂ@ ) t=cosd, Om(d)=:Tn(t)
m = sind 9| SIMUOyOm, sinZg ™ = COs v, m = 4m(l),
2
_ g2 __m
ATm(t)—at((l t)atTm(t)) s Tn(1),
2
(1 — )T (t) — 24T () + </\ - 1_t2> Tn(t)=0, —l<t<l,

and the side condition is that T,,, € I*((—1,1)).

Using methods from complex analysis®>® one can show that the function T}, is without poles if and only if
A=-l(l+1), l € Ny, me{-=l,-1+1,...,1—1,1},

and in such a case, the solution T, is a multiple of the associated Legendre polynomial:

(-1)™m(1 - tQ)m%Pz(t) cm >0,
T = cppin = el L
l (71) E;J—rnzg: Pl (t) :m < 0.

Therefore, we have shown that

!
u(¥, @) = Z e, P (cos 1),

m=—I

where | € Ny corresponds to A via A = —(l + 1).

Hence we have proved:

21 EuGeNIO BELTRAMI, 1835-1900
22Funktionentheorie
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Lemma 6.21. The eigenfunctions to Ag are the spherical harmonics®®

Yim (9, p) = e™PP (cos 1), 1=0,1,2,..., m=-l,—l+1,...,0—1,L
and we have Ng Yy, = —l(1 + 1)Yyy, as well as
Yim, Yom') 1205y = Su S Cim»
with a positive constant ¢y, (which differs from book to book). These eigenfunctions form an orthogonal

basis of I?(S9).

After these preparations, we can now attack the (heavily simplified) Schrédinger equation of an electron
in the Coulomb potential generated by the atomic nucleus:

( A H;) w(z) = Ev(z),

where # € R3, E is the (negative) energy, and v € I*(R3) is the wave function.
Introduce polar coordinates:

2

(_ Ar _T% AS _7‘) ¢(7">19780) = El/}(ﬁﬁﬁp)

For each fixed r > 0, we can decompose ¥ using the spherical harmonics:

o'} l

1#(7”,19,90) = Z Z Ylmmgv@)le(T)»

=0 m=—1

with unknown functions Ry,,. The condition

/ [9(x)|?dz =1 < oo
R3

then turns into (by orthogonality of the Yi,,)

o
chm/ |le(r)\2r2 dr < oo,
Lm r=0

for some constants ¢, coming from the normalisation convention of the Yj,,. From this we learn that
Ry, can not have a strong pole at r = 0.

Plugging the decomposition of 1 into the Schrédinger equation then gives

1 2
> Yim (— Ay Ri + 1+ 1) R — TRzm) = YimERim,

l,m l,m

(commuting A and Y is permitted if U has sufficiently many continuous derivatives with respect to
x,y,2), and comparing corresponding ¥, then implies

1./, 1 2
——0r (r 3TR“”(1")) + U+ 1) Rim = = Ri (1) = ERip(r).

By the physical assumption E < 0, we can write £ = —K? for some positive K, and we obtain
2 2 I(l+1
Rin(r) + 2Rin(r) + (-5 + 2 = L) Ry =,

Using (advanced) methods from complex analysis, one can show that R;,, must behave like r! for r — 0.
Hence we can set Ry, (r) = 7'Qpy (r), for some function Q;,,, which is bounded near r» = 0. Then we find

Ripy (r) = 7' Qi (r) + 17 Quin (),
(1) = 71 Qi () 2071 Ql, (1) + UL = 1)r' 2 Qi (1),

Ry (r) + %Rim(ﬂ = Qi (r) + (24 2" Qn () + 1+ 11! Quin (7),

23Kugelflichenfunktionen
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and the differential equation turns into

i)+ 22000+ (<K + 2 ) Quntr) 0.

For large r, the relevant terms in the left-hand side are Q},,, — K 2Qim (this conclusion is mathematically
not very rigorous, but we do not have the (advanced) tools from complex analysis to do it better), and
therefore Q;,,, is expected to behave like ¢, etX" + c_e =57 for large r. Then ¢ € I?(IR?) is possible only
if c; = 0. Then the electron in the field of the hydrogen atom can only have special amounts of energy,
but never an energy between these energy levels. Therefore we split off a factor e =57

le(T) = e_KTZlm(T)a
Qin(r) =e 572}, (r) = Ke X" Zyp (1),
" (ry=e Kz (r)—2Ke K"Z] (r)+ K% K" Z),, (1),

which brings us to

7 () 4+ (21:2 _ 2K> 7 () + (21:2 (—K) + f) Zm(r) = 0.

We need polynomial solutions to this equation. One can show that if Z,, is a non-polynomial solution,
then for large r the terms Z; — 2K 7], are the main terms, giving us a behaviour Z;,(r) ~ exp(2Kr)
for large r, which makes the function Q;,, explode exponentially for r — oco. This violates the condition
that ¢ € [*(R3).

We need just one last scaling step to obtain a Laguerre differential equation:

r= %, Zim (1) =1 Sim (8),
Zim(r) = 2K.8],,(s),
Zin (1) = 4K2S};,.(s),
20 +2 21— (1 + 1)K)
St () + <s - 1) Sim(5) + W‘S’lm(s) =0,

sSp(s) + (21 +2 — 8)S,,,(s) + (}1{ -+ 1)) Sim(s) = 0.

The theory of Laguerre polynomials tells us that a polynomial solution L;, with

1
i= -0+, a=2+1

exists only if j is a natural number, which brings us to % =j+ 1+ 1 for j € Nyg. Then the admissible
energy levels are

1
(G+1+1)2

Now the quantum numbers are chosen as follows:

e first a principal quantum number®* n € N, is selected (this corresponds to j + [ + 1),

e then the azimuthal quantum number® j € Ny is selected, subject to the restriction 0 < j < n —1
(this determines [ € Ny via l =n — j — 1),

e then the magnetic quantum number?® m € Z can be chosen, subject to —I < m <.

24 Hauptquantenzahl
25 Nebenquantenzahl
26 Magnetquantenzahl
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The energy depends only on n. The (s,p,d, f) sub-shells correspond to I € (0,1,2,3). Answering the
question from the beginning is now only a counting exercise. Do not forget the spin. For fixed n, all the
states have the same energy — -

n2-

At the very end of this part, we comment on the mysterious condition £ < 0. This condition describes
the outer radius of the atomic shell’”. An electron with energy E > 0 is no longer bound to the atomic
nucleus, can move around freely, and can have any amount of energy. An electron with negative energy
E can only possess special amounts of energy, namely —1/n? for some n € N..

This corresponds mathematically to the Hamiltonian operator H = — A *ﬁ as follows:

E <0, and E = —1/n?: then the operator H — E: D(H) — I?(R?) is not injective (all these numbers
E form the discrete spectrum?® of the operator E),

E <0, and E # —1/n? for all n: then the operator H — E: D(H) — I?(R3) is bijective, continuous,
and its inverse map is also continuous (all these numbers E, and also the non-real numbers F, form
the resolvent set?” of the operator H),

E > 0: then the operator H — E: D(H) — I?(R3) is injective, but not surjective (all these numbers E
form the continuous spectrum>Y of the operator H).

Recall that in a finite-dimensional vector space U, a linear map A: U — U is injective if and only if it is
surjective, by the dimension formula for linear maps. Therefore, for maps of a finite-dimensional space U
into itself, the adjectives “injective” and “surjective” are logically equivalent (although they mean different
things, of course).

As you can see, this is no longer true for maps in spaces of infinite dimension.

27 Atombhiille
28diskretes Spektrum
29Resolventenmenge
30stetiges Spektrum
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Chapter 7

Holomorphic Functions

7.1 Back to the Roots

Soon we will see that complex differentiable functions behave in a completely different manner when
compared to real differentiable functions, and in order to understand the deeper reason, we ask what
complex numbers are.

In the first semester, complex numbers z had been defined as pairs of real numbers, z = (z,y), and an
addition, multiplication had been specified like this:

(z,y) +c (u,v) == (z 4+ u,y + v),
(z,y) c (wv):=(z-u—y v,z -v+y-u).

The addition looks like the addition of vectors in the vector space R?, and to find an interpretation of the
multiplication, we write

=) =) -G N0)-6 D0

which brings us to the second way of writing complex numbers: instead of z = (z,y) or z = (Z), we write

L (Z :Ey) , (7.1)

and then adding and multiplying in C correspond to adding and multiplying matrices. Note that
T Yy (v v (x4 u) —(y +v)
y x v u (y +v) (x+u) )’

—v (

A B P B (v e

and the right-hand sides are again matrices of the correct structure.

And the third way of writing complex numbers is, of course, z = z + iy with i = —1 instead of z = (z,y).
We may identify C ~ R?, but the complex multiplication introduces an additional structure into R2.

The set C can be seen as a two-dimensional vector space R? over the field K = R, with canonical basis
{1c:=(12,0), i:=(0x,18)},
or as a one-dimensional vector space C! over the field K = C, with the canonical basis

{1@}.

Here 1¢ means the number one, understood as a complex number.

Recall that a map T: U — U of a K—vector space U into itself is linear if

113
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o it is additive: T'(uy 4+ u2) = T'(u1) + T'(ug), for all uy, us € U,
e it is K—homogeneous: T'(A\u) = AT (u) for all w € U and all A € K.

Lemma 7.1.

e FEach C-linear map from C into C is also R-linear.

e Fach R-linear map from C into C with T'(i) = iT(1¢) s also C—linear.

Proof.

e This is clear since each C-homogeneous map is R-homogeneous, because R C C.

e Let T: C — C be R-linear. Then T is additive, and it remains to show that T'(Au) = AT (u) for all
A € C and all u € C. To this end, we show T(z) = 2T (1¢) for all z € C. Write z = x + iy with real

x, y. Then
T(z) = T(x + iy) ‘ T is additive
=T(x)+T(iy) =T(z-1c)+T(y-1) ’ T is R-linear
=z-T(lc) +y-T(i) ‘ assumption

=z -T(lc) +yi-T(lc) = (x +1y)T(1c) = z- T(1c).
Now we can argue like this:
T(A-u) = T((A-w) - 1c) = (A u) - T(le) = A~ (u-T(1c)) = A- T(w),

for all A € C and all u € C.
O

From the first semester, we know that each K-linear map T: K™ — K™ can be represented by a matrix
from K™*™. Therefore, each R-linear map 7: C — C can be written using a 2 X 2 matrix,

T(z) = T(z +iy) = (““ “12> <””> . ap€R

az1 a22 )

We compute some values:

T(1<C) = (Zi Z;i) (é) = (Zi) = a11+iag, T(i) = <Zi Z;;) (?) = (Z;i) = aiz+iazs.
Such a map is additionally C-linear if T'(i) = iT'(1¢), which implies aj2 + iags = i(a11 + iasy), or

a1 = agz2, Qa2 = —asa,

which corresponds nicely to the special matrix structure from (7.1). We summarise:
Lemma 7.2. A map T: C — C is C-linear if and only if T(z) = A(z) (where z = x + iy = (z) with real
x, y) for a matriz A € R**? with a1 = ase and a1z = —as; .

Next we recall polar coordinates. Each z € C can be represented as
z =r(cosp +ising), r >0, p €R,
and the angle ¢ is called an argument of z, written as

Y =argz.
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The argument of z is not uniquely determined; you can always add or subtract multiples of 27.

The formula of DE MOIVRE! is
<r(cos<p +isin <p)) = r"(cos(ny) + isin(ny)), n € Ny,

and this tells us how to compute the n—th roots of w € C: a number z € C is an n—th root of w if and
only if

1 2
|z = V/|w|, argz € —argw + IZ,
n n

where arg w is one special argument of w.

To each w # 0, there are exactly n distinct numbers z € C with 2™ = w, called the n—th roots of w,
and each of these roots is obtained from another one of these roots by multiplication by a suitably chosen
n—th root of the number one.

Finally, we come to the exponential function. For z = x + iy with real z, y, we have
exp(z) = exp(z) exp(iy) = e*(cosy + isiny),

hence exp maps the horizontal strip .S of width 27,
S:={(z,y) €eC: —m<y<m},

bijectively onto €\ {0}. The upper boundary {(z,y): y = 7} is mapped onto the northern riverbank of
R_ := (—00,0) x {0}, and the lower boundary {(x,y): y = —7} is mapped onto the southern riverbank
of R_.

Definition 7.3 (Principal branch of complex logarithm?). The inverse function of exp: S — C\{0}
is called Ln, the principal branch of the complex logarithm. If w = |w|(cosy + ising) with w # 0 and
—m < @ <7, then

Lnw = In |w| + iy,
where In: Ry — R is the traditional logarithm from school.

Note that Ln: C\ {0} — S has a jump of height 27i when we cross R_.

Another possibility of defining a logarithm function on C\ {0} is to select an angle a, e.g., a = 7/137, to
define

So ={(z,y) €C: —m+a<y<rm+al,
and to each w # 0, there is exactly one number ¢ € (—7 4+ a, 7 + o] with argw = ¢. Then we may define
Inw :=In|w| + ip.

Observe that this function In: C\ {0} — S, has a jump of height 27i when we cross the ray {w: argw =
T+ a}.

Definition 7.4 (Principal branch of complex root function). If w = |w|(cos ¢ +isin¢) with —w <
p < 7, then we define

Vw = /|w| - (cos(¢/2) +isin(p/2)),

with \/|w| as the traditional (nonnegative, of course) root of a nonnegative number, as in school.

Warning: In general, Ln(z122) # Lnzy + Ln zo and /z122 # VZ1\/Z2. Find examples yourself.

1 ABRAHAM DE MOIVRE, 16671754
2 Hauptzweig des komplexen Logarithmus
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7.2 Differentiation

We recall from the first year how to define a derivative of a function f: K™ — K™
e the function f: K™ — K™ is differentiable at a point 2y € K™ if a matrix A € K™*™ exists with
f(x) = f(xo) + Az — z0) + o([|lz — zol])
for x — xg,
e if m = 1: the function f: K! — K™ is differentiable at a point zq € K if the limit

L @) = f(o)

T—T0 r — X

exists, and then this limit equals A € K™*! from the first e.

Now we will follow both approaches (keeping in mind that C ~ R?), and comparing the results will then
bring us new insights.

Definition 7.5. Let Q2 C C be an open, non-empty set.
e A function f: Q — C is complex differentiable in zg € Q if the limit

F) — 1w £ = TC0)

Z—20 zZ— 20

eC

erists.
e A function f: Q — C is holomorphic in Q2 if f is complex differentiable at each zy € ).

e A function f: Q@ — C is holomorphic in zg € Q if an open neighbourhood U of zy exists (zg € U C )
such that f (restricted to U) is holomorphic in U.

o A function f: C — C is an entire function® if it is holomorphic in C.

Lemma 7.6. FEach complex differentiable function at a point zy is continuous at zg.

The rules for differentiating sums, products, compositions of differentiable functions hold in C as they do
i R.

Because the proofs are the same in C as in R.

Lemma 7.7. If f is given as a power series,

f(Z) = Z CLn(Z - Z*)na an € C,
n=0

which converges in the open ball
Br(z.) :={z € C: |z — 2| < R},

then f is holomorphic in the ball Br(z.), the derivative is found by term-wise differentiation,
fl(z) = Zann(z —z)" z € Bgr(24),
n=0

and this power series converges in Br(zx).

The proof was already given in the first year.

A bad example might be salubrious:

3holomorph
4ganze Funktion
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Lemma 7.8. The function f: C — C, given by f(z) = 2Z = |z|?, is nowhere holomorphic.

Proof. If zy = 0, then

f2) = F(z0) —Z_z 0 (if z = 2g),
z— 2 z
hence f is complex differentiable at zg = 0.

If z9 # 0, then

fz) = flz0) 22—z _ (2—20)Z+20(EF—-%) _ Z-%
o - =Z+z- ,
Z— 20 zZ— 20 zZ— 2 2 — 2o

and this has no limit for z — 2y, because we can write z = 2y + €e!?, and then

Z—Z  eexp(—ip)
z—2z  cexp(ip)

= exp(—21<p),

and now each ray {z: arg(z — 29) = ¢} has its own limit for 2=

Therefore, f is not complex differentiable at zy # 0. O

Theorem 7.9 (Cauchy—Riemann differential equations). Let Q@ C C be non-empty and open,
f: Q2 — C be a function with f = u+iv = (’;), and zyp = xg +iyo € Q. Here u, v, xg, yo are real.
Then the following are equivalent:

1. f is complex differentiable at zp,

2. f = f(z,y) is real differentiable at (x,yo) € R2, and the Jacobi matriz f'(xo,y0) generates a
C—linear map,

3. f = f(x,y) is real differentiable at (xo,y0) € R?, and the Cauchy-Riemann differential equations
hold at the point (xo,yo):

ua:(an yO) = ’Uy(anyO)a Uy(xmyo) = _'Uw(x()a yO)

Proof. We exploit Lemma 7.2:

f is complex differentiable at zg

<= lim,_, ., %ﬁém) exists
— there is a number a € C with

f(z) = f(z0) + a(z — z0) + 0(z — 20), z = 20,
— there is a C—linear map T: C — C with

f(2) = f(20) + T(z = 20) + 0(2 = 20), 2= 2,

— there is a matrix A € R?*2 with a1; = a2s and a2 = —as; with
() () 626 DD 02
v(z,y) v(%0,Yo) Y=Y Y=Y Y Yo
— the function (¥): 2 — R? is differentiable at (zg), and the Jacobi matrix
/
u _ (ux(x0, y0) uy(ffo,yo))
(v> (@0, 0) (vx(xo,yo) vy (20,0)

satisfies uz (20, %0) = vy(xo, yo) and uy(zo,yo) = —vz(x0, Yo)- O
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Another approach to the Cauchy—Riemann differential equations is the following:

f is complex differentiable at zg

<— lim 7“2) — f(=) exists,
z—20 Z— 2o

oy L@ E0) = f@otiv) gy, f@tiy) = Flze +igo)
2% (@ +1y0) — (0 + o) i (@0 +1y) — (@0 + i90)

both exist and are equal
lim (u(z,yo) +iv(z, yo)) — (u(zo,yo) + iv(zo, yo))
T—xo T — X
— lim (u(zo,y) +iv(zo,y)) — (u(zo, yo) + iv(zo, Y0))
v=yo i(y — vo)

. 1 .
— ug (70, Y0) + vz (20, Y0) = ;(Uy(%,yo) +ivy (20, ¥0)),

and from this computation, we learn that

/(z0) = 00 f(20) = 19, z0),

which has as consequence that

7/(20) = 5(0% — 10,)f(z0).

We can express this as

9 _1(9 .9
9z 2\0x oy)’

Moreover, the Cauchy-Riemann equations can be compressed into

0= (6833 + 188y> (u(o,yo) + iv(wo,%0)).

Check this !

We take z and Z as two new complex variables instead of the real variables  and y: by the chain rule,

o _0:0 0 0 0
dr  Oxdz 0x0z 9Jz OF
9 00 o 0
oy 0Oydz O0yoz 0z 07

and therefore

0= (683: + 188y> (u(o,y0) +iv(wo,%0))

_ ((aaz + aaz) +i <1aaz - 1;)) (u(zo, yo) + iv(zo, v0))

Hence we have shown:

Lemma 7.10. A function f: Q — C is complez differentiable at zg € Q if and only if
0
— =0.
azf(ZO)

Going back to the example f = f(z) = 2Z from Lemma 7.8, we have dzf = z, which vanishes only at the
origin, but nowhere else.

Exercise: Check that the real part and the imaginary part of the principal branch of the complex logarithm
solve the Cauchy—Riemann differential equations.
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7.3 Conclusions and Applications

Lemma 7.11. If f = u+iv = (1;) (where w and v are real) is holomorphic in 2, with u and v being twice
continuously differentiable, then Au =0 and Av =0 in €.

Proof. Wonderful exercise. O

Lemma 7.12. Let Q C C be non-empty, open, and connected (also called a domain® in C). Let f: Q — C
be holomorphic in C.

e if f'(2) =0 everywhere in §, then f = const. in €,
o if f takes real values everywhere in €, then f = const. in €,
o if |f(2)| =1 for all z € Q, then f = const. in Q.

Proof. Write f = u + iv as usual, with v and v being real. Similarly we split z = = 4 iy with real x, y.

e We have

0= F(2) = o f() = 2 f(2) = wale) +ivg(e),  Vze

and then, by the Cauchy—Riemann differential equations,
uy(z) = —v,(2) =0, vy(2) = uy(2) =0,
hence Vu =0, Vo =0 in 2. Then u = const. and v = const. in 2, because €2 is connected.
e Now we have v = 0 in (2, and consequently Vu =0 in Q.
e We know u?(z) +v%(z) = 1 for all z € , hence
uly + vv, =0, Uty + vvy =0,
and, by the Cauchy-Riemann differential equations, uv, = —uu, = vv, = vu,,
0=1u- (uty +vvy) = vuy + uvv, = uuy + v, = (u? +0v*)uy = 1 - u,.

Similarly, we show v, = 0, which brings us to f' = 0. Now apply the first e.

Definition 7.13. A map T: C — C is called angle-preserving® if it is R-linear, injective, and if

(T(w),T(z) _ (w2)
|.

T(w)| - [T(2)]  Jw]-[]

for all w, z € C\ {0}, with (p,q) = p1q1 + p2q2 being the usual scalar product in R2.

Lemma 7.14. An injective R—-linear map T: C — C is angle-preserving if and only if there is a number
a € C\ {0} with T(z) = az for all z € C, or T(z) = az for all z € C.

Proof. We consider z and w from C as vectors from R2. Recall that (z,w) = |2| - |w]| - cos(<(z, w)).

In R? ~ C, we take the triangle with corners O = 0c = (0,0)", P = 1¢c = (1,0)",and Q =i = (0,1)".
The linear map T maps this triangle OPQ to the triangle O’ P'Q’, with O’ = O, by linearity. The linear
map T is realised by a matrix A € R2%2, and the entries in the columns of A are equal to the coordinates
of the images of the basis vectors, hence

P = (111) ’ I (a12> )
<a21 @ a22

5Gebiet
Swinkeltreu
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The vectors 07 and (ﬁ are perpendicular, and T is angle-preserving. Therefore also the vectors OP’
and OQ'" must be perpendicular, hence

(all) 1 <a12> — (aw) = (_a21) (Fa eR).
asq a99 a22 a1

Now the triangle OPQ has an angle 7/4 at P, and then also the trianélg or' Cg’_gnust have an angle 7/4
at P’, because T preserves the (modulus of the) angles. This means |OP’| = |0Q’|, hence

e | —  Jo|=1
a21 a22

If o =1, then we have

A— a11 12\ _ (411 —az;
a21 @22 a1 a11

and the product T'(z) = A(Z) becomes (a11 + iag1)(z + iy), which equals az for a = a11 + iag;.
And if o = —1, then we have

A= a1 a12 _ a1 a21
as1 a9 a1 —ail ’
and then the product T'(z) = A(Zj) becomes (a11 + ias1)(z — iy), which equals aZ for a = a;; +ias;. O

Lemma 7.15. If v, = 71(t) and vo = y2(t) with ay <t < by and as <t < by are two differentiable curves
in C which intersect at zg € C with intersection angle o, and if f = f(2) is a holomorphic map with
f'(z0) # 0, then the image curves f(y1) and f(72) intersect at f(zo), again with intersection angle «.

Proof. Let t1 and ty be such that zg = 1 (t1) and zo = ¥2(t2). Then the tangential vectors on the curves
~v1 and v are ¥4 (t1) and v4(t2). The images of these tangential vectors under the map f are f’(zo)v](t1)
and f'(20)v4(t2). Now observe that the multiplication with the complex number f’(zg) constitutes an
angle-preserving map, because f’(zg) # 0. O

Figure 7.1: A grid in the z—plane
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35

20

Figure 7.2: The image of the grid from Figure 7.1 under the map z ~— z2. Observe that the red and blue
lines intersect orthogonally in both figures.

-1 -08 -06 -04 -02 02 04 06 038 1

o

Figure 7.3: One more grid in the z—plane
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1.5

-15F

) \ \ \

Figure 7.4: The image of the grid from Figure 7.3 under the map z — exp(z)



7.3. CONCLUSIONS AND APPLICATIONS 123

We come to an application in fluid dynamics. In a two-dimensional world, let some stream of water
flow in the plane, around an obstacle. We assume the flow to be independent of time, and the velocity
vector at a point (z,y) € R? shall be denoted by (w1 (x,y), w2(x,y)). The obstacle shall be the unit ball,

B={(z,y) e R?: 22 + 4> < 1}.
Our physical assumptions are the following:

e the flow is free of rotations (curl-free), hence
rot(wy,wy) =0 in R?\ B,

which means wy , — w2, = 0.

This does not imply that (wy,ws) possesses a potential, because R? \ B is a doubly connected set,
but not a simply connected set.

e there exists a scalar potential V' for (wy,ws):
wi(z,y) = Valz,y),  walw,y) =Vy(z,y), V(z,y) eR*\B.

e the fluid is incompressible and homogeneous (the density is the same everywhere), and there are
neither sources nor sinks:

div(wy,wq) =0,
which means w; ; + w2, = 0.

For a discussion of the validity of these assumptions, see Chapter 40 “The flow of dry water” in Feynman’s
lecture notes”. Some conclusions are:

e AV =divgradV = div(wy, wy) = 0 in R? \ B,

e The velocity field is perpendicular to the level sets® {(x,y): V(x,y) = const.}. (These level sets are
called potential lines”.)

e on the boundary 9B, the vector VV must be tangential, because otherwise the fluid would enter
the obstacle, or come out of the obstacle.

The last conclusion is typical for dry water, because wet water will have VV completely equal to zero at
0B, for reasons of friction between water and obstacle.

Our next assumption is:

e in the upper half-plane {(z,y): y > 0}, the picture of the flow is the reflected picture from the lower
half-plane.

In particular, the flow is horizontal on the real axis. Then we can consider BU{(z,y): y < 0} as the new
obstacle, and only care about the points with y > 0. The new interesting domain

Q:={(z,y): y>0and 2* +y* > 1}

is then simply connected.

In this set 2, we are looking for a real-valued function W = W (x, y) with

Ve =Wy, Vy, = —W,,

7 Richard P. Feynman, Robert B. Leighton, Matthew Sands. The Feynman Lectures on Physics, The Definitive Edition
Volume 2 (2nd Edition). Addison Wesley, 2005.

8Niveaulinien

9Potentiallinien
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and then we put Z(z,y) := V(z,y) + iW(z,y), which will be a holomorphic function in €2, because the
Cauchy—Riemann differential equations are satisfied. Expressed in another way,

We Vo) _
o= () = (1) =¥
and therefore the curves {(z,y): W(x,y) = const.} intersect the curves {(z,y): V(z,y) = const.} orthog-

onally. The curves along which W is constant are called stream lines'’ because the particles travel along
these lines (this is true because the flow is independent of time).

The boundary 99 of Q consists of three parts: the interval (—oo,—1], the upper half circle ;B :=
{(z,y): 2> +y* = 1,y > 0}, and the interval [1,00). The flow must not cross any of these parts, hence it
must flow along 0f2, and therefore W must be constant along 0.

Additionally, far away from the obstacle, the flow should not feel that an obstacle even exists. The flow
should be horizontal with speed one there:

(wi(z,y), wa(z,y)) ~ (1,0)  if x*+4° > 1.

Then it is reasonable to expect that V(x,y) ~ x for 2 + 3% > 1, and also

(W (V) [—w2) _ (0
o= ()= (2) = () = )
far away from the obstacle, which makes W (z,y) = y plausible. This gives us Z(z) = z for z = z + iy
with |z| > 1.

The goal is now to find a function Z on 2 with the following conditions:
e 7 is holomorphic on €2,
o Z(z) = z for |z > 1,

e 3Z(2) is constant on 9. Combined with the second condition, 3Z(z) should be zero on 9f).

The strategy is now: the shape of the set 2 is quite awkward. So maybe we can find Z(z) = (GoH)(z), with
G and H both holomorphic, and H maps 2 onto another domain which is more beautiful, in comparison
to 2. Then we only have to find G, in a second step.

After some playing around with various functions, we come to H(z) = z + % Observe that
o H:[1,00) = [2,00),
e H:0.B — (—2,2),

o H: (—00,—1] = (—00,—2],

and therefore H maps € onto the upper half-plane C; 1 := {(z,y): y > 0}. The function G shall have the
following properties:

e G is holomorphic on C; 4,
e G(¢) = for [¢| > 1,

e JG((Q) is zero on the real axis R = 0C; ;.

The most natural choice is G(¢) = . Hence we have found Z(z) = z + 1, and therefore

1 r—iy
Z =V iWw = i — = i 5
('T7y) (Ivy)+1 (.I,y) (I_Hy)_'—a:—&—ly I+1y+x2+y2

1 1
—a (145 ) +iy(1- 5
x( +m2+y2>+1y( w2+y2)

10Stromlinien
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which gives us

1
= 1—- —
W(z,y) y( o yz)’

and the lines {(z,y): W(z,y) = const.} are good candidates for stream lines.

The big open question is: is this the only solution ? Perhaps there are also other solutions, and there is
one more criterion (which we have not found yet) that tells us which of these solutions is the physically
correct one 7

The answer (which we can not justify) is that the above constructed function W does indeed describe the
stream lines of dry water, see also the figure, which seems physically believable (at least if we do not look
to closely at the boundary between obstacle and water).

Figure 7.5: The lines {(z,y): W(z,y) = const.}

[speaking about the scientific fields of chemical kinetics and fluid dynamics:]'' Neither
subject had yet reached the dignified status of a science in the nineteenth century, when as Sir
Cyril Hinshelwood has observed, chemical reactions were classified mainly into those that go
and those that do not go, and when fluid dynamicists were divided into hydraulic engineers
who observed things that could not be explained and mathematicians who explained things that
could not be observed.

I Physics of gas flow at very high speeds, Nature, 4529, 1956, 343-345
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Chapter 8

Integration

8.1 Definition and Simple Properties

We start with a curve I' C C and its parametrisation -y, which is supposed to fulfil the following conditions:

o v € CH([tstart, tena] — C), for a certain time interval [tspart, tena] C R,
e 7/(t) is never zero, for tgpart < t < tend,

e the image I intersects itself only a finite number of times.

The second condition makes sure that the image I' has no “corner” points. Call the endpoints of the
image Fstart = Py(tstart) and Fcnd = ’Y(tcnd)'
To approximate complex curve integrals, we choose a large natural number IV, split the time interval into
N parts:

tstart = to <11 < ... <IN = tend,
give a name to the associated points on the image:

zji=7(t;), 0<j<N,
and then we imagine a complex curve integral as something which can be approximated like this:

N—-1

/ f2)dz~ 3 F ) (i — 7).

j=0
where 7; are arbitrary times from the corresponding sub-interval: t; < 7; < ;4.
With this interpretation in mind, the following definition becomes natural:

Definition 8.1 (Curve integral). Let f: I' — C be continuous, and suppose the above conditions on =y
and I'. Then we set

/ﬁ (2)dz:= / U emn

=tstart
We split f and + into real part and imaginary part:
f=u+iv, u,v € R,
V() =alt) +iB(t),  at),B() €R,  A(t) = a'(t) +iB'(1),

[ e = [T @)+t o+ o)
(ua —vB") dt + i/ " (va’ +up’)dt

t=tlstart

tend

t=tstart

Fcnd Fcnd
/ (udvady)Jri/ (vdx + udy),
Fstart I

start

127
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which are curve integrals of second kind, as we have studied them in the first year. Recalling the results
from the past, we directly get:

Proposition 8.2. If f is continuous on I', then we have:

e the integral fv f(2)dz does not depend on the parametrisation of ', as long as the orientation of T’
is not inverted (otherwise a factor —1 appears),

e the following estimate holds:

Lf(z) dz

e the functional f +— f,y f(2)dz is a homomorphism from C(I' — C) to C.

<IN oo ry - length(T), (8.1)

By the first e, we can now write [ f(z)dz instead of f7 f(2)dz.

Considering a sequence of curves, for which the end point of one curve is the starting point of the next
curve, we can define curve integrals along curves with a finite number of “corners”.

Example 8.3. Take f = f(z) = 2" with n € Ny, and I has the parametrisation v(t) = Re' for
0<t<2m. ThenT is a closed curve with counter-clockwise orientation, and we have

27 27 _
. . . 1 . t=2m
/ f(2)dz = / (Re)™ - Riel dt = iR" ! / et gt = jRntt . =it D) =0.
r =0 t=0 i(n+1) t=0

Example 8.4. Take f = f(z) = 2" withn € {-2,-3,—4,...} and T as before. Then we have

Lf&ﬁb=-~=m

by the same computation.

Example 8.5. Take f = f(2) = 1/z, and again T as a circle around the origin of radius R, run counter-
clockwise. Then

27 27
1 .
flz)dz = c -Rie‘tdt:/ idt = 27i.
/1“ (2) t—o e t=0

Note that in all three examples, the final result does not depend on the radius R of the circle.

Proposition 8.6. If Q is a domain in C (which means: non-empty, open, connected), and f: Q — C is
continuous, with a holomorphic function F: Q — C such that F'(z) = f(z) for all z € Q, then

/ f(Z) dZ = F(Fend) - F(Fstart)-
r
Proof. By direct computation and the chain rule:

Jr@a= [T aopwa= [ P60 = Plta) - Pl

=tstart t=tstart

O

Going back to Example 8.3, we have f(z) = 2™, and we easily check that F' = F(z) = %Hz"“ is a

ZTL
primitive function' of f (which means F’ = f), and then it is clear that the integral over I' gives the
value zero, because I is a loop.

In case of Example 8.4, we can argue in the same manner.
Exercise: Check that the complex logarithm Lu, defined on Q := C\ R_, is a primitive function to
f=1fE)=1:

R

(Ln(z))’ £

1Stammfunktion

IS

) Vze C\R_.
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Recall that the complex logarithm has a jump of height 27i when we cross R_, which explains the result
from Example 8.5.

In the situation of Proposition 8.6, the value of the curve integral fr f(2) dz depends only on the location
of the start point ['gapy and on the location of the end point I'engq, but not on the path connecting these
two points. This can be expressed in another way:

Lemma 8.7. Let 2 be a domain in C (a multiply-connected S is allowed), and f: Q — C be a continuous
function. Then the following two statements are equivalent:

e for each curve I' in S, the value of the integral fF f(2)dz depends only on the start point Tstary and
the end point eng,

o for each loop I' in Q, the curve integral fr f(z)dz is zero.

Idea of proof. Take two points A and B in €2, and take two curves I'; and I'y which join these two points,
running from A to B. If you invert the orientation of one of these curves and join them together, you
obtain a loop. O

Proposition 8.8. Let Q be a domain in C (a multiply-connected Q0 is allowed), and f: Q — C be
continuous. Then the following are equivalent:

1. there is a function F, holomorphic on Q, with F'(z) = f(z) for all z € Q,
2. for each loop T in Q, we have §. f(z)dz = 0.

Proof.

1 = 2: have a look at Proposition 8.6 and Lemma 8.7.

2 = 1: we construct a function F' as follows. Pick a point z, € 2, and for each z € Q, let I, be a curve
inside 2 from z, to z. Then define

F(z) = g f(Qd¢.

By Lemma 8.7, the value of F'(z) does not depend on the choice of the curve connecting z, and z.
We choose a point zg € Q, and we wish to show F'(z9) = f(20), which means

i FE @) _ gy o g [P R0

zZ—20 zZ— 20 zZ—20 zZ— 20

- f(zo)‘ = 0.

We are allowed to take a special curve I',, namely I', :=T",, U S(20 — 2), where S(zg — z) stands
for the straight line from zy to z. Then it follows that

F(2) - F(z) = / £(0)dc,

S(z0—z)

PO )| = | 2 [ s0ac- 1)
Z—2p 2 =20 JS(20—2)

= _1 f(z0 +t(z — 20)) - (2 — 20) dt — f(20)
z 20 Jt=0

|| fen+te = s < [ |0+t - 20)) - fGao)|a

t=0 t=0

< sup [f(Q) = f(=0)l,

C€S(z0—2)

and this goes to zero for z — zp, because f is continuous. This proves F'(z9) = f(20), for an
arbitrary zg € Q.

O

A direct consequence then is that the function f = f(z) = 1/z can not have a primitive function on
Q = C\ {0}. But it does have a primitive function on Q = C\ R_, namely the complex logarithm.

On the other hand, the function f = f(z) = —1/2? does possess a primitive function on the doubly-
connected set @ = C\ {0}, namely F' = F(z) =1/z.
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8.2 The Cauchy Integral Theorem

In the previous section, f was merely continuous on I' or on 2. Now we make the assumptions on f
stronger: it shall be holomorphic on €2, and this will bring us a Great Beautification of the theory.

We recall a result from the first year:

Proposition 8.9. Let Q@ C R" be a domain that is simply-connected. Assume that g: Q@ — R" is
continuous, with continuous derivative g', and that g satisfies the integrability conditions:

%(x = agk(;zc)7 Vi k Vazell

8$k n 8733]
Let I' be a curve inside €.

Then the value of the curve integral (of second kind) fr gdZ depends only on the location of the start point
Tstart and of the end point Ueng, but not on the path connecting these points.

FEach curve integral fr gdx over a loop I' vanishes.

The condition that ¢’ be continuous was really needed in the proof from the first year.
In our situation, we have C ~ R?, and the complex curve integral splits into two real curve integrals:
/ f(z)dz = /(udx + (—v)dy) + i/(vdx + udy).
r r r

Here we have split z = x + iy with real x and y, and also f = u + iv with real v and v. Now we apply
that result from the first year to g = (u, —v) and to g = (v, u), and then we quickly get:

Proposition 8.10. Let Q C R? ~ C be a domain that is simply-connected. Assume that f: Q — C ~ R?
with f = u + iv (where u and v are real) is continuous, with continuous derivatives Vu, Vv, and that
satisfies the integrability conditions

Then each curve integral fr f(2)dz over a loop T inside 2 vanishes.

The formulation is not quite satisfactory: we mention u and v too often, and the result will be nicer if we
express everything in terms of f:

Op = 0, + 05,

Op(u+iv) =0pf = 0.f +0:f — uy = R(0:f + 0=f), vy = (0. f + 0=f),
0y =10, — 10,

Oy(u+iv) =9, f =10.f —i0:f = uy = R(i0. f —i0=f), vy = (0. f — i0=f),

and therefore we conclude that:
Vu, Vv  are continuous <= 0,f, dzf are continuous.

We recall that the holomorphy of a function f can be expressed as dzf = 0 and obtain our final result:

Theorem 8.11 (CAucHY Integral Theorem). Let Q2 C C be a domain that is simply-connected. Assume
that f: Q — C is holomorphic, with continuous derivative f’.

Then each curve integral ¢ f(z)dz over a loop T inside Q vanishes.

Remark 8.12. We discuss the assumptions.

o The assumption “Q simply connected” is indispensable, as the example Q@ = C\ {0}, f(z) = 1/z
shows.

e The conclusion of the Cauchy Integral Theorem also holds without the condition “f’ continuous”
(which was only needed for applying Proposition 8.9 from the second semester), as can be shown by
a completely different proof, see [9], [10], or the classical booklet [17].
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Example 8.13. Take numbers 0 < 1y <1y < r3 <1y and z, € C, and choose 0 as an annulus®,
N={z€C:r <|z— 2z <r4}.

If f is a holomorphic function on Q, then

7.{”,442 f(z)dz = ]{_ £(2) dz,

provided that both circles have the same orientation. The reason is that the two circles can be connected
by a radial line, and the integration variable is walking along this radial line inward and outward, and
walking along both circles.

This is an example of a general principle: we can deform carefully the path of a curve integral without
changing the value of this integral, as long as we stay in the domain where the integrand is holomorphic.

Again, have a look at the Examples 8.3-8.5, in which the result was independent of the radius R.

We will need a generalisation of the Cauchy Integral Theorem:

Proposition 8.14. Let Q C C be a simply-connected domain, p a point in Q, and f: Q\ {p} — C
holomorphic, and f bounded near p.

Then each curve integral fr f(2)dz over a loop T' inside Q vanishes.
The key difficulty here is that © \ {p} is no longer simply-connected.
Idea of proof. The following is mathematically not very precise, but geometrically hopefully clear.

Case 1: T does not “revolve around” p: Then we can replace €2 by a smaller domain 2,y that con-
tains I', but not p, and then we apply the Cauchy Integral Theorem to ey instead of €.

Case 2: I' does “revolve around” p, perhaps several times: By the idea from Example 8.13, we
can deform I, until we obtain another curve I'yey which also revolves around p (the same number
of times as ' does), but which is much shorter. We remember that f is bounded near p, and have
a look back to the integral estimate (8.1). Observe that the curve I'yey can be made as short as we
wish.

O

Of course, there may be several exceptional points in 2 like p, not only one.
We need some concepts. Imagine G as C minus a collection of some closed curves which may intersect
(but any open non-empty subset G of C would also be good).

Definition 8.15. Let G C C be non-empty and open, not necessarily connected. Then two points z1,
29 € G are called path-equivalent® if there is a curve in G that connects z; and zy. If this holds, we write
Z1 ~VG k2.

We quickly check:

z~G 2 VzeqG (reflexivity),
ZNGgw = WG 2 Vz,weG (symmetry),
z~gw, wegl = z~g( Vz,w,(€G (transitivity),

which are the three conditions for an equivalence relation.
We take the opportunity to start an excursion into algebra.

Other examples of equivalence relations are:

e straight lines in the plane can be considered equivalent when they are parallel,

2Kreisring
3weg-dquivalent
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e triangles in the plane can be considered equivalent when they are congruent,
e integers a, b € Z are “congruent modulo 2” (written as a = b mod 2) if 2|(b — a),

e if U and V are vector spaces and f: U — V' a homomorphism, then we can define that u; =¢ uo if
uy; — ug € ker f,

e two students can be considered equivalent if they started their studies in the same year,

e screws are defined to be equivalent if they are of the same size,

e two integrable functions f, g: [a,b] — R are equivalent if j::a |f(x) — g(z)|dz = 0 (imagine that f
and g coincide almost everywhere, except a finite number of points in [a, b]).

Definition 8.16. Let M be an arbitrary set with an equivalence relation ~. For an x € M, the set
[z] ={yeM:y~z}CM
1s called the equivalence class of the element x.

As an example, take M = Z with the equivalence relation being: a ~ b if and only if 2 divides (b — a), as
above. Then [3] is the set of odd integers, and [2] is the set of even integers. A nice property is that the
relation ~ respects the arithmetical operations: if a; ~ b; and as ~ b, and if < is one of the symbols

+, —, -, then (a1<0az) ~ (b1Obs). Of course, [1] = [3] = [5] = ... are the same set, and in order to
represent the interests of this set at some other place, you can send a representative* (which is a member
of [1] = [3] = ...) to that other place. In this particular cases, such a representative could be —43 or 991

or any odd number (see below).

Lemma 8.17. Let M be a (countable®) set with an equivalence relation ~. Then M decomposes into
disjoint subsets,

M=MUMU...,

with M; " My, = 0 for j # k, and two members of M belong to the same M; if and only if these two
members are equivalent. Each M; is an equivalence class of the relation ~.

And if M is uncountable® (like every vector space over R), then M decomposes as M = Uyea My with a
possibly uncountable index set A, and each M, is an equivalence class of the relation ~.

The gain is: quite often, the equivalence classes correspond to interesting mathematical objects.

e an equivalence class of parallel straight lines defines a “direction” in the plane,

e the equivalence classes of the relation = form a vector space which is isomorphic to img f.

Assume we only know integers from Z, how can we define (in a logically precise manner) rational numbers
from Q ? First we define ordered pairs (n,d) with n € Z and d € Z \ {0}. Think of n as numerator” and
d as denominator®. Define addition and multiplication via

(n1,d1) + (n2, dz) := (nida + nad, didz), (n1,d1) - (n2, dz) := (ning, dids).

Define an equivalence relation as (ni,d1) = (na,ds) if and only if nids = nad;. Check that this is
indeed an equivalence relation. Check that the relation = respects the arithmetical operations (in the
sense explained above). Then we specify: each rational number is defined as an equivalence class of such
pairs. The addition of rational numbers is defined via [(n1,d1)] + [(n2,d2)] := [(n1,d1) + (n2,d2)]. This
means: to add two equivalence classes, you take a representative of each class, add these representatives,
and then you take the equivalence class corresponding to this sum. It does not matter who are the two
representatives because = respects the addition. Similarly for the multiplication. Finally we check that
these rational numbers form a field.

4Vertreter, Stellvertreter, Abgeordneter, Delegierter
5abzihlbar

6{iberabzihlbar

7Zdhler

8Nenner
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Assume we only know rational numbers from Q, how can we define (in a logically precise manner) real
numbers from R ? First we define Cauchy sequences (r1,72,73,...) of rational numbers. Define addition
and multiplication component-wise:

(ri,7m2,73,...) + (81,82,83,...) := (r1 + 81,72 + 82,73 + S3,... ),
(7’1,7“2,7“37~-~)'(81,82,53,~~-) = (7’1'81,7“2'82,7“3'83,-~)a

and check that the right-hand sides are Cauchy sequences again. Define two such Cauchy sequences of
rational numbers to be equivalent if their difference sequence converges to the rational number zero. Check
that this is indeed an equivalence relation. Check that this equivalence relation respects the arithmetical
operations (in the sense explained above). Then we specify: each real number is defined as an equivalence
class of such sequences. The addition and multiplication of real numbers are defined via representatives.
Finally we check that these real numbers form a field.

Let us end here the excursion into algebra and return to complex analysis.

Let G C C be non-empty and open, not necessarily connected. By the equivalence relation ~¢, G splits
into disjoint subsets (whose number might be infinite),

G=C,UCU...UCk,
and two points of G belong to the same subset if and only they are path equivalent.

Definition 8.18. These sets C; are called connected components of GY.

For instance, the bready subset of a cheeseburger comprises exactly two connected components (upper
and lower part), at least initially.

>

Figure 8.1: This set G has 7 connected components, one of them unbounded.

Definition 8.19. Let T be a loop in C. For z € C\T, set

1 1
Ind = —
Ill(z) 2mi Jr (— 2

dc,

and call it the winding number'® of T with respect to z.

Lemma 8.20. For T a loop in C and z € C\ T, the winding number Indr(z) is an integer, and it is
constant on each connected component of G := C\ T'. On the unbounded component, Indr(z) is zero.

Proof. Take z € G fixed. Parametrise I' with 7: [a,b] — C. Then we have

L[ A
Irlld(z) = /t ———dt. (8.2)

_% :aPY(t)_Z

For s € [a,b], we set

9 Zusammenhangskomponenten von G
10Umlaufzahl, Windungszahl, Index
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and then we get

for all s € [a, b], except (possibly) a finite number of points where 7/ does not exist because I' has a corner
there. Then we get

A _ls) 900 —2) =7 (sdels) _

ds(s) — 2 (v(s) = 2)?

almost everywhere on [a,b]. Now A{(s)s_z is clearly a continuous function of s, and therefore a constant,
hence

vb) =z yla) -z (@) -z
From ~y(a) = v(b), we then find ¢(b) =1, or

1 =p(b) = exp (/:a 7(’2’)(? . dt) = exp (27ri Ir%d(z)) ,

which is only possible for Indr(z) € Z.

In the second semester, we have learned that integrals may be differentiated with respect to a real param-
eter under the integral symbol. Let this parameter be x or y:

1 b ! 1 b ’
aIlnd(@:i_m/ 7' (1) dt— X 7' (t)
r 271 7 Jimg () — 2 2 Jimy () — 2

L, A
Oy Irlgd(z) =53 /t:a Oy T dt,

and then also 0z Indr(z) = 38, Indr(z) + 10, Indp(z) = 0, because

dt,

/
t
o 0 _ g
(t) -z
since the function z 'y’Z;)(t—)z is holomorphic. Then also z + Indr(z) is holomorphic on I', hence
continuous. Therefore Indr(z) must be constant on each connected component of G, since the values of
Indr(z) are integers.

If we send z to oo in (8.2), we get |y(t) — z| — O uniformly for ¢ € [a,b], and this is the reason why
Indr(z) = 0 for z from the unbounded connected component of G. O

Now we have all tools for the next important result.

Theorem 8.21 (Cauchy Integral Formula). Let Q be a simply connected domain, I' C Q a loop, and
z € Q\T. Then, for f holomorphic on ,

f(2) Irlld(z) = 2%”%} g(—oz d¢.

In particular: if T = 0B(a,r) is a circle of radius r and centre a (oriented counter-clockwise), and
z € B(a,r), then

1) =5 2 ac

Proof. Keep z € Q\ T fixed, and define

HQ-FG)
S I (# z,
= CZ
9(¢) {ﬂ@) (=
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Then this function g is holomorphic on Q \ {z}, and bounded for ¢ near z (even continuous at z). By
Proposition 8.14,

0= fo@dac=§ 2 ac- ) § ac= § I ac-amimasea),

which completes the proof. O

Corollary 8.22. If f is holomorphic on Q (multiply-connected is allowed), then also f' is holomorphic
on €.

Proof. Choose a ball B(a,r) C Q and a point z € B(a,r). Then, with I' = 9B(a, ), we have

f(z) = o 7{ 1) 4,

_Tm FC—Z

because B(a,r) is simply connected, and differentiating under the integral symbol (as we have introduced
it in the second semester) gives

1= g o (50) o e

Now f’ is holomorphic if and only if dzf'(z) = 0. To check this, we differentiate once again under the
integral symbol:

P f(©) _ 1 f(©) _ 1 _
9=1'(2) = 2ma§}€ (C—2)2 =9n fg(%(g —2)2 = }éOdC =0
because z — 0 <f_(<z))2 is holomorphic. O

Corollary 8.23. If f is holomorphic on §2, then f is infinitely differentiable.

The next result can be understood as a converse to the Cauchy Integral Theorem.

Theorem 8.24 (Morera’s Theorem'!). Let Q be a domain, possibly multiply-connected. If f is con-

tinuous on 0 with fr f(z)dz =0 for each loop T in Q, then f is holomorphic on €.

Proof. By Proposition 8.8, there is a holomorphic function F' with F’(z) = f(z) for all z € Q. Now apply
Corollary 8.22 to the function F' instead of f. O

By repeated differentiation under the integral, we deduce that

@0 o) = o f A

27

if T is a loop in a simply connected domain 2. We may choose I' = 0B(a,r) (positively oriented) and
z € B(a,r). Then Indr(z) = 1 and

. nl 1) e
@NE =5 g k-a<r (53)

- 2mi
It is even possible to expand f into a converging power series. To this end, we consider

<iz:<<—a>i<z—a>:<“_a) (1_2:3))_1:<iai<2:3>n

n=0

by the summation rule of the geometric series, which is applicable because of

_md r
r r

z—a
(—a

11 GIACINTO MORERA, 1856-1907
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The convergence of this series is uniform if |z — a| is strictly less than r. Then we can proceed as follows:

1 Q) 4o 1 O g~ (z=aY’
1G) = 5 |<—a—rC—zd<_Mﬁ—cﬂ—rc—az(C—a) “

n=0
g £(¢) (—)
2mi Z %C—alﬂ" (—a\(—a d¢

1
n=0

- FO o) o
2 (fic—cu:r (€ —ay*t dC) Foar

Commuting ¢ and ), was possible by the uniform convergence of Y . We put

_ L IO
o 2mi [¢—al|=r (C - a)n+1 dC

and find the power series expansion

oo

f(Z):ZCn(z—a)n if|Z—a‘ <.

n=0

Observe that (8.1) gives

max |f(<)‘ . length(F) _ maXc¢er |f(<)‘

1
< =
lenl < 27 ¢cer prntl T

b

giving us then

n

max [ f(C)],

¢er

z —

len(z —a)"] <

r

which tells us that the power series Y., ¢, (z — a)™ indeed converges for all z with |z —a| < r.

Comparing with (8.3) then brings us

1 U3
We summarise:
Lemma 8.25. Let Q C C be a domain (multiply-connected allowed), and choose a point a € Q. If [ is

holomorphic on Q, then f can be expanded into a power series at the point a,

o0

f2) =32 =@ (@) - (=~ o)

and this power series converges in the biggest ball B(a,r) that is contained in the closure Q of the open
set €.

Geometrically: the distance from the point a to the nearest singularity of f determines the radius of
convergence. Here “singularity” is defined as a point of C where f is not holomorphic.

Exercise: Determine the radii of convergence for the functions

1 1
1—2" 1422

sin(z), tan(z), Ln(l+4 z),
all of them expanded at the point a = 0.

The following is impossible for a function f:
e f = f(2) is complex differentiable for |z| < 7,
e f(z) =0 for all z with |z] <1,
o f(2)#0forall zwith 1 < |2 <T.
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And the reason is this: first we note that f is holomorphic on the ball B(0,7), and therefore f is infinitely
differentiable at each point in this ball. Pick a point z, with |z.| = 1. Then a sequence (21, 22, ...) exists
with |zx| < 1 for all k and limy_, 0 25 = 2z«. By continuity of all the derivatives,

(02 £)(z) = Jim (92 f)(z0) = lim 0 =0,

and then the power series expansion of f at the point z, reads

- 1 7L - 1 n
Z—'a ) (z—z)" ZZE-O-(,Z—Z*) =0,
= n=0
and this expansion is valid for all z with |z — z,| < 6, because B(z.,6) C B(0,7), and f is holomorphic in
B(0,7). But the last assumption was that f(z) # 0 for 1 < |z| < 7, which is a contradiction.

The situation is totally different for real differentiable functions. There are f: R? — R such that
o f = f(z) is real differentiable for |z| < 7,
e f(z) =0 for all z € R? with |z| <1,

f(z) #0 for all x with 1 < |z] < 7,

for instance

f(x)_{o Dz < 1,

(3 4+ 23 — 1)1 1z > 1.
Definition 8.26 (Analytic function). A function on a domain of C that can be expanded into a con-
verging power series (at each point of its domain of definition) with positive radius of convergence is called
analytic function'?.
In the first year, we had learned that each analytic function is infinitely differentiable, and the power series

can be differentiated term-wise. And in this semester, we have found that each holomorphic function is
analytic. Therefore “analytic” and “holomorphic” are equivalent concepts in C.

Theorem 8.27 (Liouville’s Theorem). Each entire bounded function is constant.

Proof. Call this function f. Since f is entire, the power series of f at a = 0 converges on all of C, hence
oo
= Z cp2™, vV z e C,

and

1 f©)

2w S, O

dc,

where the radius r of I' = 9B(0, ) is arbitrary. We know already that

maxcer | f(¢)]

len| < s

, Vr>0, VneN.

Because f is bounded on C, we have sup.cc[f(¢)| < M for some M, hence |c,| < Mr~" for all 7, and
therefore 0 =¢c; = co = ... . O

Theorem 8.28 (Fundamental Theorem of Algebra). Each polynomial of degree n > 1 possesses n
zeroes in C (counted according to their multiplicity).

12analytische Funktion



138 CHAPTER 8. INTEGRATION

Proof. Take P(z) = a,z" + an_12"" 1 4+ ...+a12+ag with a, # 0. We show that P has at least one zero
in C. For large |z|, the term a,,2" is the biggest contribution to P(2):

Ay a a
—-1 n—1 1 0
|@n—12""" + ...+ a1z +aol = [2]" - R e s
FAL FAL
ap—1 aq agp
= la,z"| - S L _
anz ap 2 apz

1
<lanz"|- 3 if |z| > Ro

for some suitably chosen number Ry. Then P can not have a zero outside B(0, Ry) because otherwise we
had

0=|P(2)| = |anz" 4+ an_12"" 4+ ...+ a1z + ag| > |an2z"| = |an_12""1 + ... + a1z + ao|

1 2
> |anz"| — |anz"| - 3= §|anz"| > 0.

Now assume that P has no zero in C. The set {z € C: |z|] < Ry} is compact, and P has no zero there.
But the function z — |P(z)] is continuous and real-valued, and such functions attain their infimum on
compact sets (a first year result):

Iz, € B(0,Ry): |P(z)| = | ‘12% |P(2)].

Then |P(z,)| must be positive, and there is a small number £ > 0 with |P(z)| > ¢ for all z with |z| < Ry.
Therefore we can define

and this is holomorphic on C because we never divide by zero. But @ is also bounded:

1 : R
|Q(Z)‘ < {e 5 |Z| < Ry,

Tz 21> Ro,

and then @ must be constant, by Liouville’s Theorem. Then P = 1/Q is also a constant function. But P
was a polynomial of degree > 1. Contradiction.

Therefore P has a zero z1. Then we can divide polynomials, i.e., find another polynomial P; with
P(z) = (z — z1)P1(2), vzeC.

The degree of P ism — 1. If n — 1 > 1, repeat the reasoning from above. O



Chapter 9

Zeroes, Singularities, Residues

9.1 Zeroes of Holomorphic Functions

Proposition 9.1. Let f be a holomorphic function in the open ball B(a,r), with f(a) = 0. Then ezactly
one of the following two cases occurs:

Case 1: f has a zero of finite order K € Ny at the point a, which means

0=f(a)=08.f(a) =...= (@F ' f)(a), (BXf)(a)#0,
and moreover, there is a small positive € such that f has no zero in B(a, &) except the centre a,

Case 2: f =0 in Bla,r).

Proof. The function f has a representation as a converging power series,
oo
f(z)= ch(z—a)”, |z —al <,
n=0

and f(a) = 0 implies ¢g = 0. Now exactly two cases are possible.

Case 1: at least one coefficient ¢,, is non-zero: Then one of these non-zero coefficients has the
smallest index, call it cx with K € N;. Then

f(z) = Z cn(z —a)" = (z —a)® Z Crom(z —a)™ = (z —a)¥g(2),
n=K m=0

with g(z) :=>°_, ... as a holomorphic function on the ball B(a,r), and g(a) = cx # 0. Because
¢ is continuous, there is a small radius ¢ such that g(z) # 0 for all z € B(a,¢).

Case 2: all ¢, are zero: then f is the zero-function.
O

We wish to extend this result to more general subsets of C, namely domains, instead of open balls B(a, r).
The most elegant proof takes the route of topology, so we list a few topological concepts, most of them
should be already known to you.

Definition 9.2. A set M C R" is open if for each a € M, a ball B(a,r) exists with B(a,r) C M (and
r >0, of course).

A point * € R™ is a cluster point of M! if in each small ball B(x*,€) an element x. of M exists with
Ze # xy. (For the definition, it does not matter whether x* € M or not.)

Let Q C R™ be open. A subset M C Q is called closed in Q? if each point x* € ) that is a cluster point
of M belongs to M.

The empty set M = () is open, and it is closed in €.

IHaufungspunkt von M
2abgeschlossen in
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Example 9.3. The interval M = (0,1] is closed in Q = (0,00) C R!.

The interval M = (0,2) is closed in Q = (0,2) C R

Lemma 9.4. Let Q C R" be open, and M be any subset of . Write M., for the set of cluster points
of M that belong to 2.

Then M. is closed in Q.

Proof. We have to show: if z* € Q) is a cluster point of M., then z* € M.
This is equivalent to: if z* € Q is a cluster point of M, ;. , then it is a cluster point of M.

In other words: if z* € Q is a cluster point of M., then for each € > 0 a point . € M exists with
T* # z. and |z* — x| < e.

We know: for each € > 0, there is an element y. € M, with * # y. and |z* — y.| < £/12, because z* is
a cluster point of M, .. This y. is a cluster point of M because y. is a member of M, ..

We also know: there is an 2. € M with |y, — z.| < %|x* — Y|, because y. is a cluster point of M.
Then z* = z. is impossible, because of |[z* — z.| > 5|z* — y.| > 0 (draw a picture !).

Finally, we have

1 11 ¢
|{E*_x€| < |x*_y€|_~_|y€—x€‘ < (1+1()> |£E* _ys‘ < Eﬁ < ég,
as desired. Therefore x* is a cluster point of M, hence z* € M, .. O

Lemma 9.5. Let Q C R™ be open, non-empty and connected. Assume M C § be open and closed in Q.
Then either M =0 or M = €.

Proof. Beautiful exercise. You will need that € is connected (otherwise there are counter-examples). [

In the following, @ C C is a domain (open, non-empty, connected), and f: @ — C is a holomorphic
function. The set of zeroes of f is N/,

N = {zeQ: f(z) =0},
and the cluster points of N) form NC(,J;)),,

NC(Q_ = {z € Q: zis a cluster point of N(f)} .

Lemma 9.6. FEither Né,];), =0 or NC(’;) =Q.

Proof. By Lemma 9.4, NC(Q_ is closed in €.
We are done if we can show that NC(Q is open. Take a point a € NC(.];),. Then a € €, and (2 is open, hence
a ball B(a,r) exists with r > 0 and B(a,r) C Q.

Since a is a cluster point of N(f), a sequence (21, 22,...) C Q of zeroes of f exists with lim; o z; = a.
Then this sequence must enter the ball B(a,r) for large index j, and approach the centre a. Then Case 2
in Proposition 9.1 occurs, and f = 0 in B(a,r). Then each z € C with |z — a| < 7 is a zero of f, and

therefore each such z is a cluster point of N/, whence B(a,r) C N,

We have shown: if a € NC(,{,), then an r > 0 exists with B(a,r) C NC(,fp),. This is the very definition of NC(,fp),
being open. O

We begin to approach the highlight of this section:

Proposition 9.7. Let f be holomorphic on the domain 2, and suppose that a sequence of zeroes of f
converges to a point a in the domain 2.

Then f =0 in Q.
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()

Proof. Because the point a belongs to 2, we have a € NC(_’;),, which makes N¢;. = () impossible, hence
NC(Q_ = ). Now repeat the middle of the proof of Lemma 9.6. O

Warning: The conclusion is wrong if the limit point a of the zeroes of f sits on the boundary 0S). For
instance, take @ = {z € C: Rz > 0} as the open right half-plane, and f(z) = sin(1/z). Then f possesses
a sequence of zeroes that approaches the limit point a = 0, which does not belong to £ because 2 is open.
But f(z) is certainly not equal to zero everywhere in §Q.

Theorem 9.8 (Identity Theorem). If two functions g and h are holomorphic on the domain Q, and
they coincide on a set which has a cluster point in 1, then g = h in Q.

Proof. Apply Proposition 9.7 to the function f := g — h. O

We come back to an example from the last chapter: there is no function g = ¢g(z) which is holomorphic
for |z| < 7, takes the value zero for |z| < 1, and takes only non-zero values for 1 < |z| < 7. Now we have a
second proof: take h = h(z) as the zero-function on the ball B(0,7). Then both g and h are holomorphic
in Q = B(0,7), and they coincide in the ball B(0,1), which certainly has a cluster point in €. Then the
identity theorem says that g = h on B(0,7), and therefore g must be the zero-function also outside of
B(0,1). Contradiction.

Corollary 9.9. There is exactly one holomorphic function f on a neighbourhood Q) of R that coincides
on the real axis with the sine function:

f(z)=sinz ifzeR.

In other words: there is only one way for extending the sine function from R into C without losing
holomorphy.

Lemma 9.10. For z,w € C, it holds
sin(z + w) = sin(z) cos(w) + cos(z) sin(w). (9.1

Proof. Keep w = wp € R fixed. Then the function on the left-hand side, z — sin(z + wy), is holomorphic
in C, and the function on the right-hand side, z — sin(z) cos(wq) 4 cos(z) sin(wyp), is also holomorphic on
C. Both functions coincide for z € R, and by the identity theorem, they then coincide for all z € C.

This proves (9.1) for z € C and w € R. Now keep z = z5 € C fixed, let w run, and apply the identity
theorem again. O

Warning: This technique can not be used to show
Ln(z - w) = Ln(z) + Ln(w) (9.2)

for all z, w € C\R_ and Ln as the principal branch of the complex logarithm, because (9.2) is wrong for
such general z, w. However, (9.2) holds for all z, w with positive real part.

As an additional example, we take the Gamma function
(o)
I'(z) = / e ttF T dt, z € Ry, (9.3)
t=0
with integration along the half-axis R. For positive ¢ and real z, we have
tzfl _ e(zfl) Int

which (for each fixed ¢ € R,) is an entire function of z € C. Now we find all z € C for which the integral
in (9.3) exists. Put z = x + iy, then

’tz—1| — ‘e(z—l-&-ly) Int (z=1)Int _ tm—l

=€ s

and then we can show that (9.3) exists for all z = z + iy with > 0 and y € R. And if (z,y) varies in a
compact subset of the open right half-plane, then the convergence limp_, ftio ... dt is uniform.
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Next we determine a power series expansion of I'. We can not expand at zy = 0 because I' has a pole
there. Take zg = xg + iyg instead, with xo > 0. Then

0o
_ _ _ _ 1
+? 1_ e(zo 1)Int e(z z0)Int _ 170 1 Z E(lnt)"(z _ ZO)”7
n=0

and therefore

L(z) = /too e o1 (i %(lnt)"(z — zo)"> de

n=0

/ et (Int)" dt) (z —20)",

and this series converges for all z € C with |z — 2| < Rz9. We know this because the I' function as defined
in (9.3) is holomorphic in the open right half-plane, and the power series converges in any ball that lies
in the domain of holomorphy.

Next we have the induction formula 2I'(z) = I'(z + 1) for z € R, which quickly follows from partial
integration on (9.3). Then we use

T(z+1)

L(z) := .

for an analytic continuation® of the Gamma function to the domain {z € C: Rz > —1} \ {0}, with a pole
at zero. By repeated application of this formula, the Gamma function can be defined as a holomorphic
function on C\ {0, —-1,—-2,...}.

The Gamma function never takes the value zero (we do not prove this), and then z — 1/I'(z) is an entire
function (without proof). Then one can show that the Bessel function J, = J,(z), defined via

o0
Z\V -1Hm z\2m
= (2 o (T
2 m!l'(m+v+1) \2
m=0

compare (2.4), is, for each fixed v € C, a holomorphic function of z on the domain C\ R_ (because
z +— z¥ is delicate for v ¢ Z). This is easy to show since each power series is a holomorphic function of
its argument in its ball of convergence. And the Bessel function J,(z) is, for each fixed z € C\ {0}, an
entire function of the variable v. This is non-trivial because an infinite sum of entire functions need not
be entire.

Our next concept is the mazimum modulus principle*. If you have a real differentiable function f: Q — R
with € R™ and ask at which point 2* € Q the function = + | f(z)| attains its maximal value, the answer
is: ¥ € Q can be anywhere. For instance, in case of Q = B(0,3) C R? and f(z) = 7 — (22 + 22), |f]
attains its maximum at z = (0,0).

The situation is different for complex differentiable functions.

Proposition 9.11 (Maximum modulus principle). On a bounded domain Q@ C C, a holomorphic
function f which is continuous on Q attains its maximum at the boundary:

max |f(z)] = max [f(2)]

2€Q 2€09Q

Note that we can write max instead of sup since Q and 99 are compact.

Proof. Assume the opposite: there is an interior point z* €  with

max |f(z)| = [f(z%)| > max [f(z)].

2€Q 2€00

3analytische Fortsetzung
4modulus = Betrag
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Then f can not be a constant function. Because any point of the open set 2 is an interior point of 2,
hence there is a small ball B(z*,r) contained in 2, and we have

fEI<IfED) VzeBE,n).
By the Cauchy Integral Formula,

- L /©

27Ti IC_Z*IZ»Q C — z*

dc¢, Vo€ (0,r).
On the circle I' = 9B(z*, 0), we have, exploiting (8.1),

max [ f() < 1f() < = max L)

1
zel %K—z’ﬂ:g ‘C—Z*|

~27w:rglggi\f(0\,

which is only possible if |f(¢)] = |f(z*)| for each ( € B(z*, 0). But the radius o was chosen arbitrarily
between 0 and r, and consequently

IFR =) ¥ ze B, ).

By the same method as in Lemma 7.12, we then can prove that f = const. in the ball B(z*,r). The
identity theorem then implies f = const. in 0, which we had excluded in the beginning. O

9.2 Singularities

Definition 9.12 (Isolated singularity). Let Q C C be open. A point a € Q is called isolated singularity®
of f it f is undefined at the point a, but holomorphic on a punctured® ball B(a,¢) \ {a}.

If f can be extended to a function that is holomorphic on B(a,€), the singularity is called removable”.

For example, the function f = f(z) = (sin 2)/z has a removable singularity at a = 0 (by defining the value
of f as 1 there).

Proposition 9.13. If Q C C is open, and f is holomorphic on Q\ {a}, and bounded near the point a,
then the singularity is removable.

Proof. We define a new function

o) im {(z—a) 1) :z#a,

0 1z =a,

and, clearly, g is complex differentiable for z # a. And for z = a, we have

g'(a) = lim 9(2) = 9(a) = lim(z —a)f(z) =0,

z—a zZ—a z—a

because f is bounded near a. Then ¢ is complex differentiable everywhere, hence holomorphic on €2, and
therefore a Taylor expansion of g is available:

9(2) = calz—a)", Vz€Blae) (3c>0),
n=0
with ¢g = 0 because of g(a) = 0, and ¢; = 0 because of g’(a) = 0. Then we have, for z € B(a,¢) \ {a},
f(z) = & — i Cm+2(z—a)m,
(Z B a)2 m=0

and we can extend f to Q by defining f(a) := cs. O

5isolierte Singularitét
6gelocht. puncture = Reifenpanne
"hebbar



144 CHAPTER 9. ZEROES, SINGULARITIES, RESIDUES

Definition 9.14 (Pole of order m). A function f with isolated singularity at the point a € Q has a
pole of order m € N if complex numbers c_1, ..., ¢y with c_,, # 0 exist such that

/- Z cn(z—a)™"

n=1
has a removable singularity at the point a.

Lemma 9.15 (Partial fraction decomposition). Let f(z) = p(2)/q(2) be a rational function (quotient
of two polynomials), with degp < degq; and q has zeroes z1, ..., zx of multiplicities mq, ..., mg.

Then numbers c;j; € C ewist such that

K
HOESY

j=11=—

-1
cii(z—2z),  VzeC\{z,...,2x}

Proof. By the definition of poles of order m, there are numbers ¢;; such that f — ", ¢; (2 — zj)l has a
removable singularity at z;. Then also f — Z]K:1 >, ¢ii(z — z;)! has only removable singularities in C,
hence it is an entire function, and it goes to zero for |z| — co. Now apply the Liouville theorem. O

Definition 9.16 (Essential singularity). A function f has an essential singularity® at a point a €
if this point is an isolated singularity of f, but neither removable nor a pole.

Theorem 9.17 (Casorati—Weierstraf3 Theorem®). If f has an essential singularity at a € Q, then,
for each small e, the set f(B(a,e) \ {a}) is dense'’ in C (this means that every complex number is a
cluster point of f(B(a,¢e)\ {a}), for each e >0).

Proof. Suppose the opposite: for some ey > 0, the set f(B(a,e0) \ {a}) is not dense in C. Then some
w € C is not a cluster point of f(B(a,e0) \ {a}), and consequently a positive ¢ exists with

lf(z) —w| >46 V z € Bla,e) \ {a}.

For such z, define g(z) := 1/(f(z) —w), which is holomorphic on B(a,¢)\ {a} and bounded, |g(z)| < 6~ *.
By Proposition 9.13, this singularity of g is removable, and g can be holomorphically extended to the ball
Bl(a,ep).

Case A: g(a) # 0: then f is bounded near a, and the singularity of f is removable. Contradiction.

Case B: g(a) = 0: Then we can exploit Proposition 9.1, and either g has a finite order zero (then f has
a finite order pole — contradiction) or g = 0 in B(a,&q), which contradicts g(z) = 1/(f(z) — w).

We always got a contradiction. O

A typical example is f(z) = exp(1/z) for z # 0. In each small ball B(0,¢) \ {0}, f assumes every value
from C\ {0}, and this is already the general case:

Theorem 9.18 (Stronger Version of the Casorati—Weierstraf3 Theorem). If f has an essential
singularity at a € Q, then a number wy € C exists such that, in each ball B(a,e) \ {a} (whatever small
number € is), f attains each number from C\ {wo}.

Remark 9.19. The functions Ln and /- have no isolated singularities at 0, because they are not holo-
morphic on the punctured ball B(0,e)\ {0}, since they have a jump type discontinuity when crossing a ray
that starts at 0.

Theorem 9.20 (Cauchy Integral Formula for Annular Domains). Leta € C, 0 <1 <719 <73 <
ry < 00, and f be holomorphic on the annular domain

Q:={ze€C:r <la—z| <ry}.

8wesentliche Singularitit

9 FELICE CASORATI, 1835 — 1890
10dicht
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If ro < |a — z| < s, then

fy— fO) 4o 1 1)

27 |¢—a|=rs C— z 27 [¢—a|=rs C— z

d,

both circles oriented counter-clockwise.

Sketch of Proof. Connect the circles dB(a, r2) and 0B(a,r3) by two radial lines. Then the annular domain
between dB(a, ) and dB(a,r3) decomposes into two parts, each of them looking like a horse-shoe'!, and
domains of such a shape are simply connected. Now apply the Cauchy Integral Formula to each of the
two loops that encircle the horse-shoe domains. O

Figure 9.1: The Cauchy Integral Formula in annular domains

Now we are in a position to describe better how functions behave near essential singularities:

Theorem 9.21 (Laurent series'?). Let 0 <r < R < oo and f be holomorphic on
Q:={zeC:r<|z—a| <R}

Then the expansion

o0

f(z)= Z en(z —a)", r < |z—a|l <R,

n=—oo
holds (LAURENT series), and the coefficients are

1 f(©)

=_— IS q¢,  nez,
t2m fig g (C—a)"

@

with an arbitrary o between r and R.

-1
n=-—o00

The two serieses » cn(z —a)™ and 3,2 cn(z — a)™ converge uniformly on compact subsets of €.

Proof. Fix z. Choose ro and r3 with

r<re <|z| <rs <R.

H Hufeisen
12PIERRE ALPHONSE LAURENT, 1813 — 1854
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Then we can use Theorem 9.20 and find
f(z) = F(2) + H(2),
1 f(Q)
Fe = om maiara C— 2
1 f(©)
H(Z) - 72771_1 —al=rs C — d<7

and F, H do not depend on ry, r3. The part F is holomorphic on B(0, R); we have the power series
expansion

F(Z) = ch(z - a)n7 Cp = ! &dg
n=0

B 2mi [¢—al=r3 (C - a)nJrl
and ¢, is independent of r3. Concerning the part H, we note that

I 1 s S T B AT
(-2 (—a)—(z2—a) z—a 1_%_ z:—aX:(Z—UJ7

n=0

with convergence of the series because of | — a| < |z — a|. Then we find

_ 1 fQ 1 [Q 5~ (Ca)
H(z) =  omi lc—al=rs C — 2 do= 2mi }li_ﬂ_m zZ—a T;) (za> «“

_ - i f(C) . Z_a—l—n m:==—1—n
B A e

n=0
> [ it N
) m:z;oo <27T1 %C—a—r2 (C_El)gnJrl dC) (z—a)
=Y el

where the coefficient

1 f(©)

Cm = =— —_
" 27 |¢—al=rs (C - a)m+1

d¢
is independent of 2 € (7, R). O

In case of an isolated singularity, we may take r = 0, and then the expansion

o0

flz)= Z em(z—a)™, 0<|z—al <R,

m=—0o0

follows. Now three cases are possible:

Case 1: all ¢, with m < 0 are zero: then f has a removable singularity at the point a.
Case 2: a finite number of ¢,, with m < 0 are non-zero: then f has a pole at the point a.

Case 3: an infinite number of ¢,, (m < 0) are non-zero: then f has an essential singularity at the
point a.

Definition 9.22 (Singularities at infinity). Suppose that f is holomorphic on @ = {z € C:r <
|z —a|] < oo}. Then we say that f has a pole of order m at 0o if g(z) = f(1/z) has a pole of order m at
0, and f has an essential singularity at oo if g has an essential singularity at 0.

For instance, f(2) = 22 — 1/z has a second order pole at oo, and the sine function has an essential
singularity at oo.

Definition 9.23 (Meromorphic functions). Let Q C C be open. A function f is called meromorphic
on Q' if a set PY) (closed in Q) exists such that f is holomorphic on Q\ PY), and PY) has no cluster
points in Q, and each element of PY) is a pole of f or a removable singularity. The set PY) is known as
the set of poles of f.

13

meromorph auf
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9.3 The Residue Theorem

Lemma 9.24. Let f be meromorphic on 2, a a point in €, and assume that the Laurent series of f at a
reads

f(z) = Z en(z—a)?, Yz with 0 < |z —a| < R.

n=—oo

If 0 < r < R, then, with counter-clockwise orientation of the circle dB(a,r),
j{ f(z)dz = 2rwic_;.
|z—al=r

Proof. By Theorem 9.21, the convergence of the Laurent series of f is uniform on compact subsets of the
annular domain. A circle of radius r about a is compact, hence we can commute ., and ¢:

?{ f(z) dz:f Z cn(z—a)"dz = Z 6"7{ (z —a)"dz = 2rwic_q,
|z—al=r |z—al=r ,—— n——oo |z—al=r
following the computations from the Examples 8.3-8.5. O
Definition 9.25 (Residue'?). The coefficient c_1 of a Laurent series expansion of f at a point 2 is
called residue of f at z'°,

res(f) :=c_1.

Z0

The term with c_; is the only one to survive the integration along the circle, all others disappear, compare
the Examples 8.3-8.5.

Figure 9.2: The residue theorem for a circle '

Theorem 9.26 (Residue Theorem for a circle). Let f be meromorphic on Q@ and I’ C Q be a circle
with counter-clockwise orientation, such that no singularity of f is on I'. Let z1, ..., zy denote the
singularities of f in the bounded component of C\T.

14 residue = NachlaB, Rest, Riickstand, Uberbleibsel, Uberrest
I5Residuum of f at zg
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Then
N
j{ f(z)dz = QWines f.
r 2k
k=1
Proof. Let I'y, ..., I'y be circles with centres 21, ..., zy and radii so small that none of the circles I', I'y,

..., I'y intersect. For each k, connect I' and I'y by a straight line that does not intersect another circle
or another such straight line. Then you can show, by the Cauchy integral theorem that

N
74 f(z)dz = Z f(z)d=.
r k=17T%

Now apply Lemma 9.24. O

Of course, the curve I" need not be a circle, but in the general case, it is harder to describe how to connect
I" and the T'y, by non-intersecting lines.

A more general version of the residue theorem (whose proof we skip) is:

Theorem 9.27 (General version of the Residue Theorem). Let Q C C be a simply—connected
domain, T C Q a loop, and f: Q — C meromorphic with the a finite set of poles P, and no pole of f
is on T

Then

ﬁf(z) dz = 27i Z Irlld(p) -rgs(f).

peP(f)

As a first example, we consider the integral
o dx 1
I = _ =_—
/_T;_oo 222 + 4z + 20° 1@ =m0
The poles of f are

1
2(z — 21)(2 — 22)

z10=—1=£3i, f(z) =

For R > 1, split I as follows:

-R

f(x)dac+/R f(x)dx—k/g:ORf(x)dm.

r=—R

[ = I(R) + L(R) + Iy(R) = /

T=—00

If R is large, then (compare the proof of Theorem 8.28)
1
[4z + 20| < §\2x2| for |z| > R,

hence

i dz

< " —1
)< [ 2 =0

and also |I1(R)| = O(R™1). This gives I = limg_,o I2(R). Call I'y the straight line from —R to R, and
I’y the half-circle parametrised by v(t) = Rel* with 0 < ¢ < 7. Then I'; UTy is a loop encircling z; but
not z3. The residue theorem then implies

Z1

j{ f(z)dz = 2mires(f).
IHUTy

On the other hand,
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which gives is

f(z)dz
Iy

< max|f(z)] - 7R = O(R™Y),

and now we can argue like this:

R—o0 21

I'=lim L(R)= lm <£2UF4 f(z)dz — 5 f(z)dz> = lim <27rires(f)D(R1)>

= 2mires(f).

zZ1
To compute the residue of f at z;, we remember that

L Lo

a-+e a

for all €, a € C with |¢| < |a|, and then the expansion for z ~ z; becomes

1 1 1 1 1
flz)= 2(z — 21)(2 — 22) - z—z1 2(z—z) T z-a 2(z1 = 2) +2(z = 21)
1 1 1 1
- z—z (2(21—22) +D(Z_Zl)) B Z—z 2(21 — 22) o,

and then the residue is

1
tes(f) = 1 = g

which results in

1 ™

I = 27i .
i 5

2. 61

®
=

Figure 9.3: A first example to the residue theorem

This methods is applicable to rational functions of x where the degree of the polynomial in the numerator
is at most equal to the degree of the polynomial in the denominator minus two (and the real axis must
not contain a pole). Of course, we could have evaluated the integral using traditional methods like partial
fraction decomposition, too.
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A second example which is not accessible to traditional methods is

I:/]R Eiz, dz, f(z) =

r—1i x—1i’

with the integration along the real axis to be understood as I := limp_, f;:fR ... dx. We extend the

line T'y = [—R, R] to a square in the complex plane by the following curves:
I's: z2=R+1y, 0<y<2R,
I's: 2= —z+ 2iR, —R<z <R,
Iy: 2= —-R — iy, —2R <y <O0.

Then I' :=T7 U... Uy forms a loop with counter-clockwise orientation, and we have

f £(2)dz = 2rives(f),
1'\ 1

because i is the only pole of the function f in C. Now we estimate the integrals over the three new lines.
On T'y, we have

z—1

and therefore

f(z)dz S/ —e Vdy < —,
I y=0 R R
and the same bound holds for the integral over I'y. And concerning I'3, we have
iz —2R —2R
£ <= — f2)dz| < S 2R = 2R,
z—1 R s

The result then is

I = lim/ f(z)dz = 2wires(f),

R—o0 T

and the residue of f at the point i can be evaluated via

el? ell —1 —1

B S (CE | N 14+ 9O(i(z — 1)) =

z—1 z—1 z—1 z—1

or resi(f) = e~ !, which gives us eventually I = 2re~!

Our third example is more delicate:

0o : R _:
sin x . sin x
I = dz := lim dez = .
T x R—oo J_p X

=—00

Observe that the integrand Si;”” has no pole in C, and moreover, the complex sine function

sinz = —(e* — e %)

explodes exponentially for Sz — 400, because of the term e™*. We overcome this difficulty exploiting

the odd symmetry of the sine function:

¢ sinz R sing R sing 1 [P ez —eio
dx + dxr =2 = - —dx
z=—R <L z=e < z=e <L 1 Jg=e T
R )

1 1T 1 R —1T
:7/ 67dac+f/ £ EEE
1 Jg=e & VJg=e —2
1 R ix 1 —€ iz
= f/ Ldﬂ?‘f’ T/ efdi'
1 x 1 Jz=—R T
1
= 7/ —dz.
L JI-R,R|\[-¢,e]
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L
' >
~-R l;' R

Figure 9.4: The second example to the residue theorem

Now we take a chain of six curves:

Fl = [_R7 _E]a
Iy = {Eei(”_t): 0<t<m},
F3 = [57 R]a

I'y={R+iy: 0 <y < 2R},
I's ={—z+2iR: — R <z <R},
Is={-R—iy: —2R<y<0},

compare the figure. For brevity of notation, define I = fl‘k f(2)dz with f(z) = % Then we have on
the one hand
1= li I+ I
(E’R)IHH(IO’OO)( 1+ 13),
and on the other hand, from the Cauchy Integral Theorem,
Li4--+1s=0.
As in the second example, we show that
\Iu] + |Is| + |I] = O(R™Y),
which brings us to
I=—1lim Ir(e).
e—=0
By direct calculation, we have
iz T s opi(m—t) ) ™ )
I, = e,— dz = / % ce(—1)elm D dt = —/ exp(iee! ™) dt,
Ts 1z +=0 lEel(ﬂ_ ) t=0

which converges to —m for € — 0, and then our final result is

0 .
sin x
/ dx = 7.
z=—00 L
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Figure 9.5: The third example to the residue theorem

Finally, we give some hints how to compute residues. Note that a function h with a zero of order m at zg
possesses the Taylor expansion

h(z) =

k=m

| =

(O%h)(20) - (2 — 20)* = %(2 —20)™ - (14+9O(z — 20)).

X

!

e if f = g/h and h has a single zero at zg then

_ 9(0)+9'(20)(z—20)+... 9(z0) .
1) = W) G-+ DG —20) W) (e —m) D) 2T

and then the residue is res,, (f) = ,f,((zz?) =lim,,,,(z — 20) f(2),

o if f=g/(z—29)™ them

, 1 (m—-1)
- 19 (20)
f(z)zg(20)+g(20)(z o)t oD P
(z — zp)™ z— 20

e if f = g/h and h has an m—th order zero at zp, then h(z) = (z — 20)™w(z) with w(zp) # 0, and we
find

2) - (w(z))~t m—1
o=t e = o (97 )

(z— z0)™ 20 (m—1
e if uw = u(z) is holomorphic near zy and v = v(z) has a single pole at zg, then

rg)s(uv) =u(z) - rg)s(v),

e if u = u(z) is holomorphic near zy and v = v(z) has a pole (of whatever order) at zg, then

res(u + av) = ares(v).
zZo zZo



Chapter 10

Applications of Complex Analysis

10.1 Behaviour of Functions

In this section, I is always a loop that does not intersect itself, with counter-clockwise orientation. Let G
denote the (unique) bounded component of C\ T.

Suppose f:  — C is meromorphic, I" contained in €2, and you know from somewhere that f has no poles
in the domain G, and f has no zero on the curve I'.

How can you determine the number of zeroes of f in G 7

Lemma 10.1. In the situation described above, the number of zeroes of f in G (counted according to
multiplicity) is
1 !
1 rey,
271 Jr f(2)

Proof. Let zg be an m~th order zero of f. Then, by Proposition 9.1, f(z) = (2 — 29)™g(z) with a
holomorphic g that does not vanish near zy, and

f'(z) _m(z—20)""lg(2) + (2 —20)g'(2) _ m  g'(2) (f’) _
)~ (= = 20)g(2) BRI N U A
Now apply the residue theorem 9.27. O

For a general meromorphic function, the integral ﬁ fr ! /((zz)) dz equals N — P, the difference between the

number of zeroes and the number of poles in G, both counted according to their multiplicities.

Corollary 10.2 (Fundamental Theorem of Algebra). Each polynomial of degree n possesses exactly
n complex roots.

Proof. Take f = f(z) = anz+---+a12+ap with a,, # 0. Choose I' = 9B(0, R) with R > 1. Then (as we
know already), f can not have zeroes outside the ball B(0, R). On the circle T, we have (with appropriate
numbers b; and ¢; which we do not need to compute)

F(2)  napz" 4 ar napz" N1+ biz T+ bez 2+ 4 bz ()

f(z2)  apzt+---4ao anz(14+ 1271 +eaz72 + -+ cpz™™)

Put ¢ := —(c1z7 ' + -+ + ¢,27™). Then the summation formula for the geometric series gives
f/(z) n ( ~1 (-1 n e iy
=2 (140 ci by g2 )) 1 24 Y= 27,

o)~ 2 (b b (I4+qg+¢+...) Z+J§:2%z

with new coefficients ;. This is a Laurent series in the annular domain Q = {z € C: R < |z| < oo}, with
uniform convergence of the series. Then

f/(z) % n oo » f’n ') » )
dz — 24 vzl | dz= ¢ —dz+ ’y‘]{zjdz:%rm,
éf(z) r\~? ; ! r~? ]z:; ! r
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which was our goal. O

Now assume that we know from somewhere that f has exactly one zero in G, but no pole. How to find
it 7

Lemma 10.3. In this situation, the zero of f can be computed as

1 /
20 = — M0 dz.
2ri Jp f(2)
Proof. We have f(z) = (z — 20)g(2), and for z near zg, g does not vanish. The function z — z is

holomorphic near zy, and therefore

rzeos (z J;/((ZZ)>> =2 rze(st <J;l> =zy-1,

as in the proof of lemma 10.1. O

As an application, consider a vibrating system. Then the eigenfrequencies are typically the eigenvalues of
a certain matrix, and the entries of the matrix depend on parameters of the system (and on the errors in
your measurements).

How do the eigenvalues depend on the perturbations of the coefficients 7
Lemma 10.4. Let a;;, = ajx(e) depend holomorphically on the parameter €, for 1 < j,k < N. Let A\1(0)
be an eigenvalue of A(0) = (a;x(0));x=1,...n of algebraic multiplicity one.

Then A1 depends analytically on €.

Proof. Each eigenvalue of a matrix depends continuously on e, because eigenvalues are zeroes of the
characteristic polynomial, to which we can apply Lemma 10.1, with the consequence that no eigenvalue
jumps if € varies.

Now let T be a small circle about A;(0), such that all the other eigenvalues A2(0), ..., Ay (0) are outside
I'. Then
1 [ 2f'(2)
= d =det(A(e) — 21
>\1(O) i T f(Z) 2, f(Z,E) € ( (5) z )7

because f is clearly a holomorphic function of z € C. Now A; depends holomorphically on € € C, due to

0 1 0 [ zf'(z¢) 1 0 zf'(z,¢)
() = o p T A= 2 =,
g 1(€) 2ri 02 Jp f(z,¢) T om r 02 f(z,¢) :
And each holomorphic function is analytic, therefore A\; can be expanded into a power series of e. O

Warning: The assumption of \1 to have algebraic multiplicity one is crucial. Take

Ale) = (g é) :

Then A(0) has the double eigenvalue zero, but

M(e)=—ve,  ale) =+,

and this has no Taylor expansion at the point e = 0.

With a view towards applications, we note that a little investment (change the parameter from zero to
€) gives a larger gain (the difference of the eigenvalues changed from zero to /¢). A similar phenomenon
occurs in the case of the Poincaré-Andronov—Hopf bifurcation: changing one parameter by & gives rise to
a stable periodic orbit of diameter ~ y/e. This can be observed in case of a variant of the VAN DER PoL
oscillator, which has several applications in electronics. Details can be found in [12].
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Now imagine the following situation: you wish to know how many zeroes a function f has in a domain
encircled by I', but f is complicated and evaluating the integral appearing in Lemma 10.1 is infeasible.
But f is “approximated” by another function g, which is less complicated. Under which conditions have
f and g the same number of zeroes in the domain inside I" 7

Proposition 10.5 (Theorem of Rouché'). Let Q be a domain in C, and T C Q, and f, g: Q@ — C
holomorphic. Suppose

l9(z) — f(2)| < |f(z)] Vzel.

Then the numbers of zeroes inside I' of f and g coincide, N(f) = N(g).

Proof. Let w be a tubular neighbourhood? of T'. If the “width” of w is sufficiently small, then the inequality
lg(z) — f(2)] < |f(z)| holds also in w. Then we have, for all z € w:

<1 = %M>O,

with ’ )

hence the fraction % only takes values in the right half-plane C, of C. Now define

u(z) = % Ln (?8) , Z € w.

Since ?8 never leaves C, we can compute like this:

The function u possesses a primitive function on w, namely Ln(g/f). By Proposition 8.8, we have

ﬁ u(z)dz = 0.

(We can not utilise the Cauchy Integral Theorem because w is doubly—connected.) However, u(z) =

’

5; ((ZZ)) — J;/((ZZ)) in w. Now apply Lemma 10.1. =

T ok d TP
»* '.Oﬁt.o...n. oeeee o

oe® Paay
. oo ® L)

2®
L
a®

Figure 10.1: A tubular neighbourhood w of the curve '

I EugENE ROUCHE, 1832 — 1910
2 schlauchférmige Umgebung
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10.2 The Laplace Transform

Definition 10.6 (Exponential growth order and Laplace transform). For a function f: [0,00) — C
that is piecewise continuous and has exponential growth order M,

E|Cf: |f(t)| §C’f€Mt, Vite [0700),
we define the Laplace transform F = L{f} as

F(2) :z/ e f(t)dt, z€Cpsoy i ={2€C: Rz > M}.
t=0

The following examples can be found by direct computation:

f=1@®) F=F(z)

", n € Ny nl/zntL Rz >0

te, a>-—1 [(a+1)/20TY Rz >0
et aeC 1/(z — ), Rz > Ra
sin(wt), weR w/(2? + w?), Rz >0
cos(wt), weR z/(2% + w?), Rz >0

Lemma 10.7. The Laplace transform F of the function f with exponential growth order M is holomorphic
on Cxs -

Proof. Exercise. O

Proposition 10.8 (Inverse Laplace transform). Let f: [0,00) — C be continuous except a finite
number of jumps, and with exponential growth order M. Then f can be obtained from F = L{f} by the
formula

1 ViR f() : [ is continuous at t
— lim / e*'F(z)dz= ¢ 3(f(t+0)+ f(t—0)) : f jumps att
271 R—o0 ~y—iR 1

where v > M can be chosen freely, and the integration is performed along the vertical straight line from
v —1iR to v +iR.

Proof. For v > M, define

0 11 <0,
f’Y(t) = {e—'ytf(t) -t Z 0

which belongs to I!(R!), because of v > M. The Fourier transform f; of f, is

fy (1) = /t R £y () dt = / T eitret ft)dt = / h e~ F () dt

——00 t=0 t=0

= L{f}(y+ir), TeR

In the appendix, Lemma A.16 presents the inversion formula for the Fourier transform, which reads (for
a point ¢ where f is continuous)

1 B 1 A
= _— [ itT = — [ 1t‘rF : = :
f5(t) 5 A . e fy(r)dr 5 Al . e TF(y+ir)dr zi=y4ir
1 Y+iR
= — lim eCTIR(2) dz,

271 R—oo y—iR
and for ¢ > 0, we have
1 y+iR
ft)=e"f,(t) = =— lim e*'F(z)dz.

27i R—oo ) iR
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Warning: Some care is necessary here. Call M the'set of all functions F = F(z) that are holomorphic in
a half-plane Cgs s, and for which the integrals fjjm e F(z) dz give finite values, for all v > M and all

100
t > 0. This set M contains all those functions to which the inversion formula can be reasonably applied.

Then the Laplace transform is not a surjective map onto M. This means: there are functions F = F(z)
to which you can apply the inversion formula, and this inversion formula gives you a function f = f(t)
with exponential growth, but F # L{f} because F is the Laplace transform of nobody.

A positive result is the next one.

Lemma 10.9. Let F' be a holomorphic function for all z € C with Rz > M, and assume that

e for any § >0, F(z) converges uniformly to zero for z — oo, where Rz > M + 6,

o for any § > 0, the line integral flyi;:i;o |F(2)|dz is bounded.

Then F' is the Laplace transform of a function f which can be found by the inversion formula.
Proof. This is Satz 3 in Chapter 7 of [7]. See also the other two volumes of that magnum opus. O

To perform the inversion, the following procedure can be helpful in the case that F' is a meromorphic
function on C with [F(z)| < C|2|~* for some positive ¢, for all large |z|. Define I := [, e F(z)dz with
T'y being the straight line from v — iR to 7 + iR. Then draw a rectangle as in Figure 10.2, with I'o UT'g
being being the upper edge, I's in the right half-plane, I's in the left half-plane. Similarly I's U I's is the
lower edge, and Ty is the left edge. Define I}, = ka e*F(z)dz.

The integrals I3, ..., I5 can be discussed as in Figure 9.4, and we find |I3|+|I4]+|I5| < CR™¢. Concerning
I, we remember (8.1), hence

|| < Ce"R™¢ -,

which approaches zero for R — oo, and therefore I; is approximated by 27i times the sum of the residues
of 2+ e*F(z) in the rectangle.

P3 r'g_
V4
< iR *

v

Figure 10.2: Computing the inverse Laplace transform
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Proposition 10.10 (Laplace transform of a derivative). Let the function f: [0,00) — C be contin-
uwous, piecewise differentiable, and of exponential growth order M. Then

LLfHE) =2 L{f}(2) — f(0),  Vz€Cqron.
Proof. Partial integration in the formula of £{f’} . O
This can be remembered as follows:

If £(0) =0, then differentiation in the t—world
corresponds to multiplication by z in the z—world.

We generalise a bit:

Lemma 10.11. Let the function f: [0,00) — C be continuous with one jump at t. > 0, piecewise
differentiable, and of exponential growth of order M. Then

L{f'}(z) = 2- L{f}(z) = £(0) = (f(t +0) = f(t. = 0)) - e™"*  Vz€Crom-
Proof. Careful partial integration in the formula of £{f'} . O

It is no surprise that we have also £{f"}(z) = 22 - L{f}(z) — z - f(0) — f’(0), and similar formulae for
higher order derivatives.

Example: To find the solution to y"(t) + y(t) = sin(3t) with y(0) = 2 and y'(0) = 7, we define Y =Y (2)
as the Laplace transform of y, write f(t) = sin(3t), and it follows that

3
(22Y(2) —2-2-T)+Y(2) = F(z) = o
(22 4+1)Y(2) = Zz—ig +22+7,
Yz = (22+1)3(22+9) + ijij - zoii zii + zj?)i + zji%i7
with some easily computable constants «, ..., §, and then we can directly express y:

y(t) = aelt + Be T + ~edit 4 s,

We could have solved this initial value problem also by classical methods, of course. The real power of the
Laplace transform becomes visible when we study linear time invariant systems. Think of an electronic
amplifier, or an electronic devices which adds an echo to an acoustical signal. For such a device, you have
an input signal which gets transformed into an output signal. The assumptions are:

e the output depends linearly on the input,
e the system does not depend itself on the time variable,

e the system obeys causality: the output can not depend on values of the input from the future. The
present output can depend on the present input and the input of the past, of course®.

Then the output signal must depend on the input signal via a convolution®:

Definition 10.12. Letu, v: [0,00) — C be piecewise continuous. Then the convolution (uxv): [0,00) = C
is defined as

(uxv)(t) := /:0 u(t — s)v(s)ds, 0<t<oo0.

3 An extreme example is a bottle of ketchup. The input signal are the motions of the bottle, and the output signal is the
viscosity of the ketchup. This system is certainly time invariant, but it seems to be nonlinear.
4Faltung
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Think of u as input, v as impulse response function® (or conversely, because the convolution is commuta-
tive), and u * v as the output signal.

To give examples of the convolution, we first define E = E(t) as that function that has the value one
everywhere.

o Jyu(s)ds = (Exu)(t),
e if v(t) = exp(at), then the solution y = y(t) to the problem
y'(t) = ay(t) + f(t), y(0) =y,
is given as y(t) = v(t) - yo + (v * f)(t), compare (3.3),
o if v = v(t) solves
V() +av(t) =0,  v(0)=0,  v'(0)=1,
then the solution y = y(t) to the problem
y'() +ayt) = f@),  y0) =y, Y (0)=n
is given by
y(t) =v'(t) - yo +v(t) -y + (v f)(t). (10.1)

Lemma 10.13. If u and v are piecewise continuous and of exponential growth orders M, and M,, then
u*v is continuous and of exponential growth order max(M,, M,) + ¢, for an arbitrary € > 0.

Proof. The continuity of u * v follows from the boundedness of u and v. We know |u(t)| < C,eM=! and
lo(t)] < CpeMvt, and therefore

|(u*xv)(t)] < CLCy /:0 exp(max(M,, M,) - (t — s)) - exp(max (M, M,) - s)ds

t
= C,C, exp(max(M,, M,) - t) / 1ds.
s=0
Now exploit t < C.et for all positive e. O

Proposition 10.14 (Laplace transform of a convolution). If u and v are piecewise continuous and
of exponential growth, then

L{uxv}=L{u} - L{v}.
Proof. Exercise for FUBINI’s theorem. Be careful with the limits of the integrals. U

This can be remembered as follows:
A convolution in the t—world corresponds to a multiplication in the z—world.

This enables us to handle differential equations like

y' () + dy(t) = /_0 exp(=2(t —s))y(s)ds,  y(0)=0, ¢ (0)=1.
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ﬂ—/\/\/—.—/\/\/—.—/\/\/—.—/\/\/—k

We come to an application. Consider an infinite chain of atoms, and each atom is connected to its two
neighbours by harmonic oscillators. The deviation of the n—th atom from its resting position is u,, = u,(t),
and Newton’s Law ma = F then brings us to

ulr (t) = up—1(t) — 2upn (t) + upns1(t), nez, t>0, (10.2)

n

where the interaction constants and the masses have been normalized to one, and we have the initial
conditions

u,(0) =ul®, W (0)=ul),  neZ (10.3)
Our goal is an explicit solution formula.
We will show:

(0)

Lemma 10.15. Assume that only a finite number of the initial values uy’ and u(
solution to (10.2), (10.3) is given by

) is not zero. Then a

(oo}
un(t) = >l Toemy @) +ul) - [ D Jun@)] ], nez,

mEZ I=|n—m]|

where J,, v € C are the Bessel functions:

00 (_1)m t 2m+4v
WO=% retin () o te©

Some remarks are in order:

e it is a nice exercise (comparing the coefficients of all power series involved) that

J 2(n— m) 2t Z J2l+1 2t

l\n m|

and this corresponds to (10.1),

e we can read n and m as spatial variables, and then )" . usg)Jg(n,m)(%) can be understood as a
convolution in the space Z where the spatial variables live,

e The bessel function Ji(s) is exponentially small for s < |k|/2, it has the biggest contribution for
s ~ |k|, and it decays slowly for s > |k| (with decay rate as s~1/2, but it possesses additionally some
oscillations). Compare (2.5) and (2.6) and the graphs of several Bessel functions in that chapter.
If we assume (for instance) that the initial values are non-zero only for |n| < 3, then the solution
(at time t) is concentrated at the location |n| & ¢ (just find all those n where 2|n — m| & 2t). This
means that two waves are travelling through the oscillator chain (one wave to the left and one wave
to the right), and the wave speed is approximately equal to one. Higher velocities are only possible
at the price of an exponential damping, but smaller velocities can occur. The wave speed depends
on the spatial frequency, which is known as dispersion in physics.

There are several ways to prove Lemma 10.15:

e The mathematically most correct proof is: just check that the functions wu, given in the above
formula are indeed solutions to (10.2) and (10.3), using formulas as e.g.

cos(z sin f) )+2 Z Ja1(2) cos(216),

Jon(2) = (_1)an(z)v
Jy-1(2) = Jy41(2) = 27}(2),

which can perhaps be shown via comparison of all the coefficients in the power series (or via com-
parison of the Laplace transforms).

5Impulsantwort
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e Another approach is maybe more helpful for a deeper understanding of the solution formula: we
show, that each solution must have this form. A rigorous proof of this fact is beyond our reach
(because we miss the tools from functional analysis and the time), so we settle for something less
and accept a reduced logical precision. This is no logical problem since we can afterwards follow the
methods of the first e.

Remark 10.16. We note that the oscillator chain system possesses a mechanical energy. We define

£(t) 1= = 3 (((8))? + (un(t) — un_1(£))?) .

nez

and here we assume that un,(t) and u), (t) decay for |n| — oo at such a high rate that the series converges.
Then we have (assuming that the w, form a solution)

(1) = 5 3 (0 + (wn(t) w1 (6)7) £ 53 5 (0 + (nl®) = w1 ())?) =0,

nez neZ

and here we have supposed that the series decays so fast that it allows the step #. (In the case which is
relevant for us, the terms un(t) and u, (t) decay (for fized t) exponentially in |n|, and then & is definitely
no problem).

Then we get E(t) = £(0), and from this we deduce that vanishing initial data (which means W =4 =0
(V' n)) also implies u,(t) = 0 for all t and all n, and therefore the solutions to the problem (10.2), (10.3)

are unique, assuming that only such solutions are considered for which # is valid.

The motivation of the solution formula in Lemma 10.15 needs some preparations:
Exercise: Consider a function F' = F(t,z): (C\ {0}) x C defined by

1 Z
F(t,z) :=exp <; (t - t)) —eZ et

This function is holomorphic in each of its two variables. Let ¢, (z) denote its Laurent coefficients with
respect to the variable t:

B
|
n

(oo}

Ft,z)=: Y cnl2)t™, zeC, teC\{0}.

n=—oo

Use the integral formula of the Laurent coefficients to prove that

cn(2) = 1 / cos(nf — zsin @) do 1 / e i(n0=zsin0) 49
0

™ Jo=0 2m =—7

Use a power series expansion for e**/? and e=*/(?Y) to show that

z )2k+n

(-1
en(2) = kz:% Kl(n + k)! (5

In particular, you get ¢, = J,, for alln € Z. We say that F is the generating function® of the Bessel
functions J,.
Lemma 10.17. The Laplace transform of the function

K,,:t—a"J,(at), a >0, v>—1,

with J, being the Bessel function, is

(VET@ - 2)"

with /- and ()" as the principal branches.

L{Kay}: 2 Rz > 0,

6Erzeugende Funktion
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Beautiful proof in case of v =n € Z. By the previous exercise, we have

1 4 . .
Jn(at) - / e—l(n‘r—at sin 7) dr,
T Jr

=—T

and this then brings us to

1 o0 T X .
L{Ka,n}(z) = 7271_/ Oeftz (an/ efl(n'rfatsmr) dT) dt
t= T

= =7

a* [T ; o it si a” (" ; 1
_ e~ inT e—tzelat sinT q¢ ) dr = — e~ inT . . dr
2 J— . =0 2 J— . z —lasinT

I . 1

= — ae” )" - —d
o ( ) z— g(el™ —e™i7) T
1 T . 2 ae—iT
=5 (ae_” " — ( . ) — dr.
T Jr=—mn 2z - ae”1™ —a? + (ae”iT)
Here we substitute w = ae™'7 and dw = —iwdr. We end up with a circle OB of radius a about the origin,
with clockwise orientation. Consequently
1 2w 1 -1 2w™
L{K, = n dw=—¢ ———duw.
{HKan}(z) 27 ﬁ,B o w—a tw? —w T 2 op W2+ 2zw — a? v

The zeros of the denominator are wy 2 = —z £ V22 + a2, and now we suppose temporarily that z € R
with z > a > 0. Then OB encircles only w; = —z + v/22 + a2, and we obtain

2uw™ _ AT _ (fz + \/m)"
( (w1 —w2) V22 + a2
{ | |

This is our claim in case of z € R with z > a. Now apply the identity theorem for analytic functions. [

L{K,n}(z) = res

w=wi w — wl)(w — UJQ)

Corollary 10.18. Put P,(t) := Jop-1(2t) + Jon41(2t) for n € Ni. Then we have

P, x Py, = Pyym, n,m € N;.
Try to prove it without Laplace transformation !

Proof. Tt suffices to show that
L{Pim} = L{P,}  L{P,}, n,m € Ny,

but this is a routine calculation:

(V22 +4—2)1 (V22 +4—2)?
L{P,}(z) = = 1+ ,
2n—lyz2 4 4
T4 z)? 24d)—2V/2 1A+ 22 1
1_|_(z—i-4: z) :1+(2—|—) z4z—|— +z :Q((22+4)_Z z2—|—4)

1
25\/,224—4( z2—|—4—z>,

L{P () = (”"’2+2H> _ <\/1+z42— ;) .

Lemma 10.19. One solution to (10.2) with the special initial conditions
u, (0) =0, n € Z,

1 :n=0, (10.4)
0 :n#0.

s given by

un(t) = i JQH_l(Qt), n € 7, (105)

I=|n|
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Logically correct proof. Just check the formula. This is a nice exercise in doing computations without
getting lost in them. O

The next considerations are of heuristic nature and shall explain where the solution formula comes from.

Pseudo—proof. It seems physically reasonable that two waves emanate from the atom number zero: one
wave travels to the right, the other wave travels to the left.

By wuniqueness of the solution: if the infinite vector (...,u_3,u_9,u_1,ug,us, us,us,...)(t)
solves (10.2) and the special initial conditions (10.4), then also the reflected vector
(..., us,ug, Uy, Ug,U—1,U_2,U_3,...)(t) solves (10.2) and (10.4). The reflection simply means to
turn around the crystal by 180°. Because of the uniqueness, both solutions must coincide, which means
in particular that wuq(t) = u_1(t), for all ¢. This is physically reasonable: the atom number zero moves to
the right for small times because of uj(t = 0) = 1, hence it pushes the atom number one to the right, and
it pulls the atom number —1 to the right. This means that the atoms with the numbers —1 and 41 both
move to the right for small times. Hence u_; = w4 is physically plausible.

Consider the atom number n with n > 1. This atom and its neighbour at position (n + 1) are influenced
only from a wave coming from the left. Because n is positive, the information here is travelling from
left to right, but not from right to left. Therefore, we expect a linear time invariant system, and we
conjecture a relation

Unia(t) = (@ un)(t), 20,

with a function @ = Q(t) not yet known. And the atoms are indistinguishable, hence we expect

Un(t) = (Q * up—1)(t), t>0,

with the same function ). Then we have

0= 55 [ Q= Shn-1(6)05 = QO 10+ (@ 110,
and now we make the assumption Q(0) = 0. Taking one time derivative more yields
Uy (1) = Q' (0)tn—1(t) + (Q" * un—1)(t).
On the other hand, we know

Up (t) = up—1(t) — 2un(t) + Upt1(t)
= Up—1(t) = 2(Q@ * un-1)(t) + (Q * @ * un-1)(1).

We equate both representations of u!’:

Q' (0)up_1(t) + (Q" * up_1)(t) = un_1(t) — 2(Q x up_1)(t) + (Q * Q * up_1)(1).

Now it is physically reasonable that Q(t) grows for ¢ — co at most at exponential speed. Then the Laplace
transform is applicable, and we arrive at

Q in1(2) + (Q)2) 1 (2) = it (2) — 20(2) - 10 (2) + (Q()) s (2).
We may divide by @,_1:

(@) +Q0) =1-20() + (@)
Now we have the general rule (Q”) (z) = 220(z) — 2Q(0) — @’(0), hence

2Q(z) = 1-20(2) + (Q) .

and this equation has the two solutions

2
Q(z) = 2222 + (2222) ~1
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We think about the behaviour of Q(z) for R 3 z — 4o0:

= lim e '® Q70011&16’52 _°°. =
lim Q)= tim [ Q) /1 Q) dt /t:ocxt)dt

z— 400 z—+00 0 z—+o0

(The step © deserves a justification !) This consideration excludes the 4 in the &+ symbol, hence we get

. 2 2 2?2 2 1
Oz) = +Z \/ +Z +Z —5Va+a2 24
2 4 22 z2 22 z 22 22
= — 1 —_— = — =2 = — 1 —
2 NPT T 5 |1 +4+ T3
Y T 2o 2 B
) 4] \2 4 ’

and from this we conclude that

2
Q(t) = Pi(t) = Ji(2t) + J5(2t) = ;J2(2t),
where the relation
2v
Ju1(8) + Joga(s) = ?Jy(s),

has been used (a nice exercise).

Now we determine ug(t), the position of the 0-th atom at time t. We have already shown that u; = u_q,
hence

ug(t) = uy +u_1 — 2up = 2(Q * up)(t) — 2up(t), up(0) =0, ugy(0) =1,
and then the Laplace transform implies

(ug)(2) = 2%00(2) — 2up(0) — uh(0) = 2%0g(2) — 1 = 2Q(2) - Gg(2) — 210 (2),
and the last equality can be condensed into

(z2 —2Q(z) + 2) Go(z) =1,
and this simplifies as follows:

(z2 — (2422~ z@) + 2) to(z) = 1,

V22 4 d(2) = 1,

z00(2) O:\/ﬁ, up(0) = 0,
M) =

and then ug is determined as

’U,o(t) = /t J0(28 dS = Z J2l+1 Qt) P, (t) + Pg(t) + P5(t) + ...,
s=0 1=0

because of J,_1(0) — Jo4+1(0) = 2J,(0) and lim,_, J, (o) = 0 for each fixed o.

Now we can compute uq, usg, ..., via
oo
u1:Q*Uo=P1*(Pl+P3+P5+-~-)=P2+P4+P6+---ZZJ2Z+1(2?5),
uy=Q#uy =Py x(Po+ P+ Ps+...)=Ps+Ps+ Pt = Ju(2t),

and so on. This finishes the pseudo—proof of (10.5). O
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Pseudo—proof of Lemma 10.15. First we consider more general initial conditions:

U, (0) =0, ul (0) = ulD), n € Z.

n

By superposition, we find

un(t) = Z u%) . Z J21+1 (Qt) 5

meZ l=|n—m|

and this holds under the assumption »_  _, |u5%)|2 < 00, which corresponds to £(0) < oo.

Second we consider the general initial data (10.3). Appealing again to (10.1), we expect the solution as

d oo o0
un(t) =Y |l T Do Tua ) | +ul) [ DD Jaga(20)

meZ l=|n—m| l=|n—m|

=3 | ul) Ty @)+l [ Tagal2) ] |

meZ I=|n—m]|

due to J_p(2) = (—1)"Jp(%). This is the solution formula we wanted to find, and the natural condition
on the initial values is encoded into the finiteness of the energy, £(0) < occ. O

We also need a justification why the time derivatives (in the second step of the pseudo-proof of
Lemma 10.15) can be commuted with the sums ) ~and ) ,. For fixed z € C and v — o0, J,(2)
decays exponentially in the sense of

1 ez \¥
= s (2
(=) V2rr \2v
which means that the quotient of left-hand side and right-hand side goes to one. This takes care of ).

And concerning ), we argue like this: Call H¢ the vector space of all the initial data for which the
energy is finite: £(0) < co. Equip this space with the norm induced by the energy. This is the physically
relevant space.

Call Hg, the vector space of all the initial data (uS,?), u§,1)) for which only a finite number of entries is

non-zero. Equip this space also with the energy norm. This is the mathematically easy space because
then )~ contains only a finite number of terms.

Now it is just a computation to show that the above solution candidate formula indeed produces a solution
if the initial data come from Hg,. Moreover, the map that transports the initial data to the solution at
time t is continuous in the energy norm (because the energy is even conserved), and Hgy, is a dense vector
subspace of H¢. Therefore the solution formula holds also for initial data from He.

Remark 10.20. Related results (and a completely different proof of the solution formula) can be found
in [8], available in the KOPS of the University of Konstanz.
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10.3 Outlook: Maxwell’s Equations in the Vacuum

Our notation follows [10], Chapter IV.
The Maxwell Equations read

div D = 4mp,
1
rot ¥ = ——B;,
c
divB =0,

4 1
rot H= —~j + - D,,
c c
where the vector fields are connected via
D=F+4nP, B=H+ 4w M,

with P as the polarisation field, M the magnetisation field. In an isotropic medium that is normally
polarisable and magnetisable, we have

D = ¢E, B = uH,

and in the vacuum, we even have ¢ = y = 1 which we suppose from now on.

By rotrot = grad div — A, we find

Eiw = Dy
= Oy(crot H — 47y)
= crot Hy — 4mj,;
= —c?rotrot E — 47j,
= —?graddivE + ¢* A E — 4nj,
=2 A E — (47c? grad o + 47j,),

or
(02 — > N)E = —(4nc? grad o + 47j;).

We consider the right-hand side as known and wish to find the electric field E = E(t, z).

More generally, we study
(02— Ayult,z) = f(t,a),  (ta) € R xR,

with known f and unknown u. For a philosophical reason named causality, we consider only those solutions
reasonable, whose value u(¢,z) does not depend on values f(s,y) with s > t. Instead, the value u(t,x)
can depend only on f(s,y) with y € R3 and s € (—o0,t]. Now the interval (—oo, ] is too long to perform
the following computations (and also the solutions are certainly not uniquely determined), and therefore
we temporarily settle for something less:

To solve is (by an understandable solution formula)

with given f, ug, u1, and the function w is searched. We demand that (¢, 2) depends only on ug, u1, and
[ = F(s,y) with (s,y) € [0,] x R®.

To solve it, we want to apply the Fourier transform, and this is easier if we assume that ug, u; and f
decay fast for |z| — oo:

Ug, up € S(Rs)a f € C([Oa OO)aS(RS))
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Then we set
(t, &) == Faoe{ult, )} (§) = /ERS efizgu(t,z) dz,

and we have F{A u(t, ) }&) = —|€|2a(t, &) with [£]2 = & + &3 + &3 as usual. This gives us

Ofa(t,€) + lEffalt, €) = f(t,€),
(0, €) = o (),
1(0,€) = 11 (§),

and this is an ODE in the variable ¢t with the parameter £. To write down the solution formula, we define

sin(clgft) . €40,

) = clé]
0t.€): {t DN

and then (¢, €) is given by
(€)= Ui(t.i0() + V(. Oin(©) + [ D00 - .6) s

The fundamental solution U = U(t, €) solves

(07 + e U(t.€) =0,

0(0,6) =0,
Ut(()?é-) = ]-7
and U is the Fourier transform of U = U(t, z):
N A d
Ulta) = TEA0wEN) = [ Ve dgm

Re
The function which we are really interested in is u = u(t, x):
¢

u(t, ) =T, (fw, o) + U9+ [ Ut-50f(s.6) ds)

s=0
/.

Uitz — y)uo(y) dy + / U(t,z —y)ui(y) dy

3 3
o R

t
+ / / Ut — 5,2 — y)f(s,y) dy s,
s=0 Rg

and this last equality holds if U were a function (soon we will learn that this is not the case).

Therefore it seems advantageous to get a deeper understanding of the integral kernel U = U(¢, ). We will
find an explicit formula of U by: first a Laplace transform for the time variable, then an inverse Fourier
transform for the space variable, and finally an inverse Laplace transform for the time variable (see [10],
Chapter 20, for a different approach).

U(t, .’E) = L:i)tg:‘f_*l)x{ﬁ‘t—)rﬁ(t g)}’

and now we evaluate the transformations one after the other. The first one can be read from our table:

Lo (U0} 0 = [ O
t=
[ sl 1
/t:oe de T e T (e
1
:w, §RT>O

For £ € R? and 7 > 0, we never divide by zero here.

Next we replace £ by x, via the inverse Fourier transform.
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Lemma 10.21. The Fourier transform and the inverse Fourier transform map functions with rotational
symmetry to functions with rotational symmetry.

Proof. Rotational symmetry for a function ¢ = (&) means ¥(A€) = () for all € € R™ and for each
rotation matrix A € SO(n).

Then AT = A~! and det A = 1, hence
wan) = [ i) ag
3
— [ explitan©)i(e) e
3

_ /R exp(i (z, AO)d(€) e | &= An,

The computation for the forward Fourier transform runs similarly. O

In our case, the function & — W is rotationally symmetric. This function does not belong to L' (R?),
but to I?(R}), and therefore it suffices to choose z = (0,0, 3)" with x3 = || > 0, and compute

SN S VR S

E—ax 72+02‘§|2 R—oo Jig1<n T2+02|£‘2 (27T)3
1 R 27 9
= (2? B}gnoo/r 0/0 O/ exp(izsr cos Q)W L2 sin6 dp dé dr cosf = s,

ngnoo/r 0/ _1eXp (ir|z|s ) 027"2 -r?dsdr

— Jim (irlals) ds )
_— xp(i

(27r) R—oo J,._ 072—1—027"2 S:_le purizls "

1 R ,r2 1
li —_ 2
(27r) 5 Jim /:0 s ( /S:O cos(sr|z|) ds) dr

R 2

r 2
li —_ . ——si d
(27r)2 Jres r—0 T2+ 2r2 7|z sin(rfa]) dr
2 R
li ——— i d
(27r)2|x| Roe o T2+ 212 sin(rz[) dr
2 R r 1/, ,
li = ( irlz| _ —17'\1;|) d
(27r)2|x| R o T2+ ?r2 2i ¢ ¢ "

1 i /R reirlel N (77’)67"@' 4
=——— lim r
(2m)2|zi R0 Jrmg \ T2+ 212 T2 4 2(—1)?

1 i R r61r|z\
= (2n)2[z]i RSeo L_R T2 22

And now the residue theorem comes in handy. We suppose that 7 € R is real, and then the denominator
has zeroes at

.T .
re=+1—, ro=-—1—,
c
and we have

24 r? =P —r)(r — ).
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By expanding the integration into the upper half-plane, we then find

1 1 reirlel
P - . om-
e s 0= G e (are—)
1 rlei”|"’”‘
2|z 2(rp —ro)

iry|z|

1 rie

orlx| - 2r

e (<)

T dre? ||

We have proved this formula for real 7 € Ry, but by the identity theorem, it holds also for general 7 from
the right half-plane of C.

Observe that this function has a pole at x = 0, hence it does not belong to I>°(R2). This is no surprise:
because if 1/(72 4 ¢*|¢|?*) were a member of L' (R?), then its Fourier transform would belong to L (R3).

The inverse Laplace transform applied to this function is supposed to give U = U(t, ). However, if we do
the computation, it turns out that we get a function of ¢ that takes everywhere the value zero, except one
value of ¢ where it explodes. To find the exact coefficient in front of the Delta distribution, we introduce
an artifical factor 1/(1 + e7), and later we send ¢ — +0:

T

|z|T . |z|T

1 exp <_ - ) 1 Y+HiR exp (_ c )
. ()= — - — / dr—\ /g

dwe?  |z|(1 +eT) 2mi dre?|z| Rvoo J oy ip 1+er

:#~ilim e exp tfm T ;dT
drc|xle 27 R—oo ).\ _ig c T—(—e1)

- (e} (-5

Now recall that 7+ 1/(7 — «) is the Laplace transform of that function that is defined as e®* for positive
t, and defined as 0 for negative ¢. Then it follows that

Lfl

8

L exp(—et (¢t 2

1 1 |.’L“ 4dnc?|x|e
U (t. ) = ot D S G R Lol I 1 el l=l
0= g e | (5 = e (e (-8
0

-
V
=

~+ ~+
Al
ERJERE

o

The set
{(t,x) eR3: ¢t >0, ct=|z|}

is called (forward) light cone”, and we expect that the above function U, is concentrated near the light
cone for € &~ 0. To describe this phenomenon more in detail, we choose a smooth test function ¢ = (¢, x),
and ask for

o
li U.(t, 2)p(t, z) dz dt.
31/:/ (t, D)o (t, 7) da

We may assume that (¢, ) = 0 for t > % + 1, because such points give no relevant contribution to the

"Vorwértslichtkegel
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integral for small . Then, by partial integration,

2lig » "
I i | (1 o (-12)) )
|z ]
-1 1 = T2 o , ‘x|
e /Rs [zl </t—|| L’)t o <_5 <t - c))} pltz)dt ) da
R3
1

-1

= dne dz

(o (= (=) e[

([ ) )
_ 47302 /w ‘%'@ ("Z':;;) dz — 0
b A () o)

and the last integral disappears for € — 0. Summing up, we learn that one causal solution to (97 —c? A)u =
f is given by

' 1 1 |z — |
ult, ) = = R3 U(t—s,x—y)f(s,y)dyds:47T82 R3 \I—y|f - c Y dy,

and here we see nicely that u(¢,2) depends only on those values f(s,y) with t — s = |z — y|/¢, which
corresponds to the propagation of electromagnetic waves of speed c. And these waves have no “backside”,
which means that U(t, z) is zero inside the light cone. This is a special effect of the three-dimensional
space, because in two dimensions the situation is different. You can observe this when you let a pebble fall
into a silent pond: it will generate not only one wave, but a large number of waves, which form concentric
circles on the surface of the pond.

This is a good moment to conclude this course. There is so much more to find out, and we are confident
that you are now proficient to continue on your own.

Enjoy doing physics !



Appendix A

The Fourier Transform

The purpose of this appendix is to explain what the Fourier transform is when applied to functions which
do not decay at infinity.

A.1 Some Function Spaces and Distribution Spaces

Pseudo-Definition A.1. A function is called LEBESGUE' -MEASURABLE? if it has “not too many dis-
continuities”.

Giving a rigorous definition of measurability would require several weeks, and for this reason we just
present some examples:

e a function on R with a countable number of jumps is measurable,
e the function f = f(z) = 1/2'19% is measurable on R!,

e the function on R which takes the value one for rational numbers, and the value zero for irrational
numbers, is measurable.

Pseudo-Definition A.2. Let Q be a domain in R™. A function f belongs to the Lebesgue space L'(S2) if
it is measurable, and if the Lebesgue integral [, |f(z)|dx is finite.

Again we can not give a precise definition of the Lebesgue integral, but only note that each function which
is properly integrable® (in the sense of the first year) is also Lebesgue integrable.

Warning A.3. Take Q2 = (1,00) C RY. Then the function f = f(z) = (sinx)/x does not belong to
L) because [° |sinz|/zdx = oo, but it is improperly integrable (in the sense of the first year) since

limpg 00 ff':l(sin x)/zdz exists.
More generally, we can say:

Pseudo-Definition A.4. For 1 < p < o0, a function f belongs to the Lebesque space IP(Q) if f is
measurable, and the integral [, |f(x)|P dz is finite.

The space IP(2) is a vector space, and we equip it with the norm

T ( /.

1 HENRI LEBESGUE, 1875-1941
2Lebesgue-meBbar
3eigentlich integrierbar

f(x)pdx)l/p.

171
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Then IP(Q) is a Banach space (at this point the Lebesgue integration concept is really needed — our
integration concept from the first year would not be strong enough to turn IP(2) into a complete space),
and I*(Q) even has a scalar product:

(fs g>L2(Q) = o f(@)g(z)da.

For ) = R!, consider the functions

L. <1
u(z) = #, v(z) = Vel =l <1,
1+ |z] 0 x| > 1

Then u € I?(2) but u & L}(2). On the other hand, v € L}(Q2) but v ¢ I?(Q). From this example we learn
that, for unbounded €2, neither of the spaces L' (2) and I?(f2) is contained in the other space.

Definition A.5 (Schwartz space). The SCHWARTZ' space 8(R™) consists of all those functions f €
C>(R™) with

Pralf) = sup (1+[2]*) |05 f(2)] < oo,

for all k € Ny and all o € N™.

These Schwartz functions are infinitely smooth, they decay at infinity faster than all powers of |z|~!, and
all their derivatives decay at infinity faster than all powers of |z| ™!, too.

Definition A.6 (Convergence in $(R")). We say that a sequence (¢1,92,...) C S(R™) converges to
¢ € 8 in the topology of 8(R™) if lim;_ oo Pr,a(@; — @) =0 for all k,a. We write

s )
pj = p (Jj = o0)
for this convergence.

This means that the sequence (1, ¢2,...) converges to ¢ uniformly, and all the sequences of derivatives
enjoy uniform convergence, too. The convergence in the topology of § is extremely strong and powerful.

Definition A.7 (Schwartz distributions). A map T: 8(R™) — C is called a Schwartz distribution if
it is linear and continuous. Here continuity means that

if @ S, @ then lim T(p;) =T(p).
j—o0

The set (it is even a vector space) of all Schwartz distributions is denoted by 8'(R™).

Example A.8. The Delta distribution located at a point xo € R™ is a Schwartz distribution:

510 (90) = (P(-TO), pE S(Rn)

Example A.9. Fach function f which is piecewise continuous and grows at infinity at most polynomially
generates a Schwartz distribution T :

T(e) = [ S@)elaar, g es@).

The Delta distribution located at the point z¢ can be approximated by a distribution T’y whose generating

function f has a sharp peak at zo, and [g, f(z)dz =1.

It is common practice (but confusing) to not distinguish between f (which is a function that grows not
too fast at infinity) and the associated distribution T7.

4 LAURENT SCHWARTZ, 1915-2002, french mathematician, inventor of the distributions (independent of Sobolev)
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A.2 The Fourier Transform on L}(R"), §(R") and I?*(R")

Definition A.10 (Fourier® transform on L'(R")). For f € [}(R™), we define its Fourier transform
Ff=1by

(?f)(g) = /n eii?iﬁf(x) dxv 5 € an xf = xlgl + -+ xngn

We introduce the notations

dg
(2m)"

_ %v, de =

Proposition A.11. The Fourier transform has the following properties:

fel’®) = |fOI<Ifllpgn YEERT,
feS®RY) = [e8Ry),

Sy = 5

FESRY = (F(DI)E) =E(FNHE), VYaeN,
poesm) = [ s@a@ar= | fei@a

flg€8R™) = (f-9)1&)=(f*3)),

with x as the convolution operator:
(fx9)(&) = [ J()-5(6 —n)n. (A1)

The proof is a wonderful exercise for the calculus with integrals !

The penultimate property yields the PARSEVALS identity:

1/2
LQ(]R” : (/? |f(€)za£> ) \ f € S(Rn)

Example A.12. Take f = f(x) = exp(—22/2) on R'. Then

Def(€) = 85/ e T f(r)da = /R (—iz)e % f(x) do = i/]R e 1769, f(z) dz

1 lpeyy = |17

== [ D@ de = ~(DpTE) = ~¢F6)
and this ODE has the solutions
f(&) = cexp(=€7/2),

with an unknown constant ¢ which can be found by

:/ f(a:)da:z/ e_zz/zdx:(Qﬂ)l/Q.
R, Ry

Example A.13. Take f = f(z) = exp(—|z|*/2) on R™. Then

fo = / . ) :f[ < / —ité exp(—t2/2)dt>

= T m)" explgi/2) = o expl—eP/2)

5 JEAN BAPTISTE JOSEPH FOURIER, 1768-1830, french mathematician and physicist, famous for his law on the heat
conduction
6 MARC-ANTOINE PARSEVAL DES CHENES, 1755-1836
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By repeated substitution we find that f.(z) = exp(—|ex|?/2) has the Fourier transform f.(€) =

e~ (2m)" 2 exp(—|¢/e|?/2). This function f. has a peak at € =0, and we know that Jgn f-(€)de = (2m)".
€

Proposition A.14 (Inverse Fourier transform on 8(R™)). The Fourier transform is an isomorphism
from §(RY) onto 8(RY), and the inverse Fourier transform is given by

f(z) = /]R e T f(¢) ae, zeR", feS8R). (A.2)

Proof. Let f € 8(RY) be given. Then

/emsf(é)dé: lim 62 fe) dg = im [ e ag (F)
R €

2 ]RQ e— —0 ]RZ

= lim / eix567|55|2/2671y§f(y) dy | d¢ = lim /
e—=0 RZ ]RZ e—0 R;L R

=lim [ " exp(—|(z —y)/e[*/2)(2m) 2 f(y) dy

e—0
Ry

7€ g Iet?/2 it ag) fly)dy

n
3

=lim | Ge(z —y)f(y)dy = lim (Ge * f)(@),

e—0 RE
with G as a GAUSS bell shaped function having a peak at zero, and fRn G:(z)dz = 1. Then the limit of
¢ — 0 indeed gives f(z). O

Example A.15. Take f = f(z) € I}RY) with f(x) =1 for 0 <z < 1, and f(z) = 0 for all other x.
Then

~ o0 . 1 . 1— e_i5 ~

fo= [  eeae= [ ema-ises €0, f0-1
T=—00 =0

and this is a continuous function on RY, but f does not belong to I (R%) because it does not decay fast

enough for € — oo. Unfortunately, the inversion formula (A.2) has no meaning as an integral in L' (RY).
However, the next lemma will give a positive result.

Lemma A.16 (Inverse Fourier transform for some non-smooth functions). Let f € [}(R!) be
continuous, except a finite number of jumps. Then

1 .. R e 7 ) f(=) : [ is continuous at x,
271_1%51100/5__1%6 (&) de = {%(f(x—k()) + f(x—0)) : f jumps at z.

Proof. This is quoted from [4], Satz 8.2. O

The space I?(R") is of great physical importance because it has a scalar product, in contrast to L' (R").
The Fourier transform is not yet defined on I?(R™) because there are functions in I?(R™) which are not
in L}(R™). The definition of F on I?(R") will be made possible by §(R™) being dense” in I*(R™): for
each f € I?(R™), there is a sequence (f1, fz,...) C 8(R™) with lim; o0 [|fj = fll ;2 gny = 0.

Definition A.17 (Fourier transform on I*(R")). For f € I*(R"), let (f1,f2,...) C S(R™) be a
sequence approximating f. Then we define

J(&) = Jim f5(8).

This limit is independent of the choice of the sequence (f1, f2,...). The convergence of the sequence
(f1, f2,...) in the norm of I? (Rg) follows from the Parseval formula.

We draw an intermediate summary: the difference between the Fourier transform F and the inverse
transform F~! are the exchange of exp(+iz€) against exp(—iz€), and an additional factor (27)~". Then

7dicht
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it is no surprise that similar rules as given in Proposition A.11 hold also for the inverse transform, and in
particular we mention

Fl(Fa)@) = (f*g)(@),

with the convolution in the z—world defined as
(fxg)(@)= [ fly) g(z—y)dy.
R?

Note that the differential is now dy, instead of dn as in (A.1).

A.3 The Fourier Transform on §'(R"),
Mathematically and Approximately

We still want to explain what the Fourier transform of sin(z) or #? is. Unfortunately, these functions

belong neither to L!}(R™), nor to I?(R") or §(R™). At least, they have at most polynomial growth for
|z| = oo.

We now follow the (at the beginning confusing) convention of writing a slowly growing function f and
its associated Schwartz distribution T by the same symbol f. Then the expression f = f(-) becomes
ambiguous (the dot could be an x or a test function ¢), and we resolve this equivocation by writing
(f,¥)gr«s when we apply the distribution Ty € 8 to the Schwartz function ¢ € 8.

Note that Schwartz functions f, g satisfy
fgde= | fgda,
R™ R™

which can be written as <f, g> f,9)s/«s for such functions f and g.

8'x8 - <
Keep in mind that a distribution from 8'(R™) need not be a function; it could be also a Delta distribution.

Definition A.18 (Fourier transform on §'(R")). For a distribution T' € 8'(R"), we define its Fourier
transform T' € 8'(R™) via

<T’¢>s/xs =i Plsixs s Vo € 3(R™).
Example A.19. What is 57

(80), s = (60hsxs =90) = [ 1-4(o)dz = (Lphyr 5.
Answer: the Fourier transform of Dirac’s delta is that function which is one everywhere.

This definition is mathematically correct, but certainly not easy to understand. Perhaps an approximate
transformation, which we develop now, is less complicated.

Definition A.20 (Convergence in 8'(R™)). A sequence (T1,Ts,...) C 8'(R™) converges to a distribution
T e 8(R") if limj o0 (T, @) g w5 = (T, @) g1 s for every o € 8(R™). This convergence shall be written as

75T
Proposition A.21. IfT; LN T, then Tj N
We can also say that F is a continuous isomorphism between 8’ and 8’.

Proof. We know that (T}, ¢)g,, s — (T, ¢)g/ s for each test function ¢ € 8, and we want to show that
<TJ 90> — <T7tp> . But ¢ € 8, and therefore
8'X8 8'x8

< Aj’<'0>3/xs =5 Plsins = (T P)sics = <T’(p>s'xs'
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And this continuity of ¥ makes the following recipe of an approximate Fourier transform possible:

e take a function like f = sinz or f(x) = 22, of which you want to know the Fourier transform f ,
e then we typically have f € 8'(R%),

e choose a small positive € and set f. = f.(z) := exp(—|ez|?/2)f(z), which is a function from the
Schwartz space §(R!), or at least from I!(R!) if f had some jumps,

e then lim._,o f. = f in the topology of &,
e compute the Fourier transform Ff. as usual. This is no problem since f. has fast decay for |z| — oo,

e do not perform the limit £ — 0. Just keep in mind that the number of protons in the universe is
estimated as 1080, choose € = 10789, and stop here. Instead, think about how the function Ff.
looks like.

Some examples may elucidate this. Put h.(z) = exp(—|ez|?/2).

To compute the approximate Fourier transform of the one-function (which takes the value one for each
x € R™), we write

’

(F(E) % (F(L-he))(€) = he(€) = 7 (2m)"/2 exp(—[¢/2[*/2),

and this is a function with a peak at the origin £ = 0, and the volume under this peak is (27)":

he(€) € = (2m)".

RZ

The precise Fourier transform is (F1) = (2m)"4.

Next we choose a function g(x) = z® on R", and we look for Fg:

E0©O L O = [ eFarn@ae= (0P [ (DFe ) o) ds
Rn Ry
= (-1 Dgh.(€) = i*1ogh. ().

Compare the figures for n = 1.

Next we consider a planar wave: g(z) = exp(iz - k) on R", for some fixed wave vector k € R™. Then

(F0)(©) £ (F(ghe))(€) = / e (), () di = / HEB, () dar = ho(€ — K),
Ry

R

which is a peak of volume (27)" located at the point k € R”™.

And finally, on R! we take g(x) = cos(wz) for some w € R, w # 0. By g(z) = (exp(iwz) + exp(—iwz))/2
we see that ¢ is approximately a collection of two peaks located at +w and —w, each of volume (27)™/2.
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Figure A.1: h.(€) = (2m)"/2eVexp(—£€2/(2¢2)) with e
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Figure A.2: h'(€) = —he(€) - £/e® with e = 0.1
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Figure A.3: h/(€) = ho(€) - (€2 — €2)/e* with e = 0.1



178 APPENDIX A. THE FOURIER TRANSFORM



Appendix B

Core Components

Ten chapters is quite a lot of stuff, so we now give a list of the key results you should understand (with their
proofs, of course). The concepts not mentioned here are also important, but they are mostly conclusions
from the core components mentioned now.

Chapter 1: transforming a higher order equation into a first order system, the Theorem of Picard and
Lindelof,

Chapter 2: the drum example, and how it is related to the Fourier series expansion from the second
semester,

Chapter 3: Duhamel’s formula (3.3) for single equations, Wronski determinants, fundamental solutions
for the case of general coefficients, fundamental solutions for the case of constant coefficients, how
to compute them,

Chapter 4: stationary points, stable/unstable points, asymptotically stable points, and how they are
related to the eigenvalues of the Jacobian,

Chapter 5: one method, order of consistency, purpose of implicit methods,

Chapter 6: solution behaviour and réle of the characteristic matrix C'x, all of Section 6.4 and Section 6.5
(because this is the heart of our three semester course), and study again the drum example from
Chapter 2,

Chapter 7: complex logarithm, complex root function, Cauchy-Riemann equations,

Chapter 8: definition of curve integrals, Cauchy integral theorem, Cauchy integral formula, analytic
function, equivalence of holomorphy and analyticity, the several formulae for the coefficients of the
Taylor expansion, Liouville’s theorem,

Chapter 9: identity theorem, Theorem on the Laurent series, residue theorem.

Concerning the Chapters 8 and 9, please invest the time to observe how each theorem builds upon the
other theorems mentioned before. For instance, in an attempt to prove the Cauchy integral formula, you
can not exploit that each holomorphic function can be expanded (locally) into a Taylor series, because
this Taylor expansion is itself a conclusion of the Cauchy integral formula, and therefore you would prove
the C.I.LF. by means of the C.I.LF., which is clearly philosophical nonsense.
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