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What is the Copositive Minimum?

▶ it appears to be very difficult to compute

▶ computing the copositive minimum takes up most time in the
certificate algorithm of the previous talk

Definition (Copositive Minimum)

For a strictly copositive quadratic form (Q[x ] = xTQx ≥ 0 for
x ∈ Rn

≥0, with equality if and only if x = 0), set

minCOPQ := min
{
Q[z ] : z ∈ Zn

≥0 \ {0}
}
,

the copositive minimum and

MinCOP :=
{
z ∈ Zn

≥0 : Q[z ] = minCOPQ
}
,

its representatives.
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What is the Copositive Minimum

Example

Q =

 3 −1 3
−1 2 −1
3 −1 2


Q[x ] = 2x21 + (x1 − x2)

2 + 6x1x3 + (x2 − x3)
2 + x23

⇝ minCOPQ = 2 and MinCOPQ =


0
1
0

 ,

0
1
1

 ,

0
0
1


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What is the Copositive Minimum?
And what is it not?

Suppose Q is positive definite

▶ arithmetical minimum of Q is essentially SVP in a lattice Λ

▶ fix a basis B of Λ such that Q is the Gram matrix of B

▶ search for short lattice vectors in coneB

⇝ Change of lattice basis does not help!
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How is the Copositive Minimum computed?
Recap: Fincke-Pohst Algorithm2 for Positive Definite Q

Goal: Enumerate all points in Zn ∩ {x ∈ Rn : Q[x ] ≤ λ}

x1

x2

2Fincke and Pohst (1985)
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How is the Copositive Minimum computed?
Recap: Fincke-Pohst Algorithm2 for Positive Definite Q

Goal: Enumerate all points in Zn ∩ {x ∈ Rn : Q[x ] ≤ λ}
Tool: Lagrange Expansion

Q[x ] =
n∑

i=1

Ai

xi +
n∑

j=i+1

uijxj

2

Idea: ▶ λ ≥ Q[x ] ≥ Anx
2
n implies −

√
λ
An

≤ xn ≤
√

λ
An

▶ fix xn
▶ λ− Anx

2
n ≥ An−1(xn−1 + un−1 nxn)

2 yields range in which
xn−1 has to be

▶ and so on...

2Fincke and Pohst (1985)
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How is the Copositive Minimum Computed?
Recap: Fincke-Pohst Algorithm Example

(
1 − 1

2

− 1
2

1

)[
x1
x2

]
≤ 7

= (x1− 1
2x2)

2+ 3
4x

2
2

x1

x2
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A New Approach Using the LDLT-Decomposition



8

A New Approach Using the LDLT-Decomposition



9

A New Approach Using the LDLT-Decomposition

Definition

Let Q ∈ Sn. An LDLT-decomposition of Q is a decomposition

Q = LDLT ,

with a lower triangular matrix L (with ones on the diagonal) and a
diagonal matrix D.

Remark

An LDLT-decomposition of Q translates to a Lagrange-type
expansion

Q[x ] =
n∑

i=1

Dii

xi +
n∑

j=i+1

Ljixj

2

with potentially negative outer coefficients Dii .
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A New Approach Using the LDLT-Decomposition

Remark

From Q = LDLT it follows that the number of negative
eigenvalues of Q equals the number of negative outer coefficients.

Difference to the Literature on the LDLT-Decomposition

In the literature3 an LDLT-decomposition is usually defined with a
block diagonal matrix with blocks of size at most 2.

However: 2× 2 blocks (currently) prevent usage in our case!

3e.g. Bunch and Kaufmann (1977)
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A New Approach Using the LDLT-Decomposition
How to Calculate the Decomposition

▶ Choose variable

▶ Collect all terms with the variable

▶ Complete the square

▶ Repeat!

Example

Q[x ] = 3x21 − 2x1x2 + 6x1x3 + 2x22 − 2x2x3 + 2x23

= 3

(
x21 − 2

3
x1x2 +

6

3
x1x3

)
+ 2x22 − 2x2x3 + 2x23

= 3

(
x1 −

1

3
x2 + x3

)2

+
5

3
x22 − x23
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A New Approach Using the LDLT-Decomposition
Difficult Coordinates

Definition

Let Q = LDLT be an LDLT-decomposition of Q ∈ Sn and let
k = argmini {Dii ≤ 0}. Then the coordinates xk , . . . , xn are called
difficult coordinates.

Example

Q =

 3 −1 3
−1 2 −1
3 −1 2

 ⇝ D =

3 0 0
0 5

3 0
0 0 −1


⇝ x3 is a difficult coordinate
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A New Approach Using the LDLT-Decomposition
Difficult Coordinates

Suppose the difficult coordinates xk , . . ., xn are fixed

⇝ Q[x ] =
k−1∑
i=1

Dii︸︷︷︸
>0

xi +
n∑

j=i+1

Ljixj

2

+ const

▶ Analoguous setting to Fincke-Pohst in the positive definite
case!

⇝ Only need to bound difficult coordinates!

Can then apply Fincke-Pohst algorithm for the easy
coordinates
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A New Approach Using the LDLT-Decomposition
Example Again

Example

Q =

 3 −1 3
−1 2 −1
3 −1 2

 ⇝ D =

3 0 0
0 5

3 0
0 0 −1


⇝ x3 is a difficult coordinate

⇝ Have to fix x3 as 0, 1, 2, . . . and then use Fincke-Pohst
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A New Approach Using the LDLT-Decomposition
Example with x3 = 1



16

A New Approach Using the LDLT-Decomposition
Goal: Minimize the Number of Difficult Coordinates

Idea:

How:

Number of difficult coordinates may change by taking a
principle rearrangement PTQP instead of Q, i.e. reordering
the coordinates

Heuristics (currently) in LDLT-algorithm

Example

 2 −1 −1
−1 3 3
−1 3 2

 3 3 −1
3 2 −1
−1 −1 2


σ = (123)

↓
(3,−1, 53)

↓
(2, 52 ,−1)
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Special Cases
One Difficult Coordinate

New idea works if there is only one difficult coordinate

Observation

The matrix Q(n−1), obtained by deleting the last row and last
column, has for y ∈ Rn−1 the expansion

Q(n−1)[y ] =
n−1∑
i=1

Dii

yi +
n−1∑
j=i+1

Ljiyj

2

.

⇝ If Q has only one difficult coordinate, then Q(n−1) is positive
definite!
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Special Cases
One Difficult Coordinate

Idea{
z ∈ Zn

≥0 : Q[z ] ≤ λ, zn = s
}
⊆

{
x ∈ Rn

≥0 : Q[x ] ≤ λ, xn = s
}

For s ≥ 0 define the minimum

Ps : = min
{
Q[x ] : x ∈ Rn

≥0, xn = s
}

= min
{
Q(n−1)[y ] + linear(y) · s + const · s2 : y ∈ Rn−1

≥0

}
If Ps > λ, then there is no non-zero integral point z ∈ Zn

≥0 with

Q[z ] ≤ λ and zn = s.
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Special Cases
One Difficult Coordinate

Lemma

A necessary condition for non-zero integral points z ∈ Zn
≥0 with

Q[z ] ≤ λ to exist is Pzn ≤ λ.

Good:

Even better:

Calculation of Pzn is a convex quadratic problem!

Ps scales quadratically in s!

⇝ Only one convex quadratic problem and then Fincke-Pohst!
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Special Cases
One Difficult Coordinate

Example

For the form

Q =

 3 −1 3
−1 2 −1
3 −1 2


we minimize

Q[(x1 x2 1)
T ] = 3x21 − 2x1x2 + 6x1 + 2x22 − 2x2 + 2

over R2
≥0, yielding

3
2 as the minimum. So Ps =

3
2s

2 and setting

λ = 2 yields 0 ≤ x3 ≤
√

4
3 .



21

Special Cases
One Difficult Coordinate – Extension to Positive Semidefinite Matrices

Remark

If Q is positive semidefinite, then min{Q[x ] : x ∈ Rn
≥0, xk = s} is

always a convex problem!

⇝ Positive semidefinite forms with an arbitrary number of
difficult coordinates can be handled
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Special Cases
SPN

New idea works only if Q splits as follows into nonnegative and
positive semidefinite part

Lemma

Let N be an entrywise non-negative symmetric matrix and S be
positive semidefinite. Then S + N is copositive.

▶ Converse is true for n ≤ 4
▶ For all n ≥ 5 counter examples exist

▶ Testing Q can be done with a semidefinite program (with
appropriate objective O):

sup ⟨O,N⟩
s.t. N ∈ N (entrywise non-negative)

Q − N ≽ 0
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Special Cases
SPN – How to Find Bounds

Currently:

Alternatively:

Can bound Q[x ] ≥ S [x ] and use the prior ideas on
S to bound the coordinates

With an LDLT-decomposition of S one has

Q[x ] ≥
n∑

i=k

Dii

xi +
n∑

j=i+1

Ljixj

2

+
n∑

i=k

n∑
j=k

Nijxixj .
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Numerical Results
On Randomly Sampled Positive Semidefinite Forms

3 4 5 6 7 8
dimension

10 4

10 2

100

102

104

tim
e 

in
 se

co
nd

s
One Diff. Coord. Code
SPN Code
Simplex Partitioning

Note: All algorithms on all 90 examples applicable
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Numerical Results
On Perfect Copositive Forms Sampled in the Certificate Algorithm

3 4 5 6 7 8
dimension

10 3

10 1

101

103

tim
e 

in
 se

co
nd

s
One Diff. Coord. Code
SPN Code
Simplex Partitioning

Note: First algorithm not applicable on 23 out of 90 examples
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Where to go next?

Complexity

Reduction

Relaxations

Hybrid Algorithm

of minCOP?

theory, similar to LLL reduction?

of max{xk : x ≥ 0,Q[x ] ≤ λ}, that may be
computed efficiently?

applying SPN-code to a coarser simplicial
partition?
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Complexity

Reduction

Relaxations

Hybrid Algorithm

of minCOP?

theory, similar to LLL reduction?

of max{xk : x ≥ 0,Q[x ] ≤ λ}, that may be
computed efficiently?

applying SPN-code to a coarser simplicial
partition?

Thanks!
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