
VIII weekend on Variational Methods

and Differential Equations
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We begin with the following two a priori results (bounds)
on the set S ⊂ R+ ×

[
W

1,2
0 (Ω)

]
+

of all pairs

(λ, u) ∈ R×W
1,2
0 (Ω) such that λ ∈ R+, u ∈ W

1,2
0 (Ω) is

nonnegative in Ω, i.e., u ∈
[
W

1,2
0 (Ω)

]
+
, and

(5)
−∆u = λu(x)q(x)−1 + h(x) for x ∈ Ω;

u = 0 on ∂Ω .

We assume that h ∈ L∞(Ω) is a nonnegative function,
i.e., h ∈ [L∞(Ω)]+. We set, for (x, s) ∈ Ω× R.

f(x, s) ≡ fλ(x, s) = λ |s|q(x)−2 s+ h(x) .

Proposition 2. There exists a number λ∗ ≥ 0
such that (λ, u) ∈ S =⇒ λ ≤ λ∗ .
Equivalently, we have

λ∗
def
= sup

(λ,u)∈S
λ < ∞ .

Proof: Step 1. Consider eq. (5) with λ = λ0 = 0
and h = f0 ∈ [L∞(Ω)]+ supported in



Ω+
def
= {x ∈ Ω : q(x) > 2} , f0 ̸≡ 0 in Ω+, say, f0(x) > 0

for

x ∈ Kδ ⊂ Ωδ+
def
= {x ∈ Ω : q(x) > 2+ δ} ,

where Kδ is a compact set with nonempty interior.

Denote the weak solution by u0 ∈ W
1,2
0 (Ω),

u0(x)
def
= [(−∆)−1f0](x) =

∫
Ω
G(x, y) f0(y) dy

=
∫
Ω+

G(x, y) f0(y) dy for x ∈ Ω .

Hence, by regularity, u0 ∈ C1,θ(Ω), 0 < θ < 1.

It satisfies the Hopf maximum principle:

(HMP) u0 > 0 in Ω and ∂u0
∂ν (x) < 0 on ∂Ω.

The pair (ϕ, g) = (u0, f0) verifies

the basic Poisson equation

(6) −∆ϕ = g(x) for x ∈ Ω; ϕ = 0 on ∂Ω .





Step 2. A priori estimates for the Dirichlet problem

((1))
−∆u = λ [u(x)]q(x)−1 + h(x) for x ∈ Ω ;

u = 0 on ∂Ω , and u > 0 in Ω ;

with the variable exponent q : Ω→ R
which is assumed to be continuous.

In accordance with Step 1, we work in the set

Ω+
def
= {x ∈ Ω : q(x) > 2} .

The well-known identity, for u, φ ∈W1,2
0 (Ω),∫

Ω
(−∆u(x)) · φ(x) dx =

∫
Ω
u(x) · (−∆φ(x)) dx ,

yields

(7)

λ
∫

Ω
[u(x)]q(x)−1 · φ(x) dx

+
∫

Ω
h(x) · φ(x) dx =

∫
Ω
u(x) · g(x) dx

=
∫
{x∈Ω: g(x)>0}

u(x) · g(x) dx

=
∫
{x∈Ω: q(x)≥2+δ}

u(x) · g(x) dx .

zzzzzzzz



Since u > 0 in Ω, the a priori estimates on

“a suitable Lp-norm” of u are obtained from

the last equation in a way analogous to that developed

in the articles by R. D. Nussbaum (1975),

H. Brézis and R. E. L. Turner (1977), and

D. G. Figueiredo, P.-L. Lions, and

R. D. Nussbaum (1982).

zzzzzzzz

We decompose the nonnegative function u : Ω→ R as

ε · u(x)

=
[
(ε · u(x))q(x)−1 · φ(x)

]1/(q(x)−1)
· φ(x)−1/(q(x)−1) ,

with ε > 0 and apply Young’s inequality to estimate

the integral on the right-hand side of eq. (7) to get



(8)

∫
Ω
u(x) · g(x) dx =

∫
Ω
εu(x) · ε−1g(x) dx

≤
∫

Ω

εq(x)−1

q(x)− 1
[u(x)]q(x)−1 φ(x) dx

+
∫

Ω

q(x)− 2

q(x)− 1
· ε−(q(x)−1)/(q(x)−2)

×
[
φ(x)−1 · g(x)q(x)−1

]1/(q(x)−2)
dx .

Substituting

ε = εq(x)−1/(q(x)− 1) > 0

we get

ε ≡ ε(x) = [ε(q(x)− 1)]1/(q(x)−1) .

Consequently, inequality (8) becomes



(9)

∫
Ω
u(x) · g(x) dx

≤ ε ·
∫

Ω
[u(x)]q(x)−1 · φ(x) dx

+
∫

Ω

q(x)− 2

q(x)− 1
· ε−1/(q(x)−2) (q(x)− 1)−1/(q(x)−2)

×
[
φ(x)−1/(q(x)−1) · g(x)

](q(x)−1)/(q(x)−2)
dx

= ε ·
∫

Ω
[u(x)]q(x)−1 · φ(x) dx

+
∫

Ω
ε−1/(q(x)−2) ·

q(x)− 2

(q(x)− 1)
1+ 1

q(x)−2

×
[
φ(x)−1 · g(x)q(x)−1

]1/(q(x)−2)
dx

= ε ·
∫

Ω
[u(x)]q(x)−1 · φ(x) dx

+
∫

Ω
ε−1/(q(x)−2) · (q(x)− 2) (q(x)− 1)

−(q(x)−1)
(q(x)−2)

×
[
φ(x)−1 · g(x)q(x)−1

]1/(q(x)−2)
dx .

We estimate the left-hand side of eq. (7) by ineq. (9)
as follows, provided 0 < ε < λ.



We recall that, for all x ∈ Ω we have

g(x) > 0 =⇒ q(x) ≥ 2 + δ .

(10)

(λ− ε)
∫

Ω
[u(x)]q(x)−1 · φ(x) dx

+
∫

Ω
f(x) · φ(x) dx ≤ Cε <∞ where

Cε
def
=

∫
Ω
ε−1/(q(x)−2) ·

q(x)− 2

(q(x)− 1)
(q(x)−1)
(q(x)−2)

×
[
φ(x)−1 · g(x)q(x)−1

]1/(q(x)−2)
dx .

This inequality clearly imposes an upper
bound on the solution u
for any fixed value of λ ≥ λ0 ≡ const > 0.



It, ineq. (10), remains valid even if u is
only a nonnegative subsolution, i.e., if

(11)
−∆u ≥ λ [u(x)]q(x)−1 + h(x) for x ∈ Ω ;

u = 0 on ∂Ω , and u > 0 in Ω .

Theorem 1. Assume that the variable exponent q :

Ω→ R is a continuous function that satisfies hypothesis

(Hq)

1 < q(−) def
= min

Ω
q(x) < p(x) ≡ p = 2

< q(+) def
= max

Ω
q(x) <∞ .

In addition, let 0 < ε < λ <∞.



Assume that u ∈ C1
0(Ω) = C1

0(Ω)∩W1,2
0 (Ω) is any non-

negative subsolution to the Dirichlet problem (1), such

that u verifies the Hopf maximum principle:

(HMP) u0 > 0 in Ω and ∂u0
∂ν (x) < 0 on ∂Ω,

together with u ≥ uε in Ω, where uε ∈ C1
0(Ω) is the

unique positive solution constructed in Proposition 1

for the concave nonlinearity (2) and (3).

Then this subsolution, u, obeys the a priori estimate

(10) above.




